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Abstract— High-aggregatebandwidth switchesare those
whoseport countmultiplied by the operatingline rate isvery
high; for example,a 30 port switch operating at 40 Gbps
or a 1000port switch operating at 1 Gbps. Designinghigh-
performance schedulersfor such switchesis a challenging
problem for the following reasons:(i) High performancere-
quir esfinding goodmatchings, (i) goodmatchingstaketime
to find, and (iii) in high-aggregatebandwidth switchesthere
is either too little time (dueto high line rates) or thereis too
much work to do (dueto a high port count).

We exploit the following featuresof the switching prob-
lemto devisesimple-to-implement,high-performancesched-
ulers for high-aggregatebandwidth switches: (a) the state
of the switch (carried in the lengths of its queues)changes
slowly with time, implying that heavy matchingswill lik ely
stay heavy over a period of time, (b) obsewing arriving
packetswill conveyusefulinformation about the stateof the
switch. The above features are exploited using hardware
parallelism and randomization to yield thr eeschedulingal-
gorithms — APSARA, LAURA and SERENA. Thesealgo-
rithms are shown to achieve 100% thr oughput and simula-
tions show that their delay performanceis quite competitive
with respectto the maximum weight matching. The stability
proof involvesa derandomization procedure and usesmeth-
odswhich may have wider applicability .

I. INTRODUCTION

Over the pastfew yearsthe input-queuedswitch ar
chitecturehasbecomedominantin high speedswitching.
This is mainly dueto thefactthatthe memorybandwidth
of its paclet buffers is very low comparedto that of an
output-queuedr a shared-memorgrchitecture.

Supposdhattime is slottedso that at mostone paclet
canarrive ateachinputin onetime slot. Packetsarriving at
input: anddestinedfor output; arebufferedin a“virtual
outputqueue”(VOQ), denotedhereby VOQ;;. Theuse
of virtual output queuesavoids performanceadegradation
dueto the head-of-lineblocking phenomenoii2]. Let the
averagecell arrival rateatinputs for output; be \;;. The
incomingtraffic is calledadmissibleif 32, A;; < 1, and
Zj.vzl Aij < 1. We assumehatpacletsareswitchedfrom
inputsto outputshy acrossbafabric. Whenswitchinguni-
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casttraffic 1, this fabricimposeshe following constraint:
in eachtime slot, atmostonepaclet mayberemovedfrom
eachinput and at mostone paclet may be transferredto
eachoutput.

To performwell, an N x N input-queuedswitch re-
guiresagoodpaclet schedulingalgorithmfor determining
which inputsto connectwith which outputsin eachtime
slot. It is well-known that the crossbarconstraintmakes
the switch schedulingoroblema matchingproblemin an
N x N weightedbipartitegraph. The weight of the edge
connectingnput to output; is oftenchosento be some
guantity that indicatesthe level of congestionfor exam-
ple, queue-lengthsr the agesof paclets.

A matchingfor this bipartite graphis a valid schedule
for the switch. Notethatavalid matchingcanbeseenasa
permutatiorof the N outputs.In this papemwe will usethe
words schedule, matching and permutation interchange-
ably. A matchingof particularimportancefor this paperis
theMaximumWeightMatchingalgorithm(MWM). Given
a weightedbipartite graph, the MWM finds that match-
ing whoseweight is the highest. For example, Figure 1
shawvs a weightedbipartite graphand onevalid schedule
(or matching). We shall use S(¢) to denotethe schedule
usedby theswitchattime ¢.

Matching M

Fig. 1. Exampleof weightedbipartitegraphandits maximum
weightmatching.

This papelis primarily concernedavith designingsched-
ulersfor “high aggr@ate bandwidth” switches. The ag-
gregatebandwidthof an N x N switchrunningataline
rateof L bits/seds definedto bethe productN L bits/sec.
Thus,high aggrgatebandwidthswitchescanbe designed
in two ways:a smallnumberof ports(small N) connected

!We do not considemulticasttraffic in this paper



to very high speedines (large L), anda large numberof
ports (large N) connectedo slower lines (small L). As
discussedn [9], the former type of switch typically re-
sidesin a“corerouter”, interconnectingasmallnumberof
enterprisenetworks via high speedines. The latter type
of switchresidesin an“edgerouter”, which typically has
alarge numberof portsrunningat relatively lower speeds.

Thereare two main quantitiesfor measuringthe per
formanceof a switch schedulingalgorithm: throughput
anddelay The earlytheoreticalwork on paclet switches
hasbeenconcerneavith designingalgorithmsthatachiere
100% throughput. Such algorithms are referredto as
“stable” algorithms. In particular the papers[11], [22],
shavedthatunderBernoullii.i.d. paclet arrival processes
the MWM is stable so long as no input or output is
oversubscribed. More recently other algorithms have
beenproposedor providing exactdelayboundg4], [10],
[19]. Thesealgorithmsin fact provide somethingmuch
stronger: they allow a switch whose fabric runs at a
speedumf betweer? and4 to exactly emulatean output-
gueuedswitch. Thus,they arestableandpermitthe useof
sophisticatealgorithmsfor supportingquality-of-service
(QoS).

