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Chapter 1

Intr oduction

1.1 Towards high speednetworks

In therecentyears,Internethasbecomethestandardnetwork infrastructureto allow a
globalcommunicationin theworld. Now Internetis notonly world-wide,but it is also
“content-wide”sinceit supportsa very largenumberandvarietyof communication
services.

Born asa researchanduniversity network, providing basicserviceslike e-mail
and file transfer, Internethasbeengrowing at an exponentialrate. Important re-
searchandcommercialefforts have supportedthis expansion.Furthermore,a “new-
economy”hasarisento exploit thepossibilitiesof this new meanof communication,
ableto reachalot of peoplein theworld atlow costs.Lately, Internethasalsochanged
the communicationhabitsof millions of people,nowadaysfamiliar with sendinge-
mails andwith browsing the World Wide Web (WWW). During the last coupleof
years,Internethasbeenproposedalsoasa feasiblealternative to thePublicSwitch-
ing Telephony System(PSTN),throughtransportserviceslike “VoiceOver IP”.

TheAmericaneconomicalcrisisduring2001hasshown alsothelimit of Internet
asmeanof business.Internetwasinitially designedasa low costandglobalcommu-
nicationmean,but its intrinsic featuresseemnow to limit its scalabilityin termsof
dimension,servicesandbusiness.For example,Internetis a “best-effort” network;
this impliesthatserviceprovidescannotaskusersto paya significantfee,giventhat
the quality of serviceover time is not guaranteed.On the contrary, advancedcom-
municationsystems,likevideoandaudiodistribution,requireaminimumguaranteed
level of servicequality to bepractical.In general,whenever thenetwork canaccom-
modatethecommunicationrequirementsof “Quality-of-Service”(QoS),Internetwill
improve its businesspotentials.

Startingfrom its birth, several technicalconsiderationsrosedoubtsthat Internet
would have collapsedafter few years,dueto thevery largenumberof usersandthe
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1 – Introduction

constantlygrowing traffic. Internetis a packet switchednetwork basedon the “sta-
tistical multiplexing” paradigm,which meansthat the resourcesaresharedamong
usersandnot dedicated.Hence,Internetcould collapseif the offeredtraffic would
becomegreaterthanthe traffic that the availableresourcesareableto serve. Since
no “admissioncontrol” mechanismis adoptedto limit usertraffic, this risk is real.
Severalsolutionshave beenenvisagedto dealwith this foreseencollapse.Onesolu-
tion is a morethoughtfuldesignof thenetwork architecture,maybeexploiting some
fair resourcesharingandadmissioncontrol systems.Anothersolutionis the conti-
nousincreaseof communicationlinks andswitchingsystems,to increasetheoverall
bandwidthavailablein thenetwork.

Themaintopicof myPh.D.workhasbeenthedesignof highperformanceswitch-
ing systems,ableto accommodatetheexponentialtraffic growthin Internetby guar-
anteeinghigh throughput.

1.2 Role of routers in Inter net

Internetis avery largepacketswitchednetwork, built arounda largevarietyof trans-
missionandswitchingsystems.The informationto transferthroughthe network is
aggregatedinto packets;eachpacket is individually forwardedandswitchedtowards
its destinationthroughthepacket switchingsystems.

Themostimportantswitchingsystemsin Internetaretherouters.Themaintasks
of a routerareto receive thepacketsfrom input ports,to find their local destination
port on thebasisof theroutingtable(built by exchanginginformationrelatedto net-
work topologythroughroutingprotocols)andfinally to transferthepacketsto output
ports. Thesetwo basicfunctions,routingandswitching, arevery difficult to imple-
mentwhentheaggregatebandwidthis very large,sincecomplex algorithmsshould
run in averyshorttime. Furthermore,routersmustdealwith differentlink technolo-
gies,mustdistributeroutingtablesandcanprovidepacket classificationandfiltering
services.For all thesereasons,high performanceroutersarevery complex systems,
whosedesignis moreandmorepushedto theedgeof thelatesttechnology.

Being able to designhigh performanceroutersis particularly important,given
that today’s Internetis composedby a relative small numberof very fastbackbone
networks, which connecta very large numberof smallernetworks. Backbonelinks
ratesareevolving from today’s OC-48 (2.5 Gbps)to OC-192(10 Gbps)andeven
OC-768(40 Gbps)[16], with a rateof increaseof about30% per year [16]. This
meansthat, for a minimum sizeTCP/IPpacket of 40 bytes,the numberof packets
to be processedis evolving from 8 to 32 andeven125 million of packets/s. So the
averagetime spentto elaboratea singlepacket (doingat leastroutingandswitching)
is decreasingfrom 125nsto 30nsandeven8 ns:hence,theswitchingprocessathigh
speedmustbeimplementedin hardware.
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1.3–Schedulingin highperformancerouters

1.3 Schedulingin high performancerouters

ThisPh.D.dissertationis on thedesignof highperformancerouterswith avery large
aggregatebandwidth.Dif ferentswitchingarchitecturescanbeemployedin highper-
formancerouters.Thisstudiesfocusesmainlyononeof themostpromisingswitching
architecture,with packet buffersat input ports;this architecturewill beintroducedin
Section2.2.2anddiscusseddeeplyin Chapter3.

For very fast switching architectureswith buffers at input ports, the main per-
formancebottleneckis givenby theschedulermodule,which selectsthe packetsto
transferthroughtheswitchingfabric. In this dissertationit will bediscussedmainly
theproblemof designingveryefficientschedulingalgorithms,whichshow verygood
performanceandcanbeimplementedin hardware.Theschedulerarchitecturewill be
discussedonly from thealgorithmicpoint of view, independentfrom any particular
electronictechnologyto implementit.

Themaintopicsandresultsdiscussedin this dissertationarethefollowing:� designof implementableschedulersfor unicasttraffic: we will proposea large
classof algorithmsableto achieve very goodperformancewith a low imple-
mentationcomplexity;� designof schedulersfor multicasttraffic: we will definethe optimal sched-
uler andshow someintrinsic performancelimitations for switcheswith input
buffers;� designof schedulersfor variable-sizepackets: we will show how to integrate
efficiently theschedulingfunctionwith theprocessingof variablesizepackets,
like IP packets.

This Ph.D.dissertationis organizedinto chapters.Chapter2 discussesthemain
designissuesinvolved in designinghigh performanceIP routersandmotivatesthe
needfor highperformanceswitchingfabrics.It introducesthemainfeaturesof differ-
entcategoriesof routersandalsohighlightssomeof themostsignificantbottlenecks
in theirperformance.In addition,it providesa taxonomyof theswitchingfabrics.

Chapter3 describesdeeplythe problemof scheduling.It is a sort of prefaceto
all thesubsequentchapters,sinceit describesthemethodologicalapproaches(based
mainly on the performanceanalysisthroughsimulationsand stochasticmodeling)
to study the schedulingproblem. The final part of that chapterrecallssomewell-
knownresultsof stochasticmodeling,essentialto understandthetheoreticalmodeling
approachusedin theotherchapters.

Chapters4, 5 and6 discussrespectively eachof the threemain topicsof our re-
searchwork, presentedearlier in this section. Eachchaptermotivatesthe outlined
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1 – Introduction

approach,comparingit with resultsknown in literature. The approachis thende-
scribedandits performancearediscussedfirst by theoreticalmodelsandthenwith
simulationstudies.

After theconclusionsandthebibliography, anappendixreportssomeof theproofs
which wereskippedin themaincontext of this dissertationfor aneasierreading.
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Chapter 2

The designof high performance
routers

As we saw in the Introduction,onestrategy to dealwith the exponentialgrowth of
thetraffic in Internetis to designrouterwith higherandhigherswitchingcapacity. In
thischapter, wewill describethemainissuesinvolvedin designinghighperformance
routers,taking into accounttheir positioninsidethe network. We will alsoexplain
themodelto abstracttheswitchingprocessof a router. The lastpartof this chapter
will bedevotedto a taxonomyof thearchitecturesfor packet switching.

2.1 Designissuesof Inter net routers

Internet is a very large network, world-wide. It is very difficult to give a precise
descriptionof its architecture,but someflavor of its architecturecan be given by
exploiting thefactthattoday’s Internetis quitehierarchicallystructured.

Internetis composedby hundredsof backbonenetworks, whichconnectsometen
of thousandsof smallernetworks, calledenterprisenetworks. Enterprisenetworks
arecomposedby smallernetworks,wherethesinglehosts(or users)areconnected.
Large serviceproviders can have an accessnetwork to collect the traffic from the
usersandto sendtheir traffic to thenetwork.

Routerstransferthe packetsthroughall thesenetworks, hencecanbe classified
mainly in threecategories:backbonerouters, enterpriserouters andaccessrouters.
Thereadershouldreferto [50] to understandthemainissuesandtrendsin thedesign
of all thesekindsof routers.

We now discusssomeissuesof thosethreecategoriesof routers. This division
in categoriesis loose,sincesomerouterscansharesomedesignissuesof different
routercategories.

5



2 – Thedesignof high performancerouters

2.1.1 Backbonerouters

As we saw in the introduction,backboneroutersswitch thetraffic amongenterprise
networks, allowing the communicationamongendpointslocatedin differententer-
prisenetworks. In thebackbonethe traffic is givenby aggregatinglow speedchan-
nels. Hence,backboneroutersarebuilt to connectfew links at very high speed,like
OC-48(2.5Gbps)up to OC-768(40 Gbps).

Themain issuesin their designis their reliability andtheir speed.Reliability is
achievedasin thetelephoneswitches,by usinghot-spares,redundantpowersupplies
andduplicatedata-paths.

