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Abstract— High-aggregatebandwidth switchesare those
whoseport countmultiplied by theoperating line rate isvery
high; for example, a 30 port switch operating at 40 Gbps
or a 1000port switch operating at 1 Gbps. Designinghigh-
performance schedulersfor such switchesis a challenging
problem for the following reasons:(i) High performancere-
quir esfinding goodmatchings,(ii) goodmatchingstaketime
to find, and (iii) in high-aggregatebandwidth switchesthere
is either too little time (due to high line rates) or there is too
much work to do (due to a high port count).

We exploit the following featuresof the switching prob-
lemto devisesimple-to-implement,high-performancesched-
ulers for high-aggregatebandwidth switches: (a) the state
of the switch (carried in the lengths of its queues)changes
slowly with time, implying that heavy matchings will lik ely
stay heavy over a period of time, (b) observing arri ving
packetswill conveyuseful information about the stateof the
switch. The above features are exploited using hardware
parallelism and randomization to yield thr eeschedulingal-
gorithms – APSARA, LAURA and SERENA. Thesealgo-
rithms are shown to achieve 100% thr oughput and simula-
tions show that their delayperformanceis quite competitive
with respectto the maximum weight matching. The stability
proof involvesa derandomizationprocedureand usesmeth-
odswhich may havewider applicability .

I . INTRODUCTION

Over the past few years the input-queuedswitch ar-
chitecturehasbecomedominantin high speedswitching.
This is mainly dueto thefact that thememorybandwidth
of its packet buffers is very low comparedto that of an
output-queuedor ashared-memoryarchitecture.

Supposethat time is slottedso that at mostonepacket
canarriveateachinput in onetimeslot. Packetsarriving at
input

�
anddestinedfor output � arebufferedin a “virtual

outputqueue”(VOQ), denotedhereby �������
	 . The use
of virtual outputqueuesavoids performancedegradation
dueto thehead-of-lineblockingphenomenon[2]. Let the
averagecell arrival rateat input

�
for output � be � �
	 . The

incomingtraffic is calledadmissible if ��
����� � �
	���� , and� 
	���� � �
	���� . Weassumethatpacketsareswitchedfrom
inputstooutputsbyacrossbarfabric.Whenswitchinguni-
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casttraffic 1, this fabric imposesthe following constraint:
in eachtimeslot,atmostonepacketmayberemovedfrom
eachinput andat mostonepacket may be transferredto
eachoutput.

To perform well, an ����� input-queuedswitch re-
quiresagoodpacketschedulingalgorithmfor determining
which inputsto connectwith which outputsin eachtime
slot. It is well-known that the crossbarconstraintmakes
the switch schedulingproblema matchingproblemin an����� weightedbipartitegraph.Theweightof theedge
connectinginput

�
to output � is oftenchosento besome

quantity that indicatesthe level of congestion;for exam-
ple,queue-lengthsor theagesof packets.

A matchingfor this bipartitegraphis a valid schedule
for theswitch.Notethatavalid matchingcanbeseenasa
permutationof the � outputs.In thispaperwewill usethe
words schedule, matching and permutation interchange-
ably. A matchingof particularimportancefor thispaperis
theMaximumWeightMatchingalgorithm(MWM). Given
a weightedbipartite graph, the MWM finds that match-
ing whoseweight is the highest. For example,Figure 1
shows a weightedbipartitegraphandonevalid schedule
(or matching). We shall use �! #"%$ to denotethe schedule
usedby theswitchat time " .
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Fig. 1. Exampleof weightedbipartitegraphandits maximum
weightmatching.

Thispaperis primarily concernedwith designingsched-
ulers for “high aggregatebandwidth” switches. The ag-
gregatebandwidthof an �&�'� switch runningat a line
rateof ( bits/secis definedto betheproduct �)( bits/sec.
Thus,high aggregatebandwidthswitchescanbedesigned
in two ways:asmallnumberof ports(small � ) connected*

We donotconsidermulticasttraffic in this paper.



2

to very high speedlines (large ( ), anda large numberof
ports (large � ) connectedto slower lines (small ( ). As
discussedin [9], the former type of switch typically re-
sidesin a“corerouter”, interconnectingasmallnumberof
enterprisenetworks via high speedlines. The latter type
of switch residesin an “edgerouter”, which typically has
a largenumberof portsrunningat relatively lowerspeeds.

Thereare two main quantitiesfor measuringthe per-
formanceof a switch schedulingalgorithm: throughput
anddelay. Theearly theoreticalwork on packet switches
hasbeenconcernedwith designingalgorithmsthatachieve
100% throughput. Such algorithms are referred to as
“stable” algorithms. In particular, the papers[11], [22],
showedthatunderBernoulli i.i.d. packet arrival processes
the MWM is stable so long as no input or output is
oversubscribed2. More recently, other algorithmshave
beenproposedfor providing exactdelaybounds[4], [10],
[19]. Thesealgorithmsin fact provide somethingmuch
stronger: they allow a switch whose fabric runs at a
speedupof between2 and4 to exactly emulateanoutput-
queuedswitch.Thus,they arestableandpermittheuseof
sophisticatedalgorithmsfor supportingquality-of-service
(QoS).

But, all of the above algorithmsare too complicated
for implementationin highaggregatebandwidthswitches.
They requiretoo many iterations(for example,theMWM
requires�+ ,�)-.$ iterationsin theworst-case),andthecom-
putationof weightsusedin the algorithmsof [4], [10],
[19] requirestoo much information to be communicated
betweeninputsandoutputs.

Implementationconsiderationshave thereforeseenthe
proposalof anumberof practicableschedulingalgorithms;
notably, iSLIP [13], iLQF [12], RPA [1], MUCS [6] and
WFA [21]. However, thesealgorithmsperform poorly
comparedto MWM whentheinput traffic is non-uniform:
they inducevery largedelaysandtheir throughputcanbe
lessthan100%.