But, all of the abore algorithmsare too complicated
for implementationin high aggrgatebandwidthswitches.
They requiretoo mary iterations(for example,the MWM
requiresO(NN?®) iterationsin theworst-case)andthecom-
putation of weightsusedin the algorithmsof [4], [10],
[19] requirestoo muchinformationto be communicated
betweerinputsandoutputs.

Implementationconsiderationhave thereforeseenthe
proposabf anumberof practicableschedulingalgorithms;
notably iSLIP [13], iLQF [12], RPA [1], MUCS [6] and
WFA [21]. However, thesealgorithmsperform poorly
comparedo MWM whentheinputtraffic is non-uniform:
they inducevery large delaysandtheir throughputcanbe
lessthan100%.

More recently someparticularly simple-to-implement
schedulingalgorithms have beenproposed[3], [8] and
proven to be stable. But, [3] introducesan extra paclet
resequencingroblemand [8] needsmultiple switching
fabrics. Neverthelessthesealgorithmsmale a significant
point: Delivering 100% throughputdoesnot complicate
the schedulingoroblem.

On the other hand, in order to keep delayssmall, it
seemsiecessaryo find goodmatchingsandfinding good
matchinggakesmary iterationsandconsumegime. But,
highaggreatebandwidthswitchesdo notleave muchtime

*Theweightsweretakento bethelengthof Q;; originally andlater
work [14] took theweightsto bethe ageof theoldestpacletin Q;;.

for schedulingbecausdhey areeitherconnectedo very
high speedinesor they have too mary ports.

Our goal of designing simple-to-implement, high-
performanceschedulersfor high aggrgate bandwidth
switchedeadsto thefollowing specificquestion:ls it pos-
siblefor analgorithmto competewith thethroughputand
delay performanceof MWM andyet be simpleto imple-
ment? If yes,whatfeatureof the schedulingoroblemre-
mainsto be exploited?

Theansweitlies in recognizingtwo featuresof the high
speedswitch schedulingproblem. (1) Using memory:
Notethatpacletsarrive (departiatmostoneperinput (out-
put) pertime slot. This meansqueue-lengthsakento be
the weightsby MWM, changevery little during succes-
sivetime slots. Thus,aheary matchingwill continueto be
heary for a few moretime slots,suggestinghat carrying
someinformation,or retainingmemory betweeriterations
shouldhelp simplify the implementationwhile maintain-
ing ahighlevel of performance(2) Using arri vals: Since
theincreasean queue-lengthss entirely dueto arrivals, it
might helpto usea knowledgeof recentarrivalsin finding
amatching.

We shall seethatboth thesefeaturesconsiderablysim-
plify theimplementatiorandprovide a high-performance.
We alsousesomenavel techniquegor simplifying theim-
plementation.

a. Hardware parallelism: Findinggoodheary matchings
essentiallyinvolves a searchprocedurerequiringa com-
parisonof theweight of severalmatchings.In Sectionlll-
A we proposeanalgorithm,calledAPSARA, thatexploits
anaturalstructureon the spaceof matchingsandusespar
allelismin hardwareto conductthis searchefficiently. In
particular it requiresa single iteration, is stable,andits
delayis comparabldo thatof MWM.

b. Randomization: In a variety of situationswherethe
scalabilityof deterministicalgorithmsis poor, randomized
algorithmsareeasierto implementand provide a surpris-
ingly goodperformance.The mainideais simply stated:
Basingdecisionsupon a few randomsamplesof a large
statespacds oftena goodsurrogatdor makingdecisions
with completeknowledgeof the state.See[16] for agen-
eralexpositionof randomizedalgorithms [23] for arecent
applicationto switching,and[15], [18] for otherapplica-
tionsto networking.

Organization of the paper

The rest of the paperexploits the above obserations
andproposesomenen algorithmsandproof techniques.
The resultsare divided into two parts: Sectionll deals
with throughputand Sectionlll dealswith delay Sec-
tion Il begins by establishinghat algorithmsbasedonly



uponrandomsamplesareunstablemakingit necessaryo

usememory We recallthe recentwork of Tassiulag23],

which presentsa simple randomizedalgorithm that uses
memoryfor achiering 100%throughput.We presentade-
randomizedrersionof Tassiulasalgorithmandprove that
it is alsostable(in Theorem3). Lemmal statesa simple
criterion for the “goodness”of an algorithm, which may
be usefulelsavhere.

The derandomizatioimentionedabove leadsto the al-
gorithm APSARA in Sectionlll-A. APSARA s shavn to
be stableandsimulationsshaw thatits delayperformance
is very competitve comparedvith MWM. In Sectionlll-B
we presenairandomizedalgorithm,calledLAURA, which
usesmemoryandoutperformsTassiulas’schemeén terms
of delay It is basedbntheobserationthattheweightof a
heary matchingis carriedin afew of its edgestherefore,
it is betterto remembeheary edgeghanit is to remember
matchings.Finally, in Sectionlll-C we proposean algo-
rithm, calledSEREMNA, which usestherandomness the
arrivalsprocesdor findinggoodmatchingdo provide very
low delays.

As a final comment,recall that high aggreyate band-
width switchescomein two flavors: core and edge. In
Sectionlll we shall commentupon the suitability of the
algorithmswe proposefor usein either of the two types
of switch. We shallalsopresentariantsof the basicalgo-
rithms, to bettersuitthetype of switchbeingdesigned.