Speedin theseroutersis usuallylimited by thesefactors:� Routingoperations. When a packet arrives, the router readsits headerand
choosesthe destinationon the basisof the routing information obtainedby
routing tables. Routingtablesarevery largeanda packet canmatchmultiple
destinations:thepacket is forwardedfollowing somerules,likethelongestpre-
fix matching. Themainapproachto dealwith fastroutingis to usefastlookup
caching,usuallyimplementedin hardware.Theefficiency of cachingdepends
on thecorrelationof the traffic traveling thenetwork. Anotherapproachuses
protocolslike IP-switching andtag-switching, which areableto reducethedi-
mensionof theroutingtablesby allowing wider coordinationat network level.� Memorybandwidth. Packets are storedin electronicbuffers (optical buffers
cannotbe adoptedsincetheir technologieshave not beenwell establishedso
far) to beprocessedandto solve contentionswhenmultiple packetstry to ac-
cessto thesameswitchingresource.Electronicmemoriesarenot ableto deal
with the fasterandfasteroptical communicationlinks. StaticRAM (SRAM)
memoriesoffer fasteraccesstimes thanDynamicRAM (DRAM) memories,
but their densityis lower. Whereasthe densityof memoriesis alwaysgrow-
ing andtheir priceis droppingby 60 percent[50] every year, their accesstime
is almostthe sameduring the last years,with about1 ns for SRAM and10
ns for DRAM. The main approachesto dealwith insufficient memoryband-
width is to usememoriesin parallel[45] andto combinetheuseof SRAM and
DRAM [46].� Switching architecture. As we will discusslater in Section2.2.1,thequeueing
architectureandtheschedulingalgorithmsaffect thethroughputof theoverall
system.If not well designed,thethroughputof aswitchingarchitecturecanbe
very low (alsolessthan60%).

An additionalissuein thedesignof backboneroutersis thestabilityof routingtables
when backboneroutersare connectingsmallernetworks running different routing
protocols.This is not yetawell understoodproblem,accordingto [50].
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2.2–Routerarchitecture

2.1.2 Enterprise routers

Enterpriseroutersconnectendpointsor segmentsof endpoints(like Ethernetseg-
ments),allowing to partitionthenetwork in severalbroadcastdomains.They usually
have a high numberof ports,with a lower speedthanbackbonerouters.Their main
designissuesarerelatedto thepacketclassificationandthepacketfiltering; theclassi-
ficationis aimedto satisfytheQoSrequirementsof thepackets,whereasthefiltering
is usuallybuilt to providenativesecurityfeaturesin therouter. Lookuptablesrelated
to routing andclassificationcansupportan updaterateon the orderof hundredsof
updatespersecond[16]. At thesametime,enterpriserouterssupportmultiple proto-
colsandtunnelingfeatures.In enterprisenetworks,alsotheavailableadministrative
tools (in software)arevery important,sincethey allow to configurethe numerous
featuresinvolved.

2.1.3 Accessrouters

Accessrouters connectcustomersat home or at work with an Internet Service
Provider (ISP).In thepast,non-intelligentconcentratorswerecollectingthecommu-
nicationsfrom poolsof modemsconnectedto thePublicSwitchingTelephony Net-
work (PSTN).Now, a large varietyof accesstechnologiesto Internetareemployed
(likehigh-speedmodems,ADSL modemsor cablemodems)andtransmissionspeeds
aregrowing. Furthermore,voiceanddataaretransmittedon thesamephysicalchan-
nel,andsomeaccessroutersarenow ableto bypassthevoicesignal.Hence,all these
servicerequirementscanbemetonly throughspecializedrouters.Themaindesignis-
sueof accessroutersis to providetheconnectionamongaverylargenumberof ports,
at differentspeed,andrunningheterogeneousaccesstechnologiesandprotocols.

2.2 Router architecture

Althoughdifferentdesignapproachescharacterizeall thecitedroutercategories,the
maincomponentsof agenericrouterare,accordingto [50, 72,95]:� Network/r outing processor. It managestheoverall routingprocess.It com-

putestheforwardingtables,implementstheroutingprotocolsandrunsthesoft-
wareto configureandmanagetherouter.� Input/output ports. They receive andtransmitpacketsthroughthecommuni-
cationchannels.They provide data-linkencapsulation/decapsulationandcan
classifypacketson thebasisof somerulesspecifiedby the routingprocessor.
In somecases,aport processorandaprocessingenginearepresentin eachport

7



2 – Thedesignof high performancerouters

andthey areableto performactive processingof incomingpackets: they pro-
vide flow classification,assigna tagto eachpacket,segmentincomingpackets
into fixed-sizecellsandreassemblecellsto constitutetheoutgoingpackets.� Forwarding engines. They areoptionalmodules,designedto find quickly the
destinationportof apacket,onthebasisof thepacketdestinationaddressandof
someclassificationrules. Forwardingenginesprovide fastlookup,usinghigh
speedcachingsystems.To improve the throughput,multiple enginescanrun
independentlyandconcurrently. For example,the Cisco12000Seriesback-
bonerouters[23] canuseup to 15 forwardingenginesandthe JuniperM160
backbonerouterup to 4.� Switch. It transferspacketsfrom oneport to another, on thebasisof informa-
tionsderivedby the forwardingengines.Section2.2.1reportsanoverview of
themainswitchingarchitectures.

Note thatall thesecomponentscanbecombinedinto oneor multiple cards,and
their role canbedifferentdependingon theactualrouterarchitecture.Furthermore,
the communicationamongall the describedmodulesis supportedeither by some
specializedhardware architectureor by the sameswitch usedto transferthe data
units.

2.2.1 Switching architectures

Severalarchitectureshavebeenproposedfor packet switches,someof theminspired
by thetelephony world. For a goodsurvey of thesearchitecture,thereadercanrefer
to two books[42, 79] and to sometutorial papers[13]. All the architecturesfor
packet switching are constitutedby a switch fabric andsomebuffers. The switch
fabricforwardthepacketsat theinputsto their destinationports.Themostcommon
architecturesof switchfabricsarethefollowing:� crossbar: this architectureis inspiredon the old electro-mechanictelephony

crossbars,with
���

contactpoints,if
�

is thenumberof ports.Thecrossbaris a
strictly non-blockingswitchingfabric,sincewhenever a freeinput port should
beconnectedto a freeoutputport, they canbeconnectedalways(propertyof
“non-blocking”) andwithout reconfiguringall theotherconnections(property
of “strictly non-blocking”).Althoughthecrossbardoesnot scalevery well for
a largenumberof ports,it is consideredasthebasicswitchingfabric for high
speedrouters.A crossbaris ableto transferin parallelup to

�
packetscoming

from differentinputsanddestinedto differentoutputs;thesetof thepacketsthat
aretransferredaccordingto thecrossbarconstraintsis calleda non-conflicting
set. Whenthe rateof transferin a crossbaris comparablewith the aggregate
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2.2–Routerarchitecture

arrival rate(thiscasewill bereferredlaterwith theconceptof speedupone), the
performancebottleneckis mainly thecontrolwhich coordinatesthetransferof
packets,especiallywhenpacketscomingfrom differentinputsaredestinedto
thesameoutput. In this case,a contentionfor thecommondestinationarises,
andit is solvedby thescheduler:only oneof thecontendingpacketsis trans-
ferredto thedesiredoutput,whereasall theothercontendingpacketsarestored
in somequeues.� multistage switch : this architecturesis non-blockinglike a crossbar, but it
scaleswell with thedimensionsof theswitch. Although, from the scalability
point of view, a multistagefabric is better than a crossbar, it requiressome
internal coordinationto transferpackets from one stageto another. From a
modelpoint of view, a strictly non-blockingandbufferlessmultistageswitch
(like a Clossnetwork or a Batcher-Banyan network [42]) is functionally the
sameasacrossbar, sinceit is ableto transferin parallelanon-conflictingsetof
packets. Hence,all theresultsobtainedin this Ph.D.dissertationhold alsofor
amultistageswitchingfabric,which is bufferlessandstrictly non-blocking.� bus : this architectureis strictly non-blocking,but it allows at mostonepacket
to be transferedat the sametime, henceit requiresa coordinationamongthe
ports.Theperformanceof a busaremainly limited by thebuscapacitanceand
thearbitrationprocess.

Fromnow on,we consideronly a non-blockingandbufferlessswitchfabric,like
acrossbar. Theswitchingfabricis integratedwith abufferingschemeto storepackets
contendingfor thesameswitchingresource(for example,anoutputportor theingress
of theswitchingfabric).Wecanclassifytheswitchingarchitecturesonthepositionof
thebufferswith respectto theinput or outputports.Themainbufferingschemesare
input-queued(IQ), output-queued(OQ) or combinedinput-output-queued(CIOQ).
In the next Sections2.2.2,2.2.3and2.2.4we will discussthesebuffering schemes
andtheir integrationwith theswitchfabric.

Notethatbufferscanbesharedamongdifferentports,at input or outputlevel; in
thiscasesharedmemoryfabricsarereferred[13]. Usually, themainlimit of thebuffer
performanceis thememorybandwidth,asdiscussedpreviouslyin Section2.1.1.Here
wearenotconsideringthesekindsof architectures.