More recently, someparticularly simple-to-implement
schedulingalgorithmshave beenproposed[3], [8] and
proven to be stable. But, [3] introducesan extra packet
resequencingproblemand [8] needsmultiple switching
fabrics.Nevertheless,thesealgorithmsmake a significant
point: Delivering 100% throughputdoesnot complicate
theschedulingproblem.

On the other hand, in order to keep delayssmall, it
seemsnecessaryto find goodmatchings;andfindinggood
matchingstakesmany iterationsandconsumestime. But,
highaggregatebandwidthswitchesdonotleavemuchtime/

Theweightsweretakento bethelengthof 021 3 originally andlater
work [14] took theweightsto betheageof theoldestpacket in 021 3 .

for scheduling,becausethey areeitherconnectedto very
highspeedlinesor they have toomany ports.

Our goal of designing simple-to-implement, high-
performanceschedulersfor high aggregate bandwidth
switchesleadsto thefollowing specificquestion:Is it pos-
siblefor analgorithmto competewith thethroughputand
delayperformanceof MWM andyet be simpleto imple-
ment? If yes,what featureof the schedulingproblemre-
mainsto beexploited?

Theanswerlies in recognizingtwo featuresof thehigh
speedswitch schedulingproblem. (1) Using memory:
Notethatpacketsarrive(depart)atmostoneperinput(out-
put) per time slot. This meansqueue-lengths,taken to be
the weightsby MWM, changevery little during succes-
sivetimeslots.Thus,aheavy matchingwill continueto be
heavy for a few moretime slots,suggestingthat carrying
someinformation,or retainingmemory, betweeniterations
shouldhelp simplify the implementationwhile maintain-
ing ahigh level of performance.(2) Usingarri vals: Since
the increasein queue-lengthsis entirelydueto arrivals, it
mighthelpto useaknowledgeof recentarrivalsin finding
amatching.

We shall seethatboth thesefeaturesconsiderablysim-
plify theimplementationandprovide ahigh-performance.
Wealsousesomenovel techniquesfor simplifying theim-
plementation.
a. Hardwareparallelism: Findinggoodheavy matchings
essentiallyinvolvesa searchprocedure,requiringa com-
parisonof theweightof severalmatchings.In SectionIII-
A weproposeanalgorithm,calledAPSARA,thatexploits
anaturalstructureonthespaceof matchingsandusespar-
allelism in hardwareto conductthis searchefficiently. In
particular, it requiresa single iteration, is stable,and its
delayis comparableto thatof MWM.
b. Randomization: In a variety of situationswherethe
scalabilityof deterministicalgorithmsis poor, randomized
algorithmsareeasierto implementandprovide a surpris-
ingly goodperformance.Themain ideais simply stated:
Basingdecisionsupon a few randomsamplesof a large
statespaceis oftena goodsurrogatefor makingdecisions
with completeknowledgeof thestate.See[16] for a gen-
eralexpositionof randomizedalgorithms,[23] for arecent
applicationto switching,and[15], [18] for otherapplica-
tionsto networking.

Organization of the paper

The rest of the paperexploits the above observations
andproposessomenew algorithmsandproof techniques.
The resultsare divided into two parts: SectionII deals
with throughputand SectionIII dealswith delay. Sec-
tion II begins by establishingthat algorithmsbasedonly
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uponrandomsamplesareunstable,makingit necessaryto
usememory. We recall therecentwork of Tassiulas[23],
which presentsa simple randomizedalgorithm that uses
memoryfor achieving 100%throughput.Wepresentade-
randomizedversionof Tassiulas’algorithmandprove that
it is alsostable(in Theorem3). Lemma1 statesa simple
criterion for the “goodness”of an algorithm,which may
beusefulelsewhere.

The derandomizationmentionedabove leadsto the al-
gorithmAPSARAin SectionIII-A. APSARAis shown to
bestableandsimulationsshow that its delayperformance
is verycompetitivecomparedwith MWM. In SectionIII-B
wepresentarandomizedalgorithm,calledLAURA, which
usesmemoryandoutperformsTassiulas’schemein terms
of delay. It is basedon theobservationthattheweightof a
heavy matchingis carriedin a few of its edges;therefore,
it is betterto rememberheavy edgesthanit is to remember
matchings.Finally, in SectionIII-C we proposean algo-
rithm, calledSERENA, which usestherandomnessin the
arrivalsprocessfor findinggoodmatchingsto providevery
low delays.

As a final comment,recall that high aggregateband-
width switchescomein two flavors: core and edge. In
SectionIII we shall commentupon the suitability of the
algorithmswe proposefor usein eitherof the two types
of switch.Weshallalsopresentvariantsof thebasicalgo-
rithms,to bettersuit thetypeof switchbeingdesigned.

I I . THROUGHPUT

Wefirst definesomenotationswhichwill beusedin the
restof thepaper. A matchingmatrix �5476
� �8	:9 canberep-
resentedequivalently asa permutation; via theequation;2 � $<4=� if f � �
	 4 � (i.e., if input

�
is connectedto output� undermatching� , then

�
is mapped� underpermutation; ). Thus,thematching:�54 >?A@ � @� @ @@ @ �

BC
is equivalent to the permutation  ,;2 � $ED%;2 GFH$ED%;2 GIH$A$J4 GFKD � DLIH$ . Let � �8	  #"A$ denotethe queuelengthof ����� �8	
at time " . The weight of matching �! #"%$ is defined
as: MN�ODE�+ #"%$APQ4 � �#R 	 � �
	 � �
	  #"%$ . Given thequeue-lengths
at time " , �TSU #"%$ is usedto denotethecorrespondingmaxi-
mumweightmatchingand VWSH #"%$X4YMN�TSU #"A$EDE�Z #"A$AP to de-
noteits weight.

As mentionedin the Introduction, randomizedalgo-
rithms areparticularlysimpleto implementbecausethey
work onafew randomlychosensamplesratherthanonthe
wholestatespace.As asimplerandomizedapproximation
to MWM, considerthefollowing algorithm.