Il. THROUGHPUT

We first definesomenotationswvhichwill beusedin the
restof thepaper A matchingmatrix S = [S;;] canberep-
resentecequivalently asa permutationr via the equation
w(i) = 7 iff Si; = 1 (i.e.,if inputs is connectedo output
j undermatchingS, theni is mappedj underpermutation
). Thus,thematching:

is equialent to the permutation (7w (1), 7(2),7(3))
(2,1,3). Let Q;;(t) denotethe queuelengthof VOQ;;
at time ¢. The weight of matching S(¢) is defined
asi (S, Q(t)) = >, ; SijQi;(t). Giventhequeue-lengths
attimet, S*(t) is usedto denotethe correspondingnaxi-
mumweightmatchingandW*(¢) = (S*(¢), Q(t)) to de-
noteits weight.

As mentionedin the Introduction, randomizedalgo-
rithms are particularly simple to implementbecausehey
work onafew randomlychosersamplesatherthanonthe
wholestatespace As asimplerandomizedapproximation
to MWM, considerthefollowing algorithm.

A. ALGO1

TheMWM algorithmfinds,from amongsthe N! possi-
ble matchingsthatmatchingwhoseweightis the highest.
An obvious randomizatiorof MWM vyieldsthe following
algorithm, ALGO1: At eachtime ¢, let the scheduleS(t)
usedby ALGO1 be the heaviestof d (d > 1) matchings
choseruniformly atrandom.

Thefollowing theoremshavs thatALGO1 is notstable,
evenwhend = O(N).

Theorem 1. For an N x N switch and for any d < ¢N,
where ¢ > 0, ALGO1 does not deliver 100% throughpui.

Proof. Considerthe edgeE;; betweeninput: andoutput
j. This edgeis presentin the schedule,S(¢), attime ¢,

only if it belongsto atleastoneof thed randomlychosen
matchings Consider

pij = P(E; € oneof thed randommatching$
= 1- P(E;; ¢ ary of thed randommatching$
= 1— P(E;; ¢ onerandommatching?
1\4
= (iy)
1 cN
< 1_(1_N) ford < cN
— 1l—e¢

Thereforetheservicerateavailablefor pacletsfrom input
1 to outputj is atmostl — e ¢ < 1. And, assoonas
Aij > 1 —e~¢, we have thatthe switchis unstableunder
ALGol. O

Remark: Notethattheaboretheoremhasamuchstronger
implication: Any schedulingalgorithmthatonly usesd =

O(N) randommatchingscannotachiere 100% through-
put. Further thereis no assumptioraboutthe distribution

of the paclet arrival processonly arateassumptionThis

addsstrengthto the next algorithm,ALG02, dueto Tassi-
ulas[23].

B. ALGO2: Arandomized scheme with memory

Considetthefollowing algorithm,ALGO2:
(@) LetS(t) bethescheduleusedattime?t.
(b) At timet 4+ 1 choosea matchingR(¢ + 1) uniformly
atrandomfrom the setof all N'! possiblematchings.

Let 1) = 1)).
(©) LetS(t+1) argse{sg)l%m)}(S,Q(H ))

Theorem 2 (Tassiulas[23]). ALGO2 is stable under any
Bernoulli i.i.d. admissible input.



C. ALGO3: A derandomization of ALGO2

Beforepresentinghe algorithmwe needthe concepiof
a Hamiltonianwalk on the setof all matchings.Consider
a graphwith N! nodes,eachcorrespondingo a distinct
matching.andall possibleedgesetweerthesenodes.Let
Z (t) denoteaHamiltonianwalk onthisgraph;thatis, Z(¢)
visits eachof the N! distinct nodesexactly onceduring
timest =1,..., N!. WeextendZ(¢) for t > N! by defin-
ing Z(t) = Z(t mod N!). Onesimplealgorithmfor such
a Hamiltonianwalk is describedfor example,in Chapter
7 of [17]. This is a very simple algorithmthat requires
O(1) spaceand O(1) time, to generateZ(t + 1) given
Z(t). Underthis algorithm Z(¢) and Z(t + 1) differ in
exactlytwo edgesFor N = 3 thisalgorithmgenerateghe

matchings:Z(1) = (1,2,3), Z(2) = (1,3,2), Z(3) =
(3,1,2), 2(4) = (3,2,1), Z(5) = (2,3,1), Z(6) =
(2,1,3), Z(7) = Z(1),and Z(8) = Z(2), ...

Now considerALGO3:
(@) Let S(t) bethescheduleusedattimezt.
(b) Attimet¢+ 1letR(t + 1) = Z(t + 1), thematching
visited by the Hamiltonianwalk.

(c) LetS(t+1) = arg max

Se{S(t),R(t+1)}

(5,Q(t+1)).

We shallprove the stability of ALG03 afterestablishing
thefollowing lemma.
Lemma 1. Consider an input-queued switch with admis-
sible Bernoulli i.i.d. inputs. Let Q(¢) be the queue-size
process that results when the switch uses scheduling al-
gorithm B. Let W5(t) denote the weight of the schedule
used by B at time ¢, and let W*(¢) be the weight of MWM
given the same queue-size process Q(t). If there exists a
positive constant ¢ such that the property

WE(t) > W*(t) -

holds for all ¢, then the algorithm B is stable.