Whentheswitchingarchitectureis implementedin hardwareatveryhighspeed,it
usuallyworkswith data-unitof fixedsize,calledcells. For packetwemeanadata-unit
of variablesize,like an IP-datagramor an TCP/IPpacket. For a clearerexposition,
thebasicswitchingarchitectureswill bereferredascell-switches, whereastheoverall
switchingsystemof arouterwill bereferredaspacket-switch. Section2.2.5will show
how to build thepacket-switcharounda basiccell-switch. NotealsothatChapter6
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2 – Thedesignof high performancerouters

will proposean optimizedarchitectureto integratecell-switchinginside a packet-
switchingsystem.

2.2.2 Input queuedcell-switches

Output N

Input 1
11

NN

Output 1

Input N
11

NN

Matching, M

scheduler

switching fabric

Figure2.1. Logical structureof aninput-queuedcell switch

Fig. 2.1 shows the logical structurefor an input-queued(IQ) cell switch. The
switchoperateson fixed-sizedataunits,which canbeATM cells,or have any other
convenientformat. Borrowing from the ATM jargon,we shall usethe termcells to
identify theinternalfixed-sizedataunits. Actually, our resultsdo not strictly require
thatfixed-sizecellsareused,but moregenerallyreferto any switchthattakesswitch-
ing decisionat equally-spacedtime instants. The distancebetweentwo switching
decisionsis calledslot, andtheslot is thegranularityin allocatingswitchresources.

We do not dealwith theproblemof partialslot filling dueto thevariablesizeof
IP packetsarriving at inputs,even if its impacton performancemay be significant,
dependingon theslotsizeandtheinputpacket lengthdistribution.

We considera switch with
�

inputsand
�

outputs(indeed,oneinput andone
outputinterfaceusuallyresideonthesame“line card”). Wealsoassumefor simplicity
thatall input andoutputlinesrun at thesamespeed.

Packetsarestoredat input interfaces. Eachinput managesonequeuefor each
output,hencea total of

�������	�
�
queuesarepresent.Eachqueuecanstoreup

to � cells andexcesspacketsaredropped. This queueseparationpermitsto avoid
performancedegradationsdueto head-of-the-lineblocking[49], andis calledVirtual
OutputQueuing(VOQ)or DestinationQueuing[10, 61,89,88].

The switch fabric is non-blockingandmemoryless,andintroducesno delay: at
most onecell can be removed from eachinput andat most onecell canbe trans-
ferredto eachoutputin everyslot. Sincethespeedat which cellsarefed into output
interfacesis equalto the speedat which cells are fed to input interfaces,we have

10



2.2–Routerarchitecture

a speedupequalto 1. Theschedulingalgorithmdecideswhich cellsaretransferred
from theinputsto theoutputsof theswitchin everyslot. Schedulingalgorithmswill
bediscussedin detailsin Chapter3.

2.2.3 Output queuedcell-switches

Outputqueued(OQ) cell-switchneedsno input buffers (neglectingbuffers usedat
the inputs to storethe newly arrived cell) becausethe switching fabric hasenough
capacityto transferto the desiredoutputall the cells received in onetime slot. In
theworstcase(i.e.,whena cell arrivesat eachinput, andall cellsaredirectedto the
sameoutput),thismeansthatthebandwidthtowardseachoutputmustbeequalto the
sumof the bandwidthsavailableon all input lines. We thussaythat the switching
fabric must have a speedupequalto

�
. This internal speedupcanbe obtainedin

differentmanners.We assumeherethat it is achievedin thetime domain,by setting
the switching fabric clock

�
times fasterthanon input/outputline interfaces. We

thereforeassumethat the slot time is subdivided into
�

mini-slots, and that each
input canusea differentmini-slot to transfera cell to a givenoutput.Theallocation
of mini-slotsto inputscanbefixed,time-varying,or random.Weimplementedafixed
round-robinof inputsin our simulationprograms.

At eachoutput,cells arestoredin a singleFIFO queue. For a fair comparison
with input-queuedswitches,we assumethat thetotal amountof buffer spaceis kept
constant,i.e., that the FIFO outputqueuecanstore

� � � cells. This assumption
givessomeadvantageto theOQ schemes,which canexploit somedegreeof buffer
sharing.

2.2.4 Combined input-output queuedcell-switches

Combinedinput-outputqueued(CIOQ) architecturesarea compromisebetweenIQ
andOQ, for which somedegreeof speedupis available,but not asmuchasfor OQ.
Thesearchitecturesrequirebufferingat bothinput andoutputline interfaces.

The buffer spaceat eachinput can be organizedin either one FIFO queue,or
severalqueues,like in thecaseof VOQ.We call ��
�� thenumberof cellsperslot that
canbereadfrom thequeue(s)ateachinput,and ������� thenumberof cellsperslot that
canbewritten into theoutputqueueat eachoutput.

Several CIOQ architectureswereproposedin the literature. Unfortunately, dif-
ferentauthorsoftenassumedifferentdefinitionsof speedup.Thefollowing casesare
possible.� ��
�� ���

and ������� � � [18, 36, 44, 75, 76]. The switch cantransferup to �
cells to thesameoutput,but no morethana cell canbe readfrom eachinput
in oneslot. This definition ����� � of speedupderivesfrom input bus switching

11



2 – Thedesignof high performancerouters

architectures,in which a sharedbus canbe readby all outputports,but can
beaccessedby eachinput for the transmissionof at mostonecell perslot. A
well-known exampleof thisarchitectureis theKnockoutswitch [97].

Analyticalmodels[13] show thatthemaximumthroughputfor � �!� � �#"
equals$&%(')'+*

in uniform traffic conditionswhen
� , -

. To achieve a throughput
larger than99%, � �!� � mustbelargerthan4. Only with � ��� � �.�

it is possible
to reachthemaximumthroughputin generaltraffic conditions.� ��
�� � � and ������� � � [76, 22]. Whenthisspeedup� � � � equals� , up to � cells
canbereadfrom eachinputandwrittento eachoutputof theswitchin onetime
slot.� ��
�� � � and ������� �.�

. Thisdefinition ����/0� of speedupwasinvestigatedin [30].
It is dualwith respectto � ��� � , in thesensethatatmostonecell perslotcanreach
anoutputcard.Whencoupledwith suitableschedulingalgorithmsfor variable-
sizepacketswitching,this form of speeduphastheadvantageof preventingthe
interleaving of cellsbelongingto differentpackets.

Of course,when ����� � �1�
, or ��� � � �1�

, or ���2/0� �3�
, we have anIQ architecture.We

definethe speedupaccordingto �4� � � in the remainderof the dissertation.A CIOQ
architecturewith VOQandspeedup� � � � � � is shown in Fig. 2.2.

It is well-known that the maximumnormalizedthroughputachievable in an IQ
switchusingoneFIFOqueueperinputport,with uniformtraffic andaninfinite num-
ber of ports,is limited to

$&%2*5')6
by the head-of-the-lineblocking phenomenon[49].

Onecanarguethat,by executingtheschedulingalgorithmtwice in eachslot, thereby
usinga speedup� � � � �7"

, themaximumthroughputbecomes100%[76], asit is for
OQ architectures.This simplestatementholdsonly for uniform traffic, anddoesnot
provideguaranteesrelatedto delays.

It hasbeenshown [22] thataCIOQarchitecturewith VOQ andspeedup��� � � �8"
canmimic exactly theOQbehavior, undergeneraltraffic patterns,usingaquitecom-
plex schedulingalgorithm; the samearchitecturecanachieve the work-conserving
propertyof anOQ switchthrougha simplerscheduler[55].

In thisdissertationweshallcompareIQ andOQarchitectures(in thefinal chapter,
alsoCIOQ).With theaimof beingfair in thecomparison,weaccepthighscheduling
complexity for IQ, highhardwarecomplexity (i.e.,speedup

�
) for OQ,andinterme-

diateschedulingandhardwarecomplexity for CIOQ.Wethereforelimit ourattention
to CIOQ switcheswith limited speedupincrease� � � � �9"

, andvery simple FIFO
scheduling.

Althoughamoredetaileddiscussionof schedulingalgorithmsfor IQ architectures
will beprovidedin Section3.2,weanticipateherethedescriptionof thesimplealgo-
rithm thatweconsiderin theCIOQcase.Weassumethateachinput andeachoutput
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Figure2.2. CIOQ architecturewith VOQandspeedup: � � ��; :
of theCIOQswitchmaintainsasingleFIFOqueue,andthatthefollowing scheduling
algorithmis executedtwice in eachslot.

At every executionof thealgorithm,inputsarecyclically scanned,startingfrom
a differentinput every time, selectedby a round-robinscan.In this scaneachinput
attemptsto transferthecell at theheadof its input FIFO queue.If thecorresponding
output was not alreadyengagedby a precedinginput in the round-robinscan,the
transferis enabled,otherwiseit is deferredto the next executionof the algorithm.
Sincethealgorithmis executedtwice in eachslot time,at mostthefirst two cellsare
removedfrom inputqueues,andat mosttwo cellsaredeliveredto eachoutputqueue
in eachslot. Wecall this schedulingalgorithmFIFO–2.

2.2.5 Integration of the cell switch inside a router

Giventhecell-switchlogicalarchitecturesdescribedin previoussections,wecannow
build a packet switcharoundthem. We useasa referencemodelthecaseof a high-
performanceIP routerbuilt aroundan ATM cell-switch,but the sameanalysiscan
be referredalsoto a routerbuilt arounda generic(possiblyproprietary)cell-based
switch.