A. ALGO1

TheMWM algorithmfinds,from amongstthe �\[ possi-
ble matchings,thatmatchingwhoseweight is thehighest.
An obvious randomizationof MWM yields the following
algorithm,ALGO1: At eachtime " , let theschedule�! #"A$
usedby ALGO1 be the heaviest of ]^ ,]`_ � $ matchings
chosenuniformly at random.

Thefollowing theoremshows thatALGO1 is notstable,
evenwhen ]a4��+ ,�'$ .
Theorem 1. For an �b��� switch and for any ]5ced�� ,
where d�_ @ , ALGO1 does not deliver 100% throughput.

Proof. Considertheedge f �8	 betweeninput
�

andoutput� . This edgeis presentin the schedule,�! #"%$ , at time " ,
only if it belongsto at leastoneof the ] randomlychosen
matchings.Considerg �8	 4 hZ ,f �8	�i oneof the ] randommatchings$4 �kj hl ,f �
	lmi any of the ] randommatchings$4 �kj hl ,f �
	lmi onerandommatching$on4 �kjqpT�!j ��=r nc �kjqpT�!j �� rXs 
 for ]tc�d:�u �kj\vxw s:yTherefore,theservicerateavailablefor packetsfrom input�

to output � is at most �zj=v w s �b� . And, as soonas� �8	 _ ��j{v w s , we have that theswitch is unstableunder
ALGO1.

Remark: Notethattheabovetheoremhasamuchstronger
implication: Any schedulingalgorithmthatonly uses]l4�+ ,�'$ randommatchingscannotachieve 100%through-
put. Further, thereis no assumptionaboutthedistribution
of thepacket arrival process,only a rateassumption.This
addsstrengthto thenext algorithm,ALGO2, dueto Tassi-
ulas[23].

B. ALGO2: A randomized scheme with memory

Considerthefollowing algorithm,ALGO2:

(a) Let �! #"%$ bethescheduleusedat time " .
(b) At time "O| � choosea matching}+ #"~| � $ uniformly
at randomfrom thesetof all �\[ possiblematchings.
(c) Let �! #"T| � $�4����%� �+������x��������� R � ����� � ��� MN�~DE�+ #"�| � $AP .
Theorem 2 (Tassiulas[23]). ALGO2 is stable under any
Bernoulli i.i.d. admissible input.
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C. ALGO3: A derandomization of ALGO2

Beforepresentingthealgorithmwe needtheconceptof
a Hamiltonianwalk on thesetof all matchings.Consider
a graphwith ��[ nodes,eachcorrespondingto a distinct
matching,andall possibleedgesbetweenthesenodes.Let�  #"A$ denoteaHamiltonianwalk onthisgraph;thatis,

�  #"%$
visits eachof the �\[ distinct nodesexactly onceduring
times "�4 � D y�y�y D%��[ . Weextend

�  #"%$ for "�_��\[ by defin-
ing

�  #"A$�4 �  #"W�a�����\[�$ . Onesimplealgorithmfor such
a Hamiltonianwalk is described,for example,in Chapter
7 of [17]. This is a very simple algorithm that requires�+ � $ spaceand �+ � $ time, to generate

�  #"!| � $ given�  #"A$ . Under this algorithm
�  #"A$ and

�  #"<| � $ differ in
exactly two edges.For � 4WI thisalgorithmgeneratesthe
matchings:

�  � $z4J � DLFKDLIH$ED �  GFH$z4¡ � DLIKDLFH$ED �  GIH$¢4 GIKD � DLFH$ED �  #£U$54¤ GIKDLFKD � $ED �  G¥H$54  GFKDLIKD � $ED �  G¦H$54 GFKD � DLIH$ , �  N§x$�4 �  � $ , and
�  G¨H$24 �  GFH$ED y�y�yNow considerALGO3:

(a) Let �k #"A$ bethescheduleusedat time " .
(b) At time "©| � let }+ #"O| � $ª4 �  #"O| � $ , thematching
visitedby theHamiltonianwalk.
(c) Let �! #"T| � $�4����%� �+������x��������� R � ����� � ��� MN�~DE�+ #"T| � $AP .

Weshallprovethestabilityof ALGO3 afterestablishing
thefollowing lemma.
Lemma 1. Consider an input-queued switch with admis-
sible Bernoulli i.i.d. inputs. Let �+ #"%$ be the queue-size
process that results when the switch uses scheduling al-
gorithm « . Let V�¬! #"A$ denote the weight of the schedule
used by « at time " , and let V S  #"A$ be the weight of MWM
given the same queue-size process �Z #"A$ . If there exists a
positive constant d such that the propertyV ¬  #"A$<­=V S  #"%$ j d
holds for all " , then the algorithm « is stable.

Proof. To establishstability it suffices to prove that for
some®�_ @ and ¯°_ @fl N�t N�+ #"T| � $A$ j �Z N�Z #"A$A$�±8�Z #"A$A$c j ®�V S  #"A$ED whenever V�SU #"%$<­�¯²D
where �l N�+ #"%$A$�4 � �#R 	 ��³�
	  #"A$ .