Proof. To establishstability it sufficesto prove that for
somed > 0 andK >0

EV(Q(t+1)) - V(Q(1)IQ())
< —6W*(t), wheneerW*(t) > K,
whereV (Q(t)) = 3=; ; QF(t).
Con3|de|thefollowmg
V(Q(t+1)) — Z[Q” (t+1) = Q()]

:ZQU (t+1) - Qi(t )][Qz-j(t+ 1) + Qi (1)].

i
Let S(t) betheschedulaisedby B attimet andlet A;;(t)
denotearrivalsto VOQ);; attime¢. We know that
Qij(t+1) =[Qi(t) = Si (W] + Ayt + 1)
< max{[Qs;(t) — Si;(¢)] + Ay (¢ + 1), 1}

Hence we obtain
V(Q(t+1)) —V(Q(Y))

<Z[ Aij(t+1) —
<Z[ Aij(t+1) —

Taking condltlonal expectationswith respectto Q(t)
yields

(1)) (2Qu5(8) +1) + 1]

Si(1))(2Qi; (1))] + 2N

E(V(Q(t+1)) = V(Q(1))|Q())
<2) " Qi()[E(A;(t) — S;(H)IQ(#))] + 2N
i

=23 Qij(t)[hij — Sij()] +2N?

)
Sincethe arrival ratematrix, A, is admissibleit is strictly
doubly sub-stochastic.Therefore,from argumentsmade
in Lemma 2 of [11], we may write }_,. Q;;(t)Aij =
(Q(t),A) < > p (I, Q(t)), wheretheIl; arepermu-
tationmatricesand~y, > 0 and)_, v < 1.

Let Wy, = (II, Q(t)) andletd = 1 — 3", ;. Putting
theabove obserationstogetherwe get
E(V(Q(t+1)) - V(Q())|Q(?))
<2 Z Wi, (t) — WE(t)) + 2N?
Z%Wm W*(t) + W*(t) - WP (t)) +
k
+ 2N?
Z% — 1)W*(¢) + 2¢ + 2N?

= —25W*( )+ C where, C = 2¢c + 2N?

Hence for large enoughconstant’ > 0, we obtain,

E(V(Q(t+1)) - V(Q())|Q(?))
< —0W*(t), forW*(t) > K
This provesthe stability of algorithm B. O

Theorem 3. An input-queued switch using ALGO3 is sta-
ble under all admissible Bernoulli i.i.d. inputs.

Proof. Sincethereis atmost1 pacletarriving ator depar
ture from eachV OQ) in eachtime slot, we obtainfor ary
matchingM that

(M,Q(1)) = (M,Q(t +s)) — sN. (1)

Let S(¢) denotethe scheduleusedby ALGO3 at time ¢,
andlet W3(t) = (S(t),Q(t)) beits weight. If, for every
timet, it holdsthatW3(t) > W*(t) — ¢ for somec > 0,
thenby Lemmal it follows thatALGO3 is stable.



ConsidemspecifictimeinstantT'. Let.S; and.S, denote
themaximumweightmatchingsattime T andT — N, re-
spectvely. Now, by the propertyof the Hamiltonianwalk,
thereisat’ € [T — N!,T] suchthatZ(t') = Sp. Then

a

—~
~

(8(t,Q)) > (So,Q("))
2 (S0 Q- NY)
—(t' + N! = T)N, (2)

where(a) follows from the definition of ALGO3 and (b)
follows from (1).

For every t, it follows from (1) and the definition of
ALGO3 that

5

afastmethodfor finding goodschedulesOnemethodfor
speedingup the schedulingprocesss to searchthe space
matchingsn parallel. Fortunately the spaceof matchings
hasa nice combinatorialstructurewhich canbe exploited
for conductingefficient searches.n particular it is pos-
sibleto querythe “neighbors” of the currentmatchingin
paralleland usethe heariest of theseasthe matchingfor
the next time slot. This obserationinspiresthe APSARA
algorithm,which mainly useshefollowing two ideas:

1. Useof memory

2. Exploringneighbordn parallel.

Definition 1. (Neighbor) Given a permutation x, let S
be the corresponding matching: Sir;y = 1 for all 7. A

(5(1),Q()) — N < (S(1),Q(t +1)) <(S(t+1),Q(t + L)matching S’ is said to be a neighbor of S iff there are ex-

Usingthis repeatedlyn thefollowing, we obtain

(S(T),QT)) > (S(),Q(t)) — (T — )N
2 (50,Q(T - N1) - NN
(d)
Y (51,Q(T — NY) — NN
Y (510 —ana.

where(c) follows from (2), (d) follows from the factthat
So is themaximumweightscheduleattime (T'— N!), and
(e) follows from (1).

SinceT was arbitrary we have shavn that W3(¢) >
W*(t) — 2N N! for every t. This completeghe proof of
Theorem3. O

Lemmal and Theorem3 togetherprovide a general
methodfor establishinghe stability of algorithmswhose
weightis “good enough”.Thus,they maybeapplicableto
awider classof algorithmsthanthosethatusememory

For aschedulingalgorithmto have agooddelayperfor
mancein additionto providing 100%throughputjt needs
to do extra work. In the following sectionswe describe
threedifferentalgorithmsthatrespectiely useparallelism,
randomizationand the informationin arrivals to achiere
100%throughputand agooddelayperformance.