Eachrouterport hasline interfaceswhereany data-linkandphysicallayer pro-
tocol canbeusedto receive andtransmitIP datagrams.The IP protocolsits on top
of the data-linkprotocolat the input andat the outputof the router. Within the IP
layerat theinput, routingfunctionsareactivatedto associateanoutputport with the
destinationIP address(we neglecthereissuesrelatedto theimplementationof these
functions,suchastablelook-up). Input IP datagramsaresegmentedinto ATM cells,
thatwill be transferredto outputportsby a high-performingATM switchingfabric.
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2 – Thedesignof high performancerouters

Oncecellsaredeliveredto anoutputport, they arereassembledinto theIP datagram,
which is transmittedon theoutputline accordingto possiblydifferentline formats.
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Figure2.3. Speedupdefinitionsfor thepacket switchbuilt aroundacell switch

Fig. 2.3emphasizesthepossiblespeedvariationsinsidethearchitectureof anIP
routerincorporatinganATM switchingfabric.Wetakeasa referencethebit rateson
theinput andoutputlines,which weassumeto bethesameandequalto 1.� SPEEDUP-IP-IN is the speedat which cells are transferredfrom the input IP

moduleto the input of theATM switch. Unitary SPEEDUP-IP-IN meansthat,
if an input IP datagramis segmentedin < cells,all thesecellsaresequentially
transferredto the cell-switch input in < time slots. Note that this takes into
accountsegmentationoverheadsandpartialfilling of thelastcell.�
SPEEDUP is thenumberof cellsperslot thatcanbereadfrom theinputsof the
cell-switch.Sinceweassumethedefinition ��� � � of speedupfor thecell-switch,
this is alsothenumberof cellsperslot thatcanbewrittenontoaswitchoutput.�
SPEEDUP-IP-OUT is thespeedatwhichcellsaretransferredfrom theoutputof
thecell-switchto theoutputIP module.

InputandoutputIP modulesin Fig.2.3consistof queuesfor variable-sizepackets,
andoperatein store-and-forwardmode;they comprisesegmentationandreassembly
functions.ATM modulescomprisecell queuesat theinputand/orat theoutputof the
switch.
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Chapter 3

Schedulingin input queuedswitches

In this chapterwe discussthe schedulingproblemin IQ cell-switches. In the first
two sections,we defineformally theschedulingproblemanddescribesomeknown
solutionsproposedin literature. Section3.3 examinesthe simulationmethodology
adoptedin the following chapters.Section3.4 presentsthe theoreticalfoundation
of the analyticalapproachadoptedandintroducesthe main mathematicalnotations
referredin this dissertation.

3.1 Problemdefinition of scheduling

This sectiondescribesschedulingalgorithms,which avoid blocking andsolve con-
tentionwithin theswitchingfabric.We assumea VOQ bufferingscheme.Thequeue
storingthepacketsfrom input = to output> is called ?A@CBD
FE andits occupationis GH
IE .

The schedulingalgorithmselectsa matching J , i.e., a setof input-outputpairs
with no conflicts, suchthat eachinput is connectedwith at most one output, and
eachoutputis connectedwith at mostoneinput. In eachslot, if input = is connected
with output > , acell is removedfrom ?A@ABK
IE , andtransferredto output > by properly
configuringthenon-blockingswitchingfabric.

In the technicalliterature,schedulingproblemsin IQ switchesaremodelledas
matchingproblemsin bipartitegraphs.Theswitchstatecanbedescribedasabipartite
graph L �NM ?PO(QSR (seeFig. 3.1) in which the

�
left-mostnodescorrespondto the

�
input interfacesof theswitchingfabric,whereasthe

�
right-mostnodescorrespond

to the
�

outputinterfaces.Edgesindicatetheneedsfor cell transfersfrom aninput to
anoutput(anedgefrom left-node= to right-node> indicatestheneedfor cell transfers
from input = to output > ), andcanbelabeledwith a weight (denotedby TU
FE ), whose
intuitivemeaningis the“urgency” of servingqueue?A@CBD
IE . Theadoptedmetricsto
assignweightsto edgesis akey partof theschedulingalgorithm,asweshallsee.The
weightcanbebinaryto simply indicatethatat leastonecell to betransferredexists,
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Figure3.1. Bipartitegraphdescriptionof theschedulingproblem

or it canreferto thenumberof cellsto betransferred,to thetimewaitedby theoldest
cell, or to otherstateindicators.

A matching J is a subsetof edgesof L suchthatno vertex hastwo connected
edgesandrepresentsanadmissibleswitchingconfigurationif acell is transferedfrom
input = to output > whentheedgefrom left-node = to right-node> is present:indeed,
it canneverhappenthattwo cellsareextractedfrom thesameinput,or thattwo cells
aretransferredto thesameoutput.Theweightof amatchingis thesumof themetrics
correspondingto theedgesincludedin thematching.A matchinghasmaximumsize
if thenumberof edgesis maximized;a matchinghasmaximumweight if its weight
is maximized. A matchingis heavierthananothermatchingif its weight is greater
than the other one. The complexity is @WV � /�X for the maximumweight matching
(MWM) [90, Chapt.8] algorithm,thatcanbeprovedto yield themaximumachiev-
ablethroughputusingasmetricseitherthenumberof cells to be transferred,or the
time waitedby theoldestcell; it is @YV ��Z\[]� X for thesimplerandlessefficient maxi-
mumsizematchingalgorithm[28]. Well known maximumsizematchingalgorithms
wereproposedby Dinic [90] andHopcroft[40].

The
�����

matrix whoseelementsaretheedgemetricsin graph L �^M ?_O(QSR is
calledtheweightmatrix, denotedby ` �aM TU
IEbR . This weightmatrix ` varieswith
time,accordingto thechangesin thesystemparametersfrom which its elementsare
computed.WeassumeTU
IE � $

for missingedgesin L , i.e.,whennocellsfrom input= to output > arewaiting in input queues.

We call cd
IE thearrival processat input = for output > ; theaveragearrival rateis
denotedby ef
IE . Theaggregationof all arrival processesis c �hg cd
 , �Ci = ij�lk

.

Definition 1. Thearrival processc is termedadmissibleis no input andno outputis
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3.2–Schedulingalgorithms

overloaded,i.e.: mn 
!o � ef
IEqp � O �Di > ij�mn Ero � es
FEtp � O �Si = ij�
Otherwisec is inadmissible.

For later use,we definethe averagecell arrival rate matrix u ��M ef
IEbR , andthe
normalizedcell arrival ratematrix v �aM w 
IE�R , with

w 
IE � ef
IEyx&V�z m
!o � z mEro � ef
IE{X . The
maximuminput load is | �~}���� 
 g z E es
IE k .
3.2 Schedulingalgorithms

Therearetwo mainquantitiesfor measuringtheperformancesof aswitchscheduling
algorithm:throughputanddelay. Pasttheoreticalworksonpacketswitcheshavebeen
concernedwith studyingalgorithmsthatachieve 100%throughput.Suchalgorithms
arereferredto as“stable” algorithms.In particular, thepapers[62, 92], showedthat
underBernoulli i.i.d. packet arrival processestheMWM is stableso long asthe ar-
rival processis admissible1. More recently, otheralgorithmshavebeenproposedfor
providing exact delaybounds[22, 55, 82]. Thesealgorithmsin fact provide some-
thing muchstronger:they allow a switchwhosefabricrunsat a speedupof between
2 and4 to exactlyemulateanoutput-queuedswitch.Thus,they arestableandpermit
theuseof sophisticatedalgorithmsfor supportingquality-of-service(QoS).

But, all of theabove algorithmsaretoo complicatedfor implementationin high
aggregatebandwidthswitches. They requiretoo many iterations(for example,the
MWM requires@YV � / X iterationsin theworst-case),andthecomputationof weights
usedin thealgorithmsof [22, 55,82] requirestoomuchinformationto becommuni-
catedbetweeninputsandoutputs.

Implementationconsiderationshave thereforeseenthe proposalof a numberof
practicableschedulingalgorithms; notably, iSLIP [60], iLQF [61, 66], RPA [2],
MUCS [27] and WFA [88]. However, thesealgorithmsperform poorly compared
to MWM whenthe input traffic is non-uniform: they inducevery large delaysand
their throughputcanbelessthan100%.

More recently, some particularly simple-to-implementschedulingalgorithms
have beenproposed[17, 45] andproven to be stable. But, [17] introducesan extra

1Theweightsweretakento bethelengthof ���_�_�I� originally andlaterwork [68] took theweights
to betheageof theoldestpacket in ���_�_�I� .
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3 – Schedulingin input queuedswitches

packet resequencingproblemand[45] needsmultiple switchingfabrics. Neverthe-
less,thesealgorithmsmakeasignificantpoint: Delivering100%throughputdoesnot
complicatetheschedulingproblem.

On theotherhand,in orderto keepdelayssmall, it seemsnecessaryto find good
matchings;and finding good matchingstakesmany iterationsand consumestime.
But, high aggregatebandwidthswitchesdo not leave muchtime for scheduling,be-
causethey areeitherconnectedto veryhighspeedlinesor they have toomany ports.

A numberof schedulingalgorithmsfor IQ switcharchitectureshave appearedin
thetechnicalliterature.In thisdissertationweconsideronly iSLIP (for its simplicity),
iLQF andRPA (for beinganapproximationof theMWM with theweightequalto the
queuelength,with goodperformanceunderunbalancedtraffic) and,finally, MUCS
(for beinganapproximationof theMWM with theweightrelatednon-linearlyto the
queuelength,with very goodperformanceunderunbalancedtraffic). The readeris
referredto the original works for a detaileddescriptionof thesealgorithms. In this
sectionwe recall the generaltaxonomyfor schedulingalgorithmsproposedin [7],
andclassifyaccordinglytheconsideredproposals.