Considerthefollowing:�Z N�Z #"�| � $A$ j �l N�+ #"%$A$�4�´ ��R 	 6
� ³�
	  #"�| � $ j � ³�8	  #"A$ 94�´ �#R 	 6
� �
	  #"T| � $ j � �
	  #"%$ 9 6
� �
	  #"T| � $T|�� �
	  #"%$ 9 y
Let �k #"A$ bethescheduleusedby « at time " andlet µ �
	  #"%$
denotearrivalsto ����� �
	 at time " . Weknow that� �
	  #"�| � $2476
� �
	  #"%$ j � �
	  #"%$ 9 � |²µ �
	  #"�| � $c��Z���·¶U6
� �8	  #"A$ j � �
	  #"%$ 9 |¸µ �8	  #"�| � $ED ��¹ y

Hence,weobtain�Z N�Z #"�| � $A$ j �l N�+ #"%$A$c ´ �#R 	 6� ,µª�8	U #"º| � $ j �»�
	H #"%$A$: GFH���
	� #"A$º| � $�| ��9c ´ ��R 	 6� ,µª�
	¼ #"�| � $ j �½�8	¼ #"A$A$: GFH�Q�8	� #"%$A$ 9 |{F�� ³
Taking conditional expectationswith respect to �+ #"%$
yieldsfl N�t N�+ #"T| � $A$ j �Z N�Z #"A$A$�±8�Z #"A$A$c�F ´ �
	 � �
	  #"%$:6 fl ,µ �
	  #"%$ j � �8	  #"A$�±8�Z #"A$A$ 9 |{F�� ³4�F2´ �
	 � �
	  #"%$:6
� �8	ªj � �
	  #"%$ 9 |{F�� ³
Sincethearrival ratematrix, ¾ , is admissibleit is strictly
doubly sub-stochastic.Therefore,from argumentsmade
in Lemma 2 of [11], we may write � �
	 �Q�
	H #"A$A�¿�
	À4MN�+ #"%$ED%¾!Pacq��ÁTÂ Á M,Ã Á DE�+ #"%$AP , wherethe Ã Á arepermu-
tationmatricesand Â Á ­ @ and � Á Â Á ��� .

Let V)ÄºÅQ4ÆM,Ã Á DE�Z #"A$AP andlet ®�4 �Xj � ÁTÂ Á . Putting
theabove observationstogether, wegetfl N�t N�+ #"T| � $A$ j �Z N�Z #"A$A$�±8�Z #"A$A$c�F� ´ Á Â Á V)ÄºÅ¼ #"%$ j V ¬  #"A$A$T|{F�� ³4WF� ´ Á Â Á V Ä Å¼ #"%$ j V S  #"A$T|�V S  #"%$ j V ¬  #"%$A$�||{F�� ³c�F� N´ Á Â Á j�� $AV S  #"A$º|�F�d�|{F�� ³4 j Fx®�V S  #"A$º|�Ç where, Ç�4�F�d�|{F�� ³
Hence,for largeenoughconstant̄°_ @ , we obtain,fl N�t N�+ #"T| � $A$ j �Z N�Z #"A$A$�±8�Z #"A$A$c j ®�V S  #"A$ED for VWS¼ #"%$�­�¯
Thisprovesthestabilityof algorithm « .

Theorem 3. An input-queued switch using ALGO3 is sta-
ble under all admissible Bernoulli i.i.d. inputs.

Proof. Sincethereis atmost1 packet arriving ator depar-
ture from each���¢� in eachtime slot, we obtainfor any
matchingÈ thatMGÈ�DE�Z #"A$APk­�MGÈ�DE�Z #"T|{É�$AP j ÉÊ� y (1)

Let �! #"%$ denotethe scheduleusedby ALGO3 at time " ,
andlet VË-x #"A$�4ÀMN�! #"%$EDE�+ #"%$AP be its weight. If, for every
time " , it holdsthat V -  #"A$�­�V�SU #"%$ j d for someda_ @ ,
thenby Lemma1 it follows thatALGO3 is stable.



5

ConsideraspecifictimeinstantÌ . Let � � and �ºÍ denote
themaximumweightmatchingsat time Ì and Ì j ��[ , re-
spectively. Now, by thepropertyof theHamiltonianwalk,
thereis a "oÎ i 6 Ì j ��[�D�Ì 9 suchthat

�  #"oÎ�$24��½Í . ThenMN�! #" Î $EDE�+ #" Î $AP �ÐÏ��­ MN� Í DE�Z #" Î $AP�ÒÑÓ�­ MN�½Í�DE�Z �Ì j ��[�$APj  #" Î |¸��[ j Ì�$o�^D (2)

where  ,Ô�$ follows from the definition of ALGO3 and  GÕ:$
follows from (1).

For every " , it follows from (1) and the definition of
ALGO3 thatMN�! #"%$EDE�+ #"%$AP j �°c�MN�! #"%$EDE�+ #"©| � $AP<c�MN�! #"T| � $EDE�Z #"�| � $AP yUsingthis repeatedlyin thefollowing, we obtainMN�k �Ì�$EDE�+ �Ì�$AP ­ MN�! #" Î $EDE�+ #" Î $AP j  �Ì j " Î $o�� s �­ MN�½Í�DE�Z �Ì j ��[�$AP j �)�\[� n �­ MN���ÖDE�Z �Ì j ��[�$AP j �)�\[�Ò×A�­ MN���ÖDE�Z �Ì�$AP j F��)��[ ywhere  ,d�$ follows from (2),  ,]�$ follows from thefact that�½Í is themaximumweightscheduleat time  �Ì j �\[�$ , and v $ follows from (1).

Since Ì was arbitrary, we have shown that V -  #"%$'­VWSU #"A$ j F��)�\[ for every " . This completestheproof of
Theorem3.

Lemma 1 and Theorem3 togetherprovide a general
methodfor establishingthe stability of algorithmswhose
weightis “goodenough”.Thus,they maybeapplicableto
awider classof algorithmsthanthosethatusememory.

I I I . DELAY

For aschedulingalgorithmto have agooddelayperfor-
mancein additionto providing 100%throughput,it needs
to do extra work. In the following sectionswe describe
threedifferentalgorithmsthatrespectively useparallelism,
randomizationand the information in arrivals to achieve
100%throughputand agooddelayperformance.

A. APSARA

As notedin theIntroductiondeterminingthemaximum
weight matchingessentiallyinvolves a searchprocedure,
which can take many iterationsand be time-consuming.
Sinceour goal is to designhigh-performanceschedulers
for highaggregatebandwidthswitches,algorithmsthatin-
volve toomany iterationsareunattractive.