A. APSARA

As notedin the Introductiondeterminingthe maximum
weight matchingessentiallyinvolves a searchprocedure,
which cantake mary iterationsand be time-consuming.

DELAY

actly two inputs, say 7; and 75, such that S’ connects input
i1 to output 7(i2) and input 72 to output m(i1). All other
input-output pairs are the same under S and S’. The set of
all neighbors of a matching S is denoted A/(.9).

Essentiallyaneighboy S’, of S is obtainedoy swapping
two edgedn S, leaving theother N — 2 edgesof S fixed.
Notethatthecardinalityof A'(S) is (§). For example the
matchingsS for a3 x 3 switchandits 3 neighborsSy, Ss
andSs aregivenbelow:

S =(1,2,3)
S1=1(2,1,3), S2=1(1,3,2), Ss=(3,2,1)
A.1 APSARA-B: THE BASIC VERSION

Let S(¢) bethematchingdeterminedby APSARA-B at
time ¢. Let Z(¢ + 1) the matchingcorrespondingo the
Hamiltonianwalk attime¢ + 1. At timet¢ + 1 APSARA-B
doesthefollowing:

(i) DetermineN (S(t)) andZ(t + 1).

(i) LetM(t+1) = N(S(t))UZ(t+1)US(t). Compute
theweight(S’, Q(¢ + 1)) forall S € M(t + 1).

(iii) Thematchingattimet¢ + 1 is givenby:

Sit+1)=ag max (S,Q(t+1)).

S'EM(t+1)

APSARA-B requiresthe computationof the weight of
neighbormatchings.Eachsuchcomputations easysince
a neighborS’ differs from the matchingS(¢) in exactly
two edges. However, computingthe weightsof all (%)
neighborsif donein parallelasshavnin Figure2, requires
alot of spacan hardwarefor large valuesof N.

Saythat hardware spaceconstraintsallow the useof at

Sinceour goal is to designhigh-performanceschedulers mostK < (J;’) modulesthenhow canthe searchproce-

for high aggrgatebandwidthswitches algorithmsthatin-
volve too mary iterationsareunattractie.

Our goalis to designa high-performancechedulethat
only requiresasingle iteration. Therefore we mustdevise

durerequiredby APSARA-B be conductecefficiently?
Oneolvious solutionis to the searchthe neighborhood

setover multiple iterationsby reusingthe K modules.Af-

terall, atlow line speedshereis moretime for scheduling



paclets, allowing one to conductmore iterations. How-
ever, if line speedsare high andoneis only allowed one
iteration, thenthequestionarisesasto which K neighbors
shouldbe chosen A deterministigprocedurdor choosing
the K neighborswill usuallyresultin poorchoicessince,a
priori, it is notclearwhich neighborsareheavy. It is better
to chooseK neighborsat random andusethe heaviest of
these.This motivatesthefollowing variantof APSARA.

A.2 APSARA-R: THE RANDOMIZED VARIANT

Supposehardware constraintsonly allow us to query
K neighbors. Let N (S(t)) denotethe setof K ele-
mentspicked uniformly at randomfrom the setNV (S(t)).
APSARA-RdetermineshematchingS(¢ + 1) asfollows:
(i) DetermineNk (S(t)) (notethatit is not necessaryo
generateV(S(t))). DetermineZ(t + 1), the statusof the
Hamiltonianwalk.

(i) Let Mg (t+1) = Ng(S(t))UZ(t+1)US(t). Com-
pute(S’,Q(t + 1)) forevery S’ € Mg (t +1).

(iii) S(t+1) =arg max {Wg(t+1))}.
S'eEMp (t41)
Remark: We concludethe descriptionof APSARA by

mentioningone last point. APSARA generatesall the
matchingsin the neighborhoodset oblivious of the cur-
rent queue-lengths.The queue-lengthsre only usedto
selectthe heariestmatchingfrom the neighborhoodet. It
is thereforepossiblethatthe matchingdeterminedoy AP-
SARA, while being heary, is not of maximalsize. That
is, thereexists aninput, say:, which haspaclets for an
outputj, but the matchingS(¢) connectdnput ¢ to some
otheroutput;’ andconnectsoutput; someotherinput s/,
andboth @;;/(t) andQy ;(t) areequalto 0. Thus,inputi
andoutputj will bothidle unnecessarily

If neededjt is easyto completethe matchingS(t) de-
terminedby APSARA into a maximalmatching.We shall
call themaximalversionMax-APSARA.

A.3 APSARA THEOREMS

Theorem 4. Both APSARA-B and APSARA-R are stable
under admissible Bernoulli i.i.d. inputs.

Proof. Both versionsusethe Hamiltonianwalk. There-
fore, Lemmal and Theorem3 apply andthe stability of
APSARA-B andAPSARA-Rfollows. O

Theorem5. Let S(s) denote the schedule obtained by
APSARA at time s, and let W2(s) = (S(s),Q(s)) de-
noteitsweight. If S(¢) = S(¢ — 1), that is the schedule of
APSARA does not change fromtimet¢ — 1 totimet, then

W) > S ),

where W*(t) is the weight of maximum weight matching
attimet.