Theoutputof theschedulingalgorithmateachtimeslot < is acell transfermatrix����MF� 
IE�R , whoseelementsprovide theresultof thematchingcomputation:� 
IE �	� �
if a cell is transferredfrom = to >$
otherwise

(3.1)

Any IQ schedulingalgorithm can be viewed as operatingaccordingto three
phases:

1. Metricscomputation.Computationof theweightmatrix ` . Eachoneof the
possible

���
edgesin thebipartitegraphis associatedwith ametricsdepending

on the currentstateof the correspondingqueue. This metricswill act as a
priority for thecell transfer.

2. Heuristic matching. Computationof the cell transfermatrix
�

. Sinceit is
know [65] thattheMaximumWeightMatchingis theoptimalpolicy for unicast
traffic (the precisestatementis reportedin Section3.4.3). Hencethis phase
musttry to maximizethefollowing sum,in orderto mimic theMWM:mn 
!o �

mn Ero � � 
IE�TU
IE (3.2)

with theconstraints: mn 
!o � � 
IE ih� mn Ero � � 
IE ih�
(3.3)

18



3.2–Schedulingalgorithms

Sincethe cost for the computationof the optimummatching(maximumsize
or maximumweight) is too high, all schedulingalgorithmsresortto heuristics
with variableeffectivenessandcomplexity. Whenthematchingis notoptimum,
but nocellscanbeaddedwithoutviolatingtheconstraints(3.3),thetermsmax-
imal sizematchingandmaximalweightmatchingareusedin theliterature.

3. Contentionresolution. In the executionof the heuristicalgorithmfor the de-
terminationof a maximalmatch,a strategy is necessaryto solve contentions
dueto edgeswith equalmetrics,sourceor destination.Thecontentionresolu-
tion typically is eitherrandom(RO, randomorder),or basedonadeterministic
scheme;roundrobin (RR) andsequentialsearch(SS)arefrequentchoicesin
thelattercase,thedifferencelying in thestartingpoint chosenin theselection
process,which is state-dependentfor RR,andstate-independentfor SS.

Thefirst phaseis preliminaryto theothertwo, thatareinsteadinterlaced.
As we show in [7], thephasethathasthemostprofoundimpacton performance

is themetricscomputation,whereasthedifferentheuristicsto obtaingoodmatchings
haveadeepimpacton thealgorithmcomplexity. As regardsmetrics,weconsiderthe
following alternatives:� QO (Queueoccupancy). In this caseTU
IE ���

if f GH
IEH� $
, otherwiseTU
FE � $

.
This is themetricsadoptedby iSLIP. Theadoptionof this metricsleadsto the
searchfor a maximalsizematch.� QL (Queuelength). Themetricsin thiscaseis thenumberof cellsin thequeue:TU
IE � GH
IE . This is themetricsadoptedby RPA andiLQF.� CA (Cell age). Themetricsin this caseis the time alreadyspentin thequeue
by thecell at thequeuehead.This is themetricsadoptedby iOCF.� ML (MUCSLength). MUCS usesa metricsthatis derivedfrom queuelengths
as: TU
IE � GH
IEmn � o � G�
 �S� G�
FEmn � o � G � E (3.4)

As regardsthe heuristic matching, the choicesadoptedin the consideredIQ
schedulingalgorithmsarethefollowing:� IS (Iterativesearch). In this case,duringafirst step,eachinput interfacesends

all its transmissionrequestswith the associatedmetricsto the relevantoutput
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Algorithm Metrics Heuristics Contentionresolution
Input Output

iSLIP QO IS RR RR
iLQF QL IS RO RO
iOCF CA IS RO RO

MUCS ML MG SS RO
RPA QL RV RO SS

Table3.1. Characterizationof theconsideredIQ schedulingalgorithms

interfaces( TU
IE is sentfrom input interface = to output interface > ). Thesese-
lect oneamongthearriving requestsby choosingthelargestmetricsvalue,and
resolvingtiesaccordingto a contentionresolutionscheme(outputcontention).
The acceptedrequestsare thensentback to the input interfaces. If an input
interfacereceivesmore than one acceptance,it selectsone by choosingthat
with thelargestmetricsvalue,andresolvingtiesaccordingto acontentionres-
olution scheme(input contention).The successive stepsareequalto the first
one,but they concernonly thetransmissionrequestsfrom input interfacesthat
received no acceptance,aswell asthosethat weresatisfiedin previous steps
(therepetitionof theserequestsis necessaryto progressively freezethematch
configuration).Thisheuristicswasproposedin [61], andit is adoptedby iSLIP,
iLQF andiOCF.� MG (Matrix greedy). Considertheweightmatrix ` . Thealgorithmconsists
of (up to)

�
steps,in eachof which thelargestelement(s)TU
IE of ` is (are)se-

lected,andthecorrespondingcell transmissionsareenabled(providedthatno
conflictarisesif tiesfor thelargestmetricsexist; otherwiseaconflict resolution
is necessary)beforereducingthematrixby eliminatingtheentriescorrespond-
ing to enabledcell transfers.This is theheuristicsadoptedby MUCS.� RV (Reservationvector). In thiscasethealgorithmis basedonasequentialac-
cessto areservationvectorwith

�
records,whereinput interfacessequentially

declaretheircell transferneedsandtheassociatedmetrics,possiblyoverwriting
requestswith lower metricsvalues. A secondsequentialpassover the vector
allows the confirmationof requests,or the reservation of other transfersfor
the inputswhoseoriginal reservationswereoverwritten. This is theheuristics
adoptedby RPA.

Table3.1givesasynopticview of theconsideredIQ schedulingalgorithms,where
for eachalgorithmwe give thetypeof metricsused,theheuristicalgorithmadopted
for theidentificationof matchings,andtheapproachusedfor contentionresolution.
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3.3 Simulation study

To evaluatetheperformanceof IQ, OQ, andCIOQ switchingarchitectures,we con-
ductedquite a large numberof simulationexperiments.In IQ switches,eachinput
queue?C@ABK
IE canstorea finite numberof cells BK����� ; whena cell directedto output> arrivesat input = , andqueue?C@ABK
IE is full, thecell is lost. No buffer sharingamong
queuesis allowed.

Simulationrunswereexecuteduntil theestimateof theaveragecell delayreaches
with probability 0.95 a relative width of the confidenceinterval equalto 2%. The
estimationof the confidenceinterval width is obtainedwith the batch meansap-
proach [80].

3.3.1 Softwareof simulation

A numericalsimulatorhasbeendevelopedto studythe performanceof all the con-
sideredarchitectures.The simulatorhasbeenwritten in C and is compiledunder
Linux (someolderversionswerealsotestedunderWindows95). It is freelyavailable.
Main featuresof the simulator(which is about850 KBytes of sourcecode)arethe
following:� supportof pureIQ, pureOQandCIOQswitchingarchitectures;� supportof therouterarchitecture;� flexible traffic generation,at cell and packet level, for unicastand multicast

traffic;� supportof about25 differentfamiliesof schedulingalgorithms;� automaticstatisticalanalysisof simulationresults;� supportof largeswitches(switcheswith morethan1,000portswerestudiedfor
unicasttraffic; switcheswith morethan500,000outputportswerestudiedfor
multicasttraffic).

3.3.2 Traffic scenarios

In thefollowing chapters,weconsidertraffic generatedeitheratcell levelor atpacket
level. Whenthestudiedarchitectureis theoverall routerswitchingsystem,thetraffic
is generatedat packet level. Section6.3.1will describehow the traffic is generated
at packet level. Whenthestudiedarchitectureis thecell-switch,thetraffic is gener-
atedat cell level. In this case,eachcell is generatedaccordingto an i.i.d. Bernoulli
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3 – Schedulingin input queuedswitches

processsuchthat it satisfiestheconstraintsaboutthemaximuminput load | andthe
normalizedcell arrival ratematrix � (bothdefinedin Section3.1).

We describedifferent typesof traffic patternsthat wereusedto test the perfor-
manceof thecell switches.By �F<�� wedenotethecomputation< mod

�
.� Uniform scenario. This scenariois thecommontest-bedin literature. In this

case,for thenormalizedarrival matrix � ,
w 
IE �7� x � ��� =�O > .� Diagonalscenario. In thiscase,

w 
2
 ��" xfV�� � X and
w 
 � 
!¡ � � �7� x&V�� � X � = . For all

other =�O > ,
w 
IE � $

. Only two diagonalsof thetraffic matrix receivepackets,and
onediagonalreceiveson averagetwice packetsthantheother. This scenariois
derivedfrom theunbalancedtraffic patternpresentedin [7].� Logdiagonal scenario. In this case

w 
IE � "¢w 
£� Er¡ � � are non-zero,
� =�O > . For

example,for thefirst row
w � E �	¤¥" mP¦ E , where

¤
is a normalizationconstant.