Ourgoalis to designahigh-performanceschedulerthat
only requiresa single iteration.Therefore,wemustdevise

a fastmethodfor finding goodschedules.Onemethodfor
speedingup theschedulingprocessis to searchthespace
matchingsin parallel.Fortunately, thespaceof matchings
hasa nicecombinatorialstructurewhich canbeexploited
for conductingefficient searches.In particular, it is pos-
sible to querythe “neighbors”of the currentmatchingin
parallelandusethe heaviest of theseasthe matchingfor
thenext time slot. This observation inspirestheAPSARA
algorithm,whichmainlyusesthefollowing two ideas:
1. Useof memory.
2. Exploringneighborsin parallel.

Definition 1. (Neighbor) Given a permutation ; , let �
be the corresponding matching: � �ÒØ � � � 4 � for all

�
. A

matching � Î is said to be a neighbor of � iff there are ex-
actly two inputs, say

� � and
� ³ , such that � Î connects input� � to output ;2 � ³ $ and input
� ³ to output ;2 � �.$ . All other

input-output pairs are the same under � and �OÎ . The set of
all neighbors of a matching � is denoted Ù� N�2$ .

Essentially, aneighbor, � Î , of � is obtainedby swapping
two edgesin � , leaving theother � j F edgesof � fixed.
Notethatthecardinalityof Ùe N�2$ is Ú 
 ³�Û . For example,the
matching � for a It�)I switchandits 3 neighbors� � , � ³
and � - aregivenbelow:��47 � DLFKDLIH$�T��4Æ GFKD � DLIH$ED�� ³ 47 � DLIKDLFH$ED�� - 4Æ GIKDLFKD � $
A.1 APSARA-B: THE BASIC VERSION

Let �! #"%$ bethematchingdeterminedby APSARA-Bat
time " . Let

�  #"Ü| � $ the matchingcorrespondingto the
Hamiltonianwalk at time "�| � . At time "�| � APSARA-B
doesthefollowing:
(i) DetermineÙ� N�k #"A$A$ and

�  #"º| � $ .
(ii) Let Ý� #"H| � $24¸Ùe N�! #"%$A$HÞ �  #"¼| � $HÞ¢�! #"%$ . Compute
theweight MN�OÎ,DE�+ #"�| � $AP for all �OÎ i Ý� #"�| � $ .
(iii) Thematchingat time "�| � is givenby:�! #"T| � $�4 arg �+����xß��Êà¸����� � � MN� Î DE�+ #"T| � $AP y

APSARA-B requiresthe computationof the weight of
neighbormatchings.Eachsuchcomputationis easysince
a neighbor �~Î differs from the matching �! #"A$ in exactly
two edges. However, computingthe weightsof all Ú 
 ³�Ûneighbors,if donein parallelasshown in Figure2, requires
a lot of spacein hardwarefor largevaluesof � .

Saythathardwarespaceconstraintsallow theuseof at
most ¯&á Ú 
 ³�Û modules,thenhow canthesearchproce-
durerequiredby APSARA-Bbeconductedefficiently?

Oneobvioussolutionis to thesearchtheneighborhood
setovermultiple iterationsby reusingthe ¯ modules.Af-
terall, at low line speedsthereis moretimefor scheduling
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packets, allowing one to conductmore iterations. How-
ever, if line speedsarehigh andoneis only allowed one
iteration, thenthequestionarisesasto which ¯ neighbors
shouldbechosen.A deterministicprocedurefor choosing
the ¯ neighborswill usuallyresultin poorchoicessince,a
priori, it is notclearwhichneighborsareheavy. It is better
to choosē neighborsat random andusetheheaviestof
these.Thismotivatesthefollowing variantof APSARA.

A.2 APSARA-R: THE RANDOMIZED VARIANT

Supposehardware constraintsonly allow us to query¯ neighbors. Let Ùãâ� N�! #"%$A$ denotethe set of ¯ ele-
mentspicked uniformly at randomfrom theset Ùe N�! #"%$A$ .
APSARA-Rdeterminesthematching�! #"ä| � $ asfollows:
(i) DetermineÙãâ� N�! #"%$A$ (note that it is not necessaryto
generateÙ� N�! #"%$A$ ). Determine

�  #"©| � $ , thestatusof the
Hamiltonianwalk.
(ii) Let Ý â� #"¼| � $�4²Ùãâ� N�! #"A$A$¼Þ �  #"¼| � $HÞ¢�! #"A$ . Com-
pute MN� Î DE�+ #"T| � $AP for every � Î i Ý â¢ #"T| � $ .
(iii) �! #"º| � $24����%� �+����xßå�Öà\æ2�Ò��� � � ¶�V �xß  #"�| � $A$ ¹ .
Remark: We concludethe descriptionof APSARA by
mentioningone last point. APSARA generatesall the
matchingsin the neighborhoodset oblivious of the cur-
rent queue-lengths.The queue-lengthsare only usedto
selecttheheaviestmatchingfrom theneighborhoodset.It
is thereforepossiblethatthematchingdeterminedby AP-
SARA, while beingheavy, is not of maximalsize. That
is, thereexists an input, say

�
, which haspackets for an

output � , but thematching �! #"%$ connectsinput
�

to some
otheroutput � Î andconnectsoutput � someotherinput

� Î ,
andboth � �8	 ß  #"%$ and � � ß 	  #"A$ areequalto 0. Thus,input

�
andoutput � will bothidle unnecessarily.

If needed,it is easyto completethematching �! #"%$ de-
terminedby APSARAinto amaximalmatching.Weshall
call themaximalversionMax-APSARA.

A.3 APSARA THEOREMS

Theorem 4. Both APSARA-B and APSARA-R are stable
under admissible Bernoulli i.i.d. inputs.

Proof. Both versionsusethe Hamiltonianwalk. There-
fore, Lemma1 andTheorem3 apply andthe stability of
APSARA-BandAPSARA-Rfollows.