Proof. Without loss of generality assumehat the maxi-

mumweightmatching,5*(¢), attime ¢ is theidentity per

mutation;thatis, input i is matchedo outputsi underthe
maximumweight matching. Let the permutationcorre-
spondingto thescheduleS(t) ber. Thatis, S(t) matches
inputs to outputr (é). Letw;; denoteheweightof VOQ;;

attime ¢t. Considerary ¢, 1 < ¢ < N. Supposer (i) # i.

Let 7~ 1(i) betheinput matchedto outputi underS(t).

SinceS(t — 1) = S(t), from the propertyof APSARA, it

follows that

Wir (i) + Wr—1(;)i = Wii-

Note that above is true for all i, evenif «(i) = i. Now
summingover i, we obtain

Z Win(i) + Wr—1(3)i = Z Wi«
i i

But, " wir() = Y we-1(5);, Since is a permutation,

2

and hénce
1
D wingy > 3 > wii.
i i
Now >~ wr;) is theweightof theAPSARAschedulend
i

Z w;; 1S the weight of the maximumweight matching.

i
Thus,W5(t) > 1W*(t) andthetheoremis proved. [
A.4 IMPLEMENTATION

Both APSARA-B and APSARA-R involve a Hamilto-
nianwalk. This wasdonefor purely theoreticalreasons:
to ensuretheir stability (Theorend). We have foundthat,
in practice,the Hamiltonianwalk is not necessarythat
is, bothAPSARA-B andAPSARA-Rprovide virtually the
samedelay and throughputeven without it. Thus, while
thewalk is extremelysimpleto implementwe do notcon-
siderit eitherin implementatioror in performancesvalu-
ation?3.

The main featureof APSARA is thatit canbe imple-
mentedn a parallelarchitecturevery efficiently. Figure2
shawvs a schematicfor the implementationof APSARA
with K modules.

A.5 THE SIMULATION SETTING

Before presentingthe performanceof APSARA, we
outlinethe simulationsettingthatwill be usedthroughout
therestof thepaper We have conductedxtensve simula-
tionsof all thealgorithmswe presentinderall thedifferent
typesof traffic mentionedbelaw. In addition,we have also

3Note that eliminating the Hamiltonianwalk can only worsenthe
performancethe actualalgorithmsperformevenbetter
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Fig. 2. A schematidor the implementatiorof APSARA. The
old matching,S(t), andthenew arrivals, A(t + 1), areused
to computethe weightsof neighbormatchingsin parallel.
The new matching,S(t + 1), is determinedas a result of
weightcomparison.

conductedimulationsof switcheswith 64 and1024ports.
Dueto limitations of spaceandfor uniformity of compar
ison,we only presenta subsebf simulationswhich repre-
sent“critical” loadingconditions. Figure9 shawvs the av-
eragequeuelength of differentalgorithmsunderuniform
traffic. Not surprisingly all algorithmsperformwell under
this loadinguniformtraffic; thus,it is not“critical”. More
extensve simulationsmaybefoundin [7], [20].
Switch: No. of ports: N = 32. EachV O(Q) canstoreupto
10,000paclets. Excesgpacletsaredropped.
Input Traffic: All inputs are equally loadedon a nor
malized scale,and p € (0,1) denotesthe normalized
load. The arrival processs Bernoullii.i.d. Let |k| = (k
mod N). Thefollowing load matricesareusedto testthe
performancef APSARA.
1. Uniform: \;; = p/N Vi, j. Thisis themostcommonly
usedtesttraffic in theliterature.
2. Diagonal: \;; = 2p/3N, Ai\i—kl\ = p/3N Vi, and
Xij = 0 for all otheri andj. Thisis a very skewedload-
ing, in the senseahatinput i haspacletsonly for outputs
i and|i + 1]. It is moredifficult to schedulehanuniform
loading.
3. Logdiagonal: A;; = 2);;4q and}; Ay = p. For ex-
ample thedistribution of theloadatinput1 acrosoutputs
ist A\i; = 2N79p/(2N — 1). This type of load is more
balancedhandiagonalloading, but clearly more skewed
thanuniform loading. Hence,the performanceof a spe-
cific algorithmbecomeswvorseaswe changethe loading
from uniformto logdiagonato diagonal.

Figure3 compareghe averagequeue-sizeinducedby
APSARA, MWM, iSLIP andiLQF underdiagonaltraf-
fic. As seen, APSARA and MaxAPSARA performvery
competitvely with MWM underall loadings.Ontheother
hand,bothiLQF andiSLIP incur severepaclet lossesand
delaysunderheary loading. We alsonotethat underlow
loads,APSARA deviatesfrom Max-APSARA sinceit is
not maximal. Therefore,it may causecertainV OQs to
idle. But, the differenceis very small— no morethan10
pacletson average.