Intuitively, everydiagonalof thetraffic matrix is loadedtwicethanits own right
diagonal.� Sparsescenario. The following traffic matrix is considered(here,in thecase� � 6

). This matrix is designedto be very critical, as we will seein our
simulations:

� � �� �
§¨¨¨¨¨¨© " � $ $ $ $$ � " $ $ $$ � � � $ $$ $ $ " � $$ $ $ $ � "� $ $ $ � �

ªy««««««¬
3.3.3 Performanceindexes

Resultsarepresentedwith graphswherethefollowing performanceindicesareplot-
tedversustheswitchload. Thelatter is definedastheratio betweenthe input traffic
loadandthetotal capacityof input/outputlines(hence,theswitchloadis comprised
between0 and1).� IQ length. Thisis thevalueof theoccupationof eachVOQqueue.Weconsider

the averagevalueover time and over all queues,which is denotedas Mean
IQ Len. We also considerthe averageover time of the queuelength of the
maximumsizequeue,denotedasMax IQ Len.� Cell delay. This is thetime spentby cells in thecell-switchqueues.We con-
sidertheaveragedelayoverall packets.NotethatwecanuseLittle’ sLaw (that
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3.4–Theoreticalstudy

holdsfor non-workconservingsystemslike IQ switches)to computetheaver-
agecell delay ­ from theaverageIQ length � underaninput load | (assuming
all theinputsuniformly loaded): ­ �~� ��x®| .� Relative weight. If J is the matchingcomputedby our algorithm,the rela-
tive weight is definedas: weightof matching J dividedby theweightof the
MWM. It is positive andalwayslessor equalto 1: whenits valueis

�
means

that J is a maximumweightmatching.� Packet delay. This is theoverall delayof a packet, consideringtheISM mod-
ule, the internal cell-switch queues,the ORM module,and the final packet
FIFO. It is computedonly for packetscompletelydeliveredat switchoutputs,
measuringthetime from the ingressof thelastcell of thepacket into theISM
moduleuntil theegressof thatsamelastcell from thefinal packet FIFO.Con-
stantdelaycomponentsareremoved; hencea single-cellpacket traversesan
emptypacket switch in null time, anda packet comprising < cellshasa best-
casedelayequalto

" V�<°¯ � X slots,dueto wait in thesegmentationandreassem-
bly phases.Weshallconsideronly theaveragevalueof packet delay.

Sincethe aim of the performanceevaluationis a comparisonof IQ andCIOQ
architectureswith OQ switches,we consideralsorelativeperformanceindices,i.e.,
we divide the absolutevalue taken by a performanceindex in the caseof IQ and
CIOQ architecturesby the value taken by the sameperformanceindex in an OQ
packet switchloadedwith thesametraffic pattern.

3.4 Theoretical study

Several analyticalapproacheshave beenusedto study IQ switches. An IQ switch
canbemodeledasa controlledqueueingsystemandcanbestudiedusingstochastic
modelingapproaches.

The mostcommontheoreticalquestionis if the queueingsystemis stable,that
it no queueis growing to infinity whenthe arrivals are“admissible”. To dealwith
thisquestion,usuallythe“Lyapunov” functionmethodis used.Thismethodhasbeen
alsoextendedto theestimationof delays,aspresentedin [57].

We introducenow thenotationusedin thefollowing proofs,in Section3.4.2we
show the basictheoremsaboutthe stability of controlledqueueingsystems. Sec-
tion 3.4.3statesthestabilityof switchingsystemsusingtheMWM for scheduling.

3.4.1 Referred notation

Thefollowing notationis usedin theproofsin thesubsequentchapters.Notethat,by
default,avectoris meantasrow vector.
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3 – Schedulingin input queuedswitches� �
is thesizeof theswitchand J is thetotal numberof queuesin theswitch:J ��� �

.�²± or ³ is thediscretetimevariable.� let G´O(µ9¶¸· � , with G ��MF¹ 
£R and µ ��MIº 
»R ; G¼µ¾½¿G¼µKÀ � z 
 ¹ 
 º 
 is the
scalarproductamongvectorsG and µ . Á�GÂÁ is theEuclideannormof G , i.e.Á�GÂÁ �4� z ¹Ã�
 .� GH� is thequeueoccupancy vectorat time ± ; its sizeis

���
andthe = -th element

is thequeueoccupancy of the = -th queue.� cÄ� is thearrival vectorat time ± ; its sizeis
� �

andthe = -th elementis thearrival
at the = -th queueat time ± . Notethatit is abinaryvector.� ­Å� is the departurevectorat time ± ; its sizeis

���
andthe = -th elementis the

departurefrom the = -th queueat time ± . It is a binary vectorandcorresponds
to a matching.Notethata completematchingcanbeseenasa permutationof
the

�
outputswith respectto the

�
inputs,hencethereis a bijective relation

betweenmatchingsof size
�

andpermutationsof
�

elements.For example,
theidentity matchingjoining input = with output = , �Hi = i#�

, correspondsto
thepermutationÆ � V Æ � OIÆ � O %Ç%Ç% OIÆ m X � V � O " O %Ç%y% O � X .�ÉÈ is thesetof all possibledeparturevectors,or possiblematchingsof size

�
;

clearly, � È � �#�ËÊ
.� ­�ÌÍ is theMWM with stateof thequeueG : ­�ÌÍ G �~}����&ÎÐÏ{Ñ�g ­YG k

.� GH�Ò¡ � �ÓM GH� � cd�Ð¯j­Å� R ¡ describesthe systemevolution, with the following
conventionaboutthe time slot ± : GH� is sampled,then the arrivals occurand
finally thedeparturesoccur.�ÕÔ_Ö V�×¼X is the probability of event × and QWV�ØtX is the expectedvalue of the
randomvariableØ .�ÉÙ ½ÚQ M cd� R � Q M cÄR , with ef
IE is the rate from input = to output > , assuming
stationarytraffic.

3.4.2 Stability of controlled queueingsystems

Wearenow readyto recallsomeusefulresultsaboutthestabilityof controlledqueue-
ing systems.
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3.4–Theoreticalstudy

Definition 2. A systemof queuesachieves100%throughput,or is ratestable, ifÛ»Ü }�ÒÝÄÞ GH�± � Û»Ü }�ÒÝÄÞ �± � ¦ �n 
!ofß Vàcd
á¯â­Å
àX � $
with probability1

Definition 3. A systemof queuesis saidto beweaklystableif, for every ã°� $
, there

exists ä3� $
suchthat ÛåÜ }�ÒÝÄÞ Ô_Ö g Á�GH�bÁd�¸ä k p¸ã

Definition 4. A systemof queuesis saidto bestrongly stable ifÛåÜ }�ÒÝ°Þçærèfé Q
Á�GH�bÁqp -
We considernow thetheoremstudiedby Tweedie[93] in theform consideredby

Tassiulas[91].

Theorem 1 (Tweedie). Supposethat
g GH� k Þ�Òo � is an aperiodic and irr educible

Markov chainwith countablestatespaceê . Let ëìV�GíX and î�V�GíX berealnon-negative
functions.Considerï a finitesubsetof ê and ïÄð its complement.Ifî�VàGíX4ñ~ëìV�G¼X GÚ¶´ï ð (3.5)Q M î�V�G � X¢� G � � G´R�p - O G�¶´ï (3.6)Q M î�V�G � X¥¯òî�V�G � Xó� G � � G´Rôp8¯qëìVàGíX�O G�¶õï ð (3.7)

thentheMarkov chain is ergodicandQÅë¥V_öGíX4p -
where therandomvariable öG hasthesteadystatedistribution of theMarkov Chaing G�� k Þ�Òo � .

We assumethat thestochasticprocessdescribingthe evolution of thesystemof
queuesis an irreducibleDiscreteTime Markov Chain(DTMC), whosestatevector
at time ³ is µs� = V�GH� O(÷ø��X , µÃ�°¶Õù�úqû2û , GH�°¶Éù�ú , ÷��°¶ÂùPúqû and J~üFü � J � J~ü . µs�
is thecombinationof thequeuelengthvector GH� anda vector ÷ø� of integerparame-
ters.Mostsystemsof discrete-timequeuesof practicalinterestcanbedescribedwith
modelsthat fall in the DTMC class. The following generalcriterion for the strong
stabilityof systemsfalling into this classis thereforeuseful.
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3 – Schedulingin input queuedswitches

Theorem 2. Givena systemof queueswith statevector µÃ� = V�GH�\O(÷ø��X , anda function?WVàG���X � G��àýhG
À� (calledLyapunov function),if thereexistsa symmetriccopositive2

matrix ý ¶´· ú�þ)ú , andtwo positivereal numbers ã°¶´· ¡ and ä1¶�· ¡ , such that:Q M ?YVàG��Ò¡ � Xq��µs�£R�p -
(3.8)Q M ?YV�GH�Ò¡ � X¥¯É?�V�GH��Xd�®µÃ�£R�p�¯qã�Á�G���Á � µs�Ðÿ Á�G��rÁt� ä (3.9)

thenthesystemof queuesis stronglystable. In addition,all thepolynomialmoments
of thequeuelengthsdistributionsarefinite.

Proof. Thisis are-phrasingof theresultspresentedin [56,Sect.IV]andcanbeproved
usingTheorem1. Considerî�VàG´O(÷íX � ?�V�GíX , ëìVàG´O(÷íX � ã®Á�GÕÁ and ï ��g G ÿ?WVàGíX i ä k

. Notethatfor GH�ì¶´ï ð ,î�V�GH� O(÷ø��X � GH��ý8GH�¥ñ~ãrGH�àGH�Ðñjã®Á�GH��Á � ë¥V�GH� O(÷ø��X
Now usingTheorem1 wecanstate:Q M ã®ÁtöGÂÁ�Rôp - � Q M ÁtöGÂÁ�Rôp -
where GH� , öG in distribution.

Being the identity matrix � a symmetricpositive semidefinitematrix, hencea
copositivematrix, it is possibleto statethat:

Corollary 1. Givena systemof queueswith statevector µs� = VàG��]O2÷���X , if there existsãd¶�· ¡ O®ä3¶õ· ¡ such that: Q M GH�Ò¡ � GH�Ò¡ � ��µÃ�£R�p -
(3.10)Q M GH�Ò¡ � GH�Ò¡ � ¯âGH� GH�4��µs�£R�p8¯dã®Á�GH��Á � µs�¥ÿ Á�GH�bÁq� ä (3.11)

thenthe systemof queuesis stronglystable, andall the polynomialmomentsof the
queuelengthsdistributionsarefinite.