Theorem 5. Let �! GÉ�$ denote the schedule obtained by
APSARA at time É , and let V �  GÉ�$�4çMN�! GÉ�$EDE�+ GÉ�$AP de-
note its weight. If �! #"A$Ü4��! #" j�� $ , that is the schedule of
APSARA does not change from time " j�� to time " , thenV �  #"A$<­ �F V S  #"%$ED
where V�SU #"%$ is the weight of maximum weight matching
at time " .

Proof. Without lossof generality, assumethat the maxi-
mumweightmatching,� S  #"%$ , at time " is theidentity per-
mutation;that is, input

�
is matchedto output

�
underthe

maximumweight matching. Let the permutationcorre-
spondingto theschedule�! #"%$ be ; . Thatis, �k #"A$ matches
input

�
to output ;2 � $ . Let è<�
	 denotetheweightof �z���Q�8	

at time " . Considerany
�
, � c � c�� . Suppose;2 � $aé4 � .

Let ; w �  � $ be the input matchedto output
�

under �! #"%$ .
Since �! #" j`� $<4Ë�! #"%$ , from thepropertyof APSARA, it
follows that è �ÒØ � � � |¸è Ø¼ê * � � � � ­�è �Ò� yNote that above is true for all

�
, even if ;2 � $l4 �

. Now
summingover

�
, we obtain´ � è �ÒØ � � � |¸è Ø¼ê * � � � � ­ ´ � è �Ð� y

But, ´ � è �ÐØ � � � 4ë´ � è Ø ê * � � � � , since ; is a permutation,

andhence ´ � è �ÐØ � � � ­ �F ´ � è<�Ð� y
Now ´ � è �ÐØ � � � is theweightof theAPSARAscheduleand´ � è �Ð� is the weight of the maximumweight matching.

Thus, V �  #"%$�­ �³ V S  #"A$ andthetheoremis proved.

A.4 IMPLEMENTATION

Both APSARA-B andAPSARA-R involve a Hamilto-
nian walk. This wasdonefor purely theoreticalreasons:
to ensuretheir stability (Theorem4). We have foundthat,
in practice,the Hamiltonianwalk is not necessary;that
is, bothAPSARA-BandAPSARA-Rprovidevirtually the
samedelayandthroughputeven without it. Thus,while
thewalk is extremelysimpleto implement,wedonotcon-
siderit eitherin implementationor in performanceevalu-
ation3.

The main featureof APSARA is that it canbe imple-
mentedin a parallelarchitecturevery efficiently. Figure2
shows a schematicfor the implementationof APSARA
with ¯ modules.

A.5 THE SIMULATION SETTING

Before presentingthe performanceof APSARA, we
outlinethesimulationsettingthatwill beusedthroughout
therestof thepaper. Wehaveconductedextensivesimula-
tionsof all thealgorithmswepresentunderall thedifferent
typesof traffic mentionedbelow. In addition,wehavealsoì

Note that eliminating the Hamiltonianwalk can only worsenthe
performance,theactualalgorithmsperformevenbetter.
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Fig. 2. A schematicfor the implementationof APSARA. The
old matching,í2î�ïÓð , andthenew arrivals, ñXî�ïKò�ó:ð , areused
to computethe weightsof neighbormatchingsin parallel.
The new matching, í2î�ïTò`ó:ð , is determinedasa resultof
weightcomparison.

conductedsimulationsof switcheswith 64and1024ports.
Dueto limitationsof spaceandfor uniformity of compar-
ison,we only presentasubsetof simulationswhich repre-
sent“critical” loadingconditions.Figure9 shows theav-
eragequeuelengthof differentalgorithmsunderuniform
traffic. Not surprisingly, all algorithmsperformwell under
this loadinguniform traffic; thus,it is not “critical”. More
extensive simulationsmaybefoundin [7], [20].
Switch: No. of ports: � 4WIxF . Each �¢�¢� canstoreupto
10,000packets.Excesspacketsaredropped.
Input Traffic : All inputs are equally loadedon a nor-
malized scale, and ô i  @ D � $ denotesthe normalized
load. The arrival processis Bernoulli i.i.d. Let ± õ�±T4¡ Gõ�a���ã�'$ . Thefollowing loadmatricesareusedto testthe
performanceof APSARA.
1. Uniform: � �
	 4=ô m �÷ö � DÓ� . This is themostcommonly
usedtesttraffic in theliterature.
2. Diagonal: � �Ð� 4�F�ô m I�� , � �,ø � � ��ø 4ùô m I�� ö � , and� �8	 4 @ for all other

�
and � . This is a very skewed load-

ing, in thesensethat input
�

haspacketsonly for outputs�
and ± � | � ± . It is moredifficult to schedulethanuniform

loading.
3. Logdiagonal: � �
	 4qFH� �Gø 	 � ��ø and � � � �
	 4Æô . For ex-
ample,thedistribution of theloadat input1 acrossoutputs
is: � �,	 4�F 
 w 	 ô m  GF 
 j�� $ . This type of load is more
balancedthandiagonalloading,but clearly moreskewed
thanuniform loading. Hence,the performanceof a spe-
cific algorithmbecomesworseaswe changethe loading
from uniformto logdiagonalto diagonal.
Performance measures: We comparethe queue-lengths
inducedby different algorithms,the delayscanbe com-
putedusingLittle’s Law. Thesimulationsarerununtil the
estimateof the averagedelay reachesthe relative width
of the confidenceinterval equal to 1% with probability­ @ yûú ¥ . The estimationof the confidenceinterval width
usesthebatch means approach.