We also seethat APSARA-R(32) and MaxAPSARA-
R(32), which is the randomizedvariant emplgying only
32 modules,performsquite well whencomparedo AP-
SARA, which uses(%?) modules.
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Fig. 3. MeanlQ lengthfor APSARA underdiagonaltraffic.
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B. LAURA

As shawvn by Tassiulas[23], ALGO2 provides 100%
throughput.However, its delay performances quite poor
(seeFigureb). Thisis becausef its particularuseof mem-
ory: it carriesmatchingsbetweeniterationsvia memory
But, whentheweightof aheary matchingresidesn afew
heary edgesit is moreimportantto remembeithe heary
edgeghanit is to remembethe matchingitself. This sim-
ple obserationmotivatesthenext algorithm,LAURA (for
A Low-compleity Algorithm for RandomizedAugmen-
tation), which iteratvely augmentghe weight of the cur

Performance measues We comparethe queue-lengths rentmatchingoy combiningits heary edgeswith theheary

inducedby differentalgorithms,the delayscanbe com-
putedusingLittle’s Law. Thesimulationsarerun until the
estimateof the averagedelay reachegshe relative width
of the confidenceintenal equalto 1% with probability
> 0.95. The estimationof the confidenceintenal width
usesthe batch means approach.

edgesf a(non-uniformly)randomlychosemmatching.
Therearethreemainfeaturesn thedesignof LAURA.
1. Useof memory

2. Non-uniformrandomsampling.
3. A memging procedurdor weightaugmentation.



B.1 THE LAURA ALGORITHM

Let S(¢) bethematchingusedby LAURA attimet. At
timet + 1 LAURA doesthefollowing:

(@) Usethe RANDOM procedurdo generatéhe matching
R(t+1).

(b) UseS(t+1) = MERGE(R(t+ 1), S(t)) asthesched-
ulefortimet + 1.

The RANDOM Procedure

Let F, (M) denotetheminimal setof edgesn amatch-
ing M carryingat leasta fractionn (0 < n < 1) of its
weight. We shallcall ) the selection factor.

RANDOM is thefollowing iterative procedureinitially,
all inputsandoutputsare marked asunmatched. Thefol-
lowing stepsarerepeatedn eachof I iterations,whererl
is typically logy N
(i) Let i bethe currentiterationnumber Let k¥ < N be
thenumberof unmatched input-outputpairs. Out of the k!
possiblematchingdbetweertheseunmatchednput-output
pairs,amatchingS;(k) is choseruniformly atrandom.
(i) If i < I, retainthe edgescorrespondindo 7, (S;(k))
andmarkthe nodesthey coverasmatched. If i = I, then
retainall edgef S;(k).
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Fig. 4. An illustrationof the MERGE appliedto matchingsM1
andM2. Thefinal matchingis the maximumweightmatch-
ing onthe subgrapldefinedby edgesof M1 andM2.

The MERGE Procedure

Givenabipartitegraphandtwo matchingsi/ 1 and M 2
for this graph,the MERGE procedurereturnsa matching
M whoseedgesbelongeitherto M1 or to M2. MERGE
worksasfollows.

Colortheedgesof M1 redandthe edgesof M2 green.
Startat outputnodej; andfollow therededgeto aninput
node,sayi;. Frominput node:; follow the (only) green
edgeto its outputnode,sayjs. If jo = j1, stop.Elsecon-
tinueto traceapathof alternatingedandgreenedgesuntil

Jj1 is visitedagain.This givesa“cycle” in the subgraptof
redandgreenedges.

Supposdhe above cycle doesnot coversall theredand
greenedges. Then thereexists an output j outsidethis
cycle. Startingfrom j repeatthe above procedurgo find
anothercycle. In this fashionfind all cycles of red and
greenedges. Supposeherearem cycles, Cy, ..., C,, at
theend. Theneachcycle, C;, containstwo matchings:G;
which hasonly greenedges,and R; which hasonly red
edges.The MERGE procedurgeturnsthe matching

M = UL, arg SE%%JS, Q1))

Figure 4 illustratesthe MERGE procedure. It is easy
to seethat the final matching is the maximumweight
matchingon the subgraphdefinedby edgesof M1 and
M?2.

B.2 LAURA: COMPLEXITY AND STABILITY

It can be shavn that the running time of LAURA is
boundedoy O(IN log, N + N). In our simulationstudy
we set]l = logy N. Thusrunningtime of algorithmis
O(Nlog? N).

Thefollowing theorems aboutthestability of LAURA.
Theorem 6. LAURA isa stable algorithm, i.e. it achieves
100% throughput under admissible Bernoulli i.i.d. inputs.

Proof. This follows from the proof of Theorem2, since
the probabilitythat R(¢ + 1) equalsthe maximumweight
matchingis lower boundedby a positive constantfor all
time. And, asshavn in Theorem2, this is suficient to
ensurdts stability. O

B.3 PERFORMANCE

The simulationsettingis identical to that for the AP-
SARA algorithm. We setthe selectionfactorn = 0.5,
andthe numberof iterations! = 5 = log, 32,. LAURA
is comparedvith the MWM, iSLIP, iLQF andALGo2 al-
gorithmsunderdiagonaltraffic. The resultsareshawn in
Figure5. The algorithmsLAURA and MaxLAURA (the
maximizedversion of LAURA) perform quite competi-
tively with respecto MWM. We seethatiSLIP andiLQF
suffer large pacletlossesat high loads.Strangelyenough,
althoughALGo02 is provably stable(asopposedo iSLIP
andiLQF), its performancen termsof averagebacklogis
theworst.