3.4.3 Optimal policy for unicast traffic

Thanksto the previous theorems,it wasproved [62, 65, 92] the following theorem,
which is thefirst significantresultaboutthestabilityof IQ cell-switches.

Theorem 3. In a switch with VOQ buffering scheme, fed by admissible i.i.d.
Bernoulli traffic, if theschedulercomputestheMWM at each timeslot, that is:­Å� � ­ ÌÍ�� �~� Ö�� }Y�¢�ÎÐÏ{Ñ g ­YGH� k
thenthesystemis stronglystable, i.e. it achieves100%throughput.

2An �	�
� matrix � is copositiveif �C����
���������������� .
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Chapter 4

Learning schedulingalgorithms for
unicast traffic

In thischapter, wediscussanew approachto designpracticalandefficientschedulers
for high-speedswitchingfabrics. We wish to answerto the following question:Is
it possiblefor an algorithmto competewith the throughputanddelayperformance
of MWM andyet be simple to implement? If yes,what featureof the scheduling
problemshouldbeexploited?

Theanswerlies in recognizingthemainfeatureof thehighspeedswitchschedul-
ing problem: the correlationof the stateof the systemalong the time. Note that
packetsarrive(depart)atmostoneperinput(output)pertimeslot. Thismeansqueue-
lengths,takento betheweightsby MWM, changevery little duringsuccessive time
slots. Thus,anheavy matchingwill continueto beheavy for a few moretime slots,
suggestingthatcarryingsomeinformation,or retainingmemory, betweeniterations
shouldhelp simplify the implementationwhile maintaininga high level of perfor-
mance.In [91], Tassiulaswasthefirst to exploit this factto designaschedulerfor an
IQ switch,aswewill seelater.

Weshallseethatthis featureconsiderablysimplifiestheimplementationandpro-
videsa high-performance.We alsousesomenovel techniquesfor simplifying the
implementation.

Hardwareparallelism: Findinggoodheavy matchingsessentiallyinvolvesasearch
procedure,requiring a comparisonof the weight of multiple matchings. In
Section4.8 we proposeanalgorithm,calledAPSARA, thatexploits a natural
structureonthespaceof matchingsandusesparallelismin hardwareto conduct
this searchefficiently. In particular, it requiresa singleiteration, is stable,and
its delayis comparableto thatof MWM.

Randomization: In a varietyof situationswherethescalabilityof deterministical-
gorithmsis poor, randomizedalgorithmsareeasierto implementandprovidea
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4 – Learningschedulingalgorithmsfor unicasttraffic

surprisinglygoodperformance.Themain ideais simply stated:Basingdeci-
sionsupona few randomsamplesof a largestatespaceis oftena goodsurro-
gatefor makingdecisionswith completeknowledgeof thestate.See[71] for
ageneralexpositionof randomizedalgorithms,and[70, 83] for applicationsof
load-balancingandof web-cachereplacement.In [91], Tassiulasproposeda
purerandomizedschemefor schedulingin IQ switchesandits stability prop-
ertieswerestated.This schemecanbeconsideredoneof the first simpleand
implementableschedulerswith 100%throughput,andit is includedin ourgen-
eral framework of “learning algorithms”. Someother hybrid schemeswere
also proposedto exploit randomizationin scheduling. For example, in [34]
theShakeuptechniquewasintroduced,which canbeusedin conjunctionwith
someotherschedulingalgorithm,in orderto improve theweightof thematch-
ing. TheShakeuptechniqueis basedon the ideaof randomlychangingsome
edgesin the initial matching,obtainedby thescheduler. Fromthecomplexity
point of view, this hybrid approachintroducesanadditionalcomplexity to the
traditionscheduler, but alsoanimprovementof theperformance.In our work,
our goal is to exploit thepossibilitiesof a purerandomalgorithm,with lower
complexity thantheknown algorithms.

Observation of arri vals: Sincethe increasein queue-lengthsis entirely dueto ar-
rivals,it mighthelpto useaknowledgeof recentarrivalsin findingamatching.
Being the arrival processa stochasticprocess,arrivalscanbe consideredalso
assourceof randomness.

Therestof thischapterexploitstheaboveobservationsandproposessomenew al-
gorithms.In Section4.1a generalframework to design100%throughputschedulers
is considered;it is basedon a learningapproach.Section4.2 provestheoretically
that the learningapproachachieves 100% throughput. Sections4.3 and 4.4 show
how to designsomeparticularmodulesof the architecture,in orderto achieve also
gooddelays.Section4.5 show how to extendthe architectureandto considermul-
tiple storedmatchings.Thelastpartof thechapterdiscussesthreepossibleschemes
to implementthe learningapproach.The threeschemesareLAURA, APSARAand
SERENA. They areindividually describedandtheir performancearediscussedfrom
Section4.6 to Section4.11. The final section4.12discussestheperformanceof all
thetreeapproachestogether, alsofor very largeswitchsize.We shallcommentupon
thesuitability of theseapproachesfor usein differentcategoriesof routers.

4.1 The learning approach

We startwith a formal definition:
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Figure4.1. Basicarchitectureof a learningscheme
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Figure4.2. Possiblearchitectureimplementingastablelearningscheme

Definition 5. A schedulingalgorithmis definedlearning if ­BAàGCA°ñ ­BA ¦ � GCA for all± .
Intuitively, analgorithmbelongsto thelearningapproachif, at eachtime, triesto

improve the weight of the matchingusedduring the previous time, which is stored
in memory. Of course,this is a very generaldefinitionof classof algorithms.From
somepoint of view, it is akind of geneticapproach.

The schemein Fig. 4.1 representsthe basicarchitecturalblock of the learning
approach. It implementsthe conceptof memory, sincethe old matching ­BA ¦ � is
consideredand it is improved by meansof the given matching JDA , called probe-
matching. This improvementprocessis similar to a geneticprocess,wherethefinal
solutionis obtainedby iterativestepsof improvement(or learning).

Informally, the probe-matchingJDA shouldbe a “good” samplein È , the space
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4 – Learningschedulingalgorithmsfor unicasttraffic

of all possiblematchings.As goodsamplewe meanthat it canhit theMWM with a
finite probability, aswewill explain in detailsin Section4.2.3.

Thefirst exampleof learningapproachwasproposedby Tassiulas[91], whostud-
ied thethroughputof theswitchwhen JDA is pickedrandomlyamongall thepossible�ËÊ

matchingsand ­BA is theheavier amongJDA and ­BA ¦ � . Tassiulas’sschemeachieves
100%throughputunderany admissiblei.i.d. Bernoulli traffic pattern.From a prac-
tical point of view, it is also very simple to implement,but the packet delayscan
beunacceptablefor real traffic, aswe will show in Section4.7. For this reason,the
schedulerin [91] canbeenconsideredanotableschemebut notof practicalrelevance.

Our contribution hasbeento devisea generalframework to studylearningalgo-
rithms,leadingto new stableandpracticalschedulingalgorithms.

Considernow the diagramin Fig. 4.2. It representsa generalschemeto design
a scheduleralgorithmin hardware.Up to ÷ modules( J � O %Ç%y% O�J�E ) run in parallel,
exploiting all thepossibleparallelismdegreeavailablein thehardwarearchitecture.
Severalvariantscanbeenvisaged,dependingon computationof theprobe-matchingJDA .

Thetwo functionalmodulesCOMP1 andCOMP2 arecalledweight-boostersand
have thegeneralpropertythattheweightof theoutputmatchingshouldbegreateror
equalto the input matchings.Formally, given a setof matchings× F È andthe
stateof thequeuesGCA asinputs,theoutputmatchingµ ¶ È of a weight-boosteris
suchthat µAGCA¥ñ~J�GCA for all J ¶¼× .

Somepossibleschemesfor theweight-boostersare:G MAX V�×IHrGJA�X : µ �h� Ö�� }���� ú ÏLK g J�GCA k , i.e. theoutputmatchingis theheav-
iestamongall theinput matchings;G MERGE V�×IHbGCA]X , i.e. theoutputmatchingis obtainedby “combining” thebest
edgesof theinputmatchings;thisschemewill bedescribedin Section4.3.G ARR-MERGE V�×IHrcMANHbGCA�X , i.e. the outputmatchingis obtainedby combining
theheaviestedgesof theinputmatchingswith theedgesthathave just received
an arrival; this schemeexploits the informationpresentin the arrival process
andit will bedescribedin Section4.3.

TheMWM schedulingalgorithmbelongsto our learningframework, sincein this
caseJDA � ­ ÌA and ­BA � MAX V�­BA ¦ � O2JDAOHbGCA�X .

Note that, in Fig. 4.2, the feedbackof ­BA is necessaryto guaranteethe learning
propertyof thealgorithm,despitethemechanismusedto computeJDA (thefeedback
of JPA is optional).

A minorpointregardshow to initialize ­Hß wheneverthelearningschemeis started
or reset. ­Hß canbe setequalto eithera void matchingor a randommatching.The
averageperformancesarenotaffectedby this choice.
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Figure 4.3. To maximize the matching,a new module is addedat the egressof
COMP1.

4.1.1 Maximization of the matching

If theoutputmatching wBA is not maximal,the performanceof the algorithmcanbe
improvedby making wBA maximal,at theexpenseof anadditionalcomputationalcom-
plexity. Fig. 4.3 shows the additionalmoduleto maximizethe outputmatchingof
COMP1.