Figure3 comparestheaveragequeue-sizesinducedby
APSARA, MWM, iSLIP and iLQF underdiagonaltraf-
fic. As seen,APSARA andMaxAPSARA performvery
competitively with MWM underall loadings.Ontheother
hand,bothiLQF andiSLIP incur severepacket lossesand
delaysunderheavy loading. We alsonotethatunderlow
loads,APSARA deviatesfrom Max-APSARA sinceit is
not maximal. Therefore,it may causecertain ����� s to
idle. But, the differenceis very small – no morethan10
packetson average.

We also seethat APSARA-R(32)and MaxAPSARA-
R(32), which is the randomizedvariant employing only
32 modules,performsquite well whencomparedto AP-
SARA, whichusesÚ - ³³½Û modules.
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Fig. 3. MeanIQ lengthfor APSARAunderdiagonaltraffic.

B. LAURA

As shown by Tassiulas[23], ALGO2 provides 100%
throughput.However, its delayperformanceis quitepoor
(seeFigure5). Thisisbecauseof itsparticularuseof mem-
ory: it carriesmatchingsbetweeniterationsvia memory.
But, whentheweightof aheavy matchingresidesin a few
heavy edges,it is moreimportantto remembertheheavy
edgesthanit is to rememberthematchingitself. Thissim-
pleobservationmotivatesthenext algorithm,LAURA (for
A Low-complexity Algorithm for RandomizedAugmen-
tation),which iteratively augmentstheweight of thecur-
rentmatchingbycombiningits heavy edgeswith theheavy
edgesof a (non-uniformly)randomlychosenmatching.

Therearethreemainfeaturesin thedesignof LAURA.

1. Useof memory.
2. Non-uniformrandomsampling.
3. A merging procedurefor weightaugmentation.
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B.1 THE LAURA ALGORITHM

Let �! #"%$ bethematchingusedby LAURA at time " . At
time "�| � LAURA doesthefollowing:

(a) UsetheRANDOM procedureto generatethematching}+ #"�| � $ .
(b) Use �! #"�| � $24 MERGE  ,}+ #"�| � $EDE�! #"%$A$ asthesched-
ule for time "�| � .
TheRANDOM Procedure

Let ýkþ� GÈe$ denotetheminimalsetof edgesin amatch-
ing È carryingat leasta fraction ÿ5 @ c ÿWc � $ of its
weight.Weshallcall ÿ theselection factor.

RANDOM is thefollowing iterative procedure:Initially,
all inputsandoutputsaremarkedasunmatched. The fol-
lowing stepsarerepeatedin eachof

�
iterations,where

�

is typically ���x� ³ � :

(i) Let
�

be the currentiterationnumber. Let õ�c � be
thenumberof unmatched input-outputpairs.Outof the õ»[
possiblematchingsbetweentheseunmatchedinput-output
pairs,amatching�½�o Gõ¿$ is chosenuniformly at random.
(ii) If

� � � , retaintheedgescorrespondingto ý þ  N� �  Gõ¿$A$
andmarkthenodesthey cover asmatched. If

� 4 � , then
retainall edgesof � �  Gõ¿$ .

Old Matching M1 Random Matching M2

Merge

40
30

50

10

20
60

W = 160 W = 150

70

10

10

10

W =250 

Fig. 4. An illustrationof theMERGE appliedto matchingsM1
andM2. Thefinal matchingis themaximumweightmatch-
ing on thesubgraphdefinedby edgesof M1 andM2.

TheMERGE Procedure

Givenabipartitegraphandtwo matchingsÈ � and È�F
for this graph,the MERGE procedurereturnsa matching�È whoseedgesbelongeitherto È � or to ÈËF . MERGE

worksasfollows.
Color theedgesof È � redandtheedgesof È�F green.

Startat outputnode� � andfollow therededgeto aninput
node,say

� � . From input node
� � follow the (only) green

edgeto its outputnode,say � ³ . If � ³ 4�� � , stop.Elsecon-
tinueto traceapathof alternatingredandgreenedgesuntil

� � is visitedagain.This givesa “cycle” in thesubgraphof
redandgreenedges.

Supposetheabove cycledoesnot coversall theredand
greenedges. Then thereexists an output � outsidethis
cycle. Startingfrom � repeatthe above procedureto find
anothercycle. In this fashionfind all cycles of red and
greenedges. Supposethereare � cycles, Ç � D y�y�y DEÇ�� at
theend.Theneachcycle, Ç � , containstwo matchings:� �
which hasonly greenedges,and } � which hasonly red
edges.TheMERGE procedurereturnsthematching

�Èç4�Þ ��å��� ���%� �+������x�	� 1 R � 1 � MN�ODE�+ #"%$AP y
Figure 4 illustratesthe MERGE procedure. It is easy

to seethat the final matching
�È is the maximumweight

matchingon the subgraphdefinedby edgesof È � andÈ�F .
B.2 LAURA: COMPLEXITY AND STABILITY

It can be shown that the running time of LAURA is
boundedby �Z � �
���x� ³ � |���$ . In our simulationstudy,
we set

� 4����x� ³ � . Thus running time of algorithm is�+ ,�����x� ³ �'$ .
Thefollowing theoremis aboutthestabilityof LAURA.

Theorem 6. LAURA is a stable algorithm, i.e. it achieves
100% throughput under admissible Bernoulli i.i.d. inputs.

Proof. This follows from the proof of Theorem2, since
theprobability that }+ #"©| � $ equalsthemaximumweight
matchingis lower boundedby a positive constantfor all
time. And, as shown in Theorem2, this is sufficient to
ensureits stability.

B.3 PERFORMANCE

The simulationsettingis identical to that for the AP-
SARA algorithm. We set the selectionfactor ÿË4 @ y ¥ ,andthe numberof iterations

� 4 ¥ 4
���x� ³ IxFKD . LAURA
is comparedwith theMWM, iSLIP, iLQF andALGO2 al-
gorithmsunderdiagonaltraffic. The resultsareshown in
Figure5. The algorithmsLAURA andMaxLAURA (the
maximizedversion of LAURA) perform quite competi-
tively with respectto MWM. We seethatiSLIP andiLQF
suffer largepacket lossesathigh loads.Strangelyenough,
althoughALGO2 is provably stable(asopposedto iSLIP
andiLQF), its performancein termsof averagebacklogis
theworst.