C. SERENA

Our final algorithm, SEREM (for A Self Randomized
Algorithm that Exploits New Arrivals) is basedon thefol-
lowing ideas:

1. Useof memory
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2. Exploitingtherandomnes arrivals.
3. A memging procedureinvolving new arrivals.

Theneedto usememoryis, by now, well-justified. One
sourceof randomnesswvailablein switchesis thatwhich
is in the arrivals process.Using arrivals to find matchings
alsohasthe big benefitof providing informationaboutre-
cently loaded,and hencelikely heary, VOQ@s. (At least
theseV OQswill certainlybenonempty!)

Sincetheedgesvhichreceve anarrival ata giventime
will not necessarilyform a matching,the MERGE proce-
durewe have usedin LAURA will not bedirectly usable
for SEREMNA. A simplemodificationof the M ERGE proce-
dureleadsto the ARR-MERGE proceduralescribedelow.

C.1 THE SERENA ALGORITHM

Let S(¢) be the matchingusedby SEREM at time ¢.
Let A(t+1) = [A;;(t+1)] denotethearrival graph,where
A;ij(t + 1) = lindicatesarrival at VOQ;;. At timet + 1,

(@) ComputeS(t + 1) = ARR-MERGE(S(t), A(t + 1)).
(b) UseS(t+ 1) astheschedule.
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Fig.6. Anillustrationof the ARR-MERGE proceduregiventhe
matchingM andthearrival graphA.

The ARR-MERGE Procedure

Let M denotetheschedulausedattime ¢, andlet A de-
notethesubgraphnducedby pacletsarriving attime¢+1.
LetG = M U A bethe subgraptinducedby the edgesof
M and A on the bipartite graph consistingof input and
outputnodes.As in the M ERGE procedureof LAURA, the
goalof ARR-MERGE is to find amaximumweightmatch-
ing, M, on G. WhereasM is amatching,4 is not neces-
sarily a matching. This is becausamultiple edgescanbe
incidenton the sameoutputnodedueto multiple arrivals
to that output. Therefore,we cannotsimply combine M
and A usingthe MERGE procedure We needto consider
thefollowing two cases.

Case 1: A is a matching. This is a simple case,
ARR-MERGE reducedo MERGE on (M, A), yielding the
matchingM .

Case2: A is not a matching. Let/* denotecollection
of outputswhich have oneor morearrival edgesincident
onthem. For every v € U* do thefollowing: amongthe
arrival edgesincidenton outputu, pick the edgewith the
highestweightanddiscaratheremainingedgesAt theend
of this processgachoutputin /* is matchedwith exactly
oneinput.

To completethe matching A, connectthe remaining
input-outputpairsby addingedgesn around-robinfash-
ion, without consideringtheir weights. The round-robin
mechanisnavoids queuestanation and providesfairness
amongqueuesvhich arenotreceving arrival. Call there-
sultingcompletematchingA. Now ARR-MERGE reduces
to MERGE on (M, A), yielding matching.

C.2 SERENA: COMPLEXITY AND STABILITY

All of thework doneby SEREM isin the ARR-MERGE
procedureThecompleity of ARR-MERGE is O(NV).

We statethe following theoremaboutthe throughputof
SEREMA.

Theorem7. SERENA is stable under all
Bernoulli i.i.d. inputs.

admissible

Proof. Again, this follows from Theorem2, since the
probabilitythatthearrival graphatary time ¢ will beequal
to the maximum weight matchingis lower boundedby
someconstantc > 0. This is sufiicient to establishthe
stability of SERENA. O

C.3 PERFORMANCE

The simulation settingis identical to that of the AP-
SARA algorithm. SEREM is comparedwvith the MWM,
iSLIP andiLQF algorithmsunderdiagonaltraffic. There-
sultsareshavn in Figure7. ThealgorithmsSERENA and



MaxSEREM\ (the maximizedversionof SERENA) per
form quite competitvely with respecto MWM.

Finally, Figure8 compareshethreealgorithmswe have
proposed- APSARA, LAURA andSEREM — underdi-
agonaltraffic. All thesealgorithmsperformcompetitvely
with eachother shaving very good delays. SERENA,
whichusesandomnesfom arrivals, performsbetterthan
LAURA for all loads,shawving the usefulnes®f usingin-
formationfrom arrivals. For lower loads,APSARA per
forms the worst but for higherloads,it outperformsboth
SEREMN andLAURA.

Figure 9 shaws that all the algorithmsconsideredare
well-behaed underuniformtraffic.
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IV. CONCLUSIONS

Thepapermpresentedomenewn approachefr designing
simple, high-performanceschedulerdfor high-aggrgate
bandwidthswitches.Thefollowing generafeaturesof the
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switch schedulingoroblemwereexploited: (i) The useof
memory (i) randomizedweight augmentationand (iii)
therandomnesandtheinformationprovidedby recentar-
rivals.

We have presente@ derandomizedlgorithmandestab-
lishedits stability usingmethodswhich may apply more
widely. Threealgorithms— APSARA, LAURA andSER-
ENA — were developedto exploit the abose-mentioned
features. Thesealgorithmsare stableunderadmissible,
Bernoulli i.i.d. inputs. Simulationsshawv that, in terms
of delay they outperformsomeotherknown algorithms
and perform competitvely with respectto the maximum
weightmatchingalgorithm.
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