Considerthegraphgivenby theset x of unmatchedinputsandthe set y of un-
matchedoutputs.Let z{x�z}|~z{y�z}|�� bethenumberof unmatchedinputs(or outputs).
Two mainapproachescanbeenvisagedto maximizeamatching:G MAX-DEP. This is a state-dependentmaximization. It finds a matching ���

among x and y suchthat eachedgeof ��� hasnon-null weight. The com-
plexity to implementthis moduleis y������k� sinceit is necessaryto computea
maximalmatchingprobingthe stateof ��� queues(to checkif they areempty
or not). In the worst case,y���� � � comparisonareneeded.Note that a maxi-
mal sizematchingschedulerlike iSLIP could be usedin this module,whose
time-complexity (exploiting aparallelimplementation)is y��t�W������� .G MAX-IND. This is a state-independentmaximization. If findsa matching���
amongx and y without taking into accountthestateof thequeues.Thecom-
plexity of this processis y������i������� , equivalentof computinga randomper-
mutation.Froma practicalpoint of view, sincethematchingselectionis state
independent,it caneasilypipelinedor it canbeobtainedby statictablesof pre-
computedmatchings.In otherwords,therealcomplexity candecreasealsotoy��O�v� , although� canvarywith thetime.
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4 – Learningschedulingalgorithmsfor unicasttraffic

The modulesof matchingmaximizationare optional and their effect is significant
only for low traffic load,aswewill observe later.

4.2 Stability of the learning approach

In this sectionwe prove formally thatthelearningapproachis ableto achieve 100%
throughputunderany admissiblei.i.d. Bernoulli arrival process.The following two
subsectionsstatesomepreliminary results to the main result, presentedin Sec-
tion 4.2.3. We refer always to the notationsintroducedin Section3.4.1. A reader
uninterestedin theformal proof canjump directly to Section4.3.

4.2.1 Somepreliminary results

Thisfirst lemmais animportant(but easy)applicationof Birkhoff ’sTheoremconsid-
eredin combinatorics[58]. Theproof is well known in literature;hereit is reported
only for thesakeof completeness.

Lemma 1 (Birkhoff ’s). Let ��|������U�g�e|����{�M� betheratevectorand����|����¡  ¢¤£ � �¥�{�v¦ £ � ���U�¨§P©
Assumethe traffic is admissible, i.e. ���«ª¬� . Giventhe queuelengthvector ­ , it
exists ®¤¯±° such that it holds:�²�´³µwJ¶· �¸­¹ª�³M®}ºN­»ºv©
Proof. Sincethetraffic is admissible,���~ª�� andit existsafiniteset ¼¡wB�¾½¨wC�À¿ÂÁ«Ã
andafinite set ¼¡ÄÅ�¾½¨°ÇÆÈÄÅ�ÀÆÉ�ÊÃ suchthat:�Âª ���� �ÂÆ £ � Ä¾�ËwB� with

£ � ÄÅ�e|�� (4.1)

For definition, w ¶· ­ÍÌÈwB�Ë­ , then:�Î­	³µwJ¶· ­¹Æ��Ï�ÑÐ £ � ÄÅ�ÒwB�ËÓµ­Ñ³µwJ¶· ­ÍÆÆ���� £ � Ä¾�ÒwJ¶· ­	³µwJ¶· ­Ô|��Õ�Ï�É³Â�v�¸wJ¶· ­�ÆÉ³B�O�M³´�Ï�C�LºN­»º (4.2)

Choosenow ®Î|��O�Ö³´�Ï�C�Ø×�Ù andnotethat: ³B�O�Ö³����C�LºN­»ºSª�³S®¡ºN­»º .
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4.2–Stabilityof thelearningapproach

Lemma 2. Givena matching wÚ��ÛÜÁ , a setof Ý matchings ¼¡wB�Þ¦Ö°JÆÂß�ÆÈÝ�³à�ÊÃB¿Á anda setof Ý arrival vectors ¼v�M�Þ¦M°CÆÂßáÆ�Ý
³Â�ÊÃ , for anyfinite ÝÇÛãâ , it holds:ääääätå ¦çæ£ �éè�ê �²�M��³µwB�Ò�Øw � äääää ÆÈÝ�� (4.3)

Proof. By Chauchy’s inequality, assumingëìÌ�Ù , wehave:�²�Â³µwí�¸w � Æ�ºN�Â³µwîºïºðw � º�Æ�ñ ÙÊëPñ ëò| ñ ÙÊëìªÂë � |�� (4.4)

SummingÝ termslessthan � , weobtainthelemma.

Lemma 3. For anyfinite ÝJÛãâ , it holds:z w ¶·�ó ­JôÏ³µw ¶· óöõL÷ ­Cô ¦ å z¨Æ�ÙÊÝï� (4.5)

Proof. Fromonetime slot to another, theweightof themaximumweightmatching
canincreaseor decreaseby, at most, ÙÊë . Hence,z{wC¶· ó ­Côe³´wJ¶· óiõø÷ ­Jô ¦ å z\Æ

ääääätå ¦çæ£ ù è�ê wJ¶· óiõvú ­Cô ¦
ù ³´wJ¶· óiõLú¸õÊû ­Cô ¦ ù ¦çæ äääää ÆÆ å ¦çæ£ ù è�ê ÙÊëìÆ�ÙÊÝ�ë�Æ�ÙÊÝ�ë � |üÙ}Ýï� (4.6)

4.2.2 Stability of epoch-learning schedulingalgorithms

To studythestabilityof thelearningapproach,weneedto studythepropertiesof the
classof epoch-learningschedulingalgorithms,to which learningalgorithmswill be
related.An epoch-learningalgorithm ý works throughepochs. At thebeginningof
the þ -th epoch,at time ÿ�� , the algorithmstoresthe stateof the queueandthen,by
usinga learningapproach,findstheMWM in subsequenttimeslots.At time � �JÌ±ÿ��
it finds theMWM, referredto thestateof thequeuesat time ÿ�� . At time � � � � the
algorithmstoresthenew stateof thequeueandanew epochstarts.

Thefollowing definitionsdeterminebettertheseconcepts.

Definition 6. Sequences¼Lÿ��\Ã and ¼ � �\Ã of stoppingtimesaredefinedasfollows:ÿOê |�° � ê |�°� ��|����	�ð¼Lÿ�Ì±ÿ��J½ïw�

�¡­Cô�� |�wJ¶· ó � ­Cô��¨Ã for þDÌÉ�ÿ���� æ | � � � � for þ Ì�°Ý���| � ��³ ÿ�� for þPÌÈ°
Fig. 4.4showsanexampleof thisdefinitionof stoppingtimes.
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Figure4.4. Exampleof definitionof stoppingtimes:thedot is full whentheweight

of thecurrentmatchingis maximum,otherwiseis empty

Definition 7. Epoch þ -th is definedasthe interval � ÿ��ç¦ � �}� , for þ»Ì~� , andit lasts Ý��
time slots.

Definition 8. Tracking phaseþ -th, for þüÌ � , is definedasthe interval /0�D| ¼vßB½ßíÌ °�¦Ïÿ�� � ß�ª � �\Ã . Note that z /1�Ïzá|�Ý�� and it canhappenthat /1�´|32 whenÝ�� | ° . During this phase,the algorithmsearchesthe MWM referredto the state
of thequeueat time ÿ�� , i.e. it is learning w ¶· ó � . Notealsothat for ß Û4/0� , it holds:wBô��5�ç�Ò­Cô��Bª±w ¶· ó � ­Cô�� .
Theorem 4. If thealgorithm ý hasthefollowingproperties:687 Û:9 � ½ 7 ª<; and ���UÝ ù� ��ª 7 for �Ç|���¦ Ù�¦>= (P.1)wBô��5�ç�W­Cô��CÌÈwCô��¡­Cô���³µÄ ß � for ßáÛ?/1� (P.2)wBô��}­Cô��CÌÈwBô�� ¦çæ ­Cô�� |�w�
�@ � õ}ûBA ­Cô�� (P.3)w�

�v­Cô���|�wC¶· ó � ­Jô�� (P.4)

with Ä�Ì�° , thenalgorithm ý is stable, i.e. it achieves100%throughput,underany
admissiblei.i.d. Bernoulli traffic pattern.

Notethatproperties(P.2), (P.3) and(P.4) defineformally anepoch-learningalgo-
rithm. The meaningof this theoremis that, if for an epoch-learningalgorithmthe
durationof anepochhasthefirst threemomentsfinite, thenthealgorithmis stable.

Proof. Notethat thesequence¼Lÿ���Ã is properbecauseof property(P.1). In this case,
theproof of this theoremhasasimilar to theonedescribedin [4].

Thesystemevolutionsatisfiesthefollowing equation:­Cô �DC û |�­Cô�� � å � ¦çæ£ �éè�ê �t�Mô����ç��³´wBô��5�ç�t�
Observe that ���{�Môt�ÖôË�Àª<; . By usingtheLyapunov function E��²­Cô � �á|�­Cô � ­Cô � , we
wantto show thatit exists ®¤¯Â° suchthat:�B�W�F ·�ó � FHG1I ���JEÚ�²­Cô �KC û �Szv­Cô��¡��³LE��²­Cô��Ê�ºN­Jô���º ªü³S® (4.7)
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Considernow thenumeratorof (4.7).�NM�E��²­Cô �DC û �Szv­Cô��PO ³QE��t­Jô��Ê� ||�� R Ð ­Cô � � å � ¦çæ£ � è�ê �t�Mô