C. SERENA

Our final algorithm,SERENA (for A Self Randomized
Algorithm that Exploits New Arrivals) is basedon thefol-
lowing ideas:
1. Useof memory.
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2. Exploiting therandomnessin arrivals.
3. A merging procedure,involving new arrivals.

Theneedto usememoryis, by now, well-justified.One
sourceof randomnessavailable in switchesis that which
is in thearrivalsprocess.Usingarrivals to find matchings
alsohasthebig benefitof providing informationaboutre-
cently loaded,andhencelikely heavy, �¢�¢� s. (At least
these����� swill certainlybenonempty!)

Sincetheedgeswhich receive anarrival at a giventime
will not necessarilyform a matching,the MERGE proce-
durewe have usedin LAURA will not bedirectly usable
for SERENA. A simplemodificationof theMERGE proce-
dureleadsto theARR-MERGE proceduredescribedbelow.

C.1 THE SERENA ALGORITHM

Let �! #"A$ be the matchingusedby SERENA at time " .
Let µz #"Ö| � $�476 µ �
	  #"Ö| � $ 9 denotethearrival graph,whereµ �8	  #"º| � $24 � indicatesarrival at �¢�¢� �
	 . At time "�| � ,
(a) Compute�! #"�| � $24 ARR-MERGE  N�! #"%$ED%µ� #"©| � $A$ .
(b) Use �k #"º| � $ astheschedule.

97

31
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23
Arrival Graph A
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2

3
89

Arrival
Merge

W = 243

7

W = 169 W = 106

Old Matching M

Fig. 6. An illustrationof theARR-MERGE procedure,giventhe
matching� andthearrival graphñ .

TheARR-MERGE Procedure

Let È denotethescheduleusedat time " , andlet µ de-
notethesubgraphinducedby packetsarriving attime ".| � .
Let �74�È÷Þ�µ bethesubgraphinducedby theedgesofÈ and µ on the bipartite graphconsistingof input and
outputnodes.As in theMERGE procedureof LAURA, the
goalof ARR-MERGE is to find amaximumweightmatch-
ing,

�È , on � . WhereasÈ is a matching,µ is not neces-
sarily a matching. This is becausemultiple edgescanbe
incidenton thesameoutputnodedueto multiple arrivals
to that output. Therefore,we cannotsimply combine È
and µ usingthe MERGE procedure.We needto consider
thefollowing two cases.
Case 1: µ is a matching. This is a simple case,
ARR-MERGE reducesto MERGE on  GÈ�D%µQ$ , yielding the
matching

�È .
Case2: µ is not a matching. Let � S denotecollection
of outputswhich have oneor morearrival edgesincident
on them. For every � i � S do the following: amongthe
arrival edgesincidenton output � , pick theedgewith the
highestweightanddiscardtheremainingedges.At theend
of this process,eachoutputin � S is matchedwith exactly
oneinput.

To completethe matching µ , connectthe remaining
input-outputpairsby addingedgesin a round-robinfash-
ion, without consideringtheir weights. The round-robin
mechanismavoids queuestarvation andprovidesfairness
amongqueueswhicharenot receiving arrival. Call there-
sultingcompletematching

�µ . Now ARR-MERGE reduces
to MERGE on  GÈ�D �µ�$ , yielding matching

�È .

C.2 SERENA: COMPLEXITY AND STABILITY

All of thework doneby SERENA is in theARR-MERGE

procedure.Thecomplexity of ARR-MERGE is �Z ,��$ .
Westatethefollowing theoremaboutthethroughputof

SERENA.

Theorem 7. SERENA is stable under all admissible
Bernoulli i.i.d. inputs.

Proof. Again, this follows from Theorem2, since the
probabilitythatthearrival graphatany time " will beequal
to the maximum weight matchingis lower boundedby
someconstantd¸_ @

. This is sufficient to establishthe
stability of SERENA.

C.3 PERFORMANCE

The simulation setting is identical to that of the AP-
SARA algorithm.SERENA is comparedwith theMWM,
iSLIP andiLQF algorithmsunderdiagonaltraffic. There-
sultsareshown in Figure7. ThealgorithmsSERENA and
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MaxSERENA (the maximizedversionof SERENA) per-
form quitecompetitively with respectto MWM.

Finally, Figure8 comparesthethreealgorithmswehave
proposed– APSARA, LAURA andSERENA – underdi-
agonaltraffic. All thesealgorithmsperformcompetitively
with eachother, showing very good delays. SERENA,
whichusesrandomnessfrom arrivals,performsbetterthan
LAURA for all loads,showing theusefulnessof usingin-
formation from arrivals. For lower loads,APSARA per-
forms the worst but for higher loads,it outperformsboth
SERENA andLAURA.

Figure 9 shows that all the algorithmsconsideredare
well-behavedunderuniform traffic.
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IV. CONCLUSIONS

Thepaperpresentedsomenew approachesfor designing
simple, high-performanceschedulersfor high-aggregate
bandwidthswitches.Thefollowing generalfeaturesof the
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Fig. 9. MeanIQ lengthfor uniform traffic.

switchschedulingproblemwereexploited: (i) Theuseof
memory, (ii) randomizedweight augmentation,and (iii)
therandomnessandtheinformationprovidedby recentar-
rivals.

Wehavepresentedaderandomizedalgorithmandestab-
lished its stability usingmethodswhich may apply more
widely. Threealgorithms– APSARA, LAURA andSER-
ENA – were developedto exploit the above-mentioned
features. Thesealgorithmsare stableunderadmissible,
Bernoulli i.i.d. inputs. Simulationsshow that, in terms
of delay, they outperformsomeother known algorithms
andperformcompetitively with respectto the maximum
weightmatchingalgorithm.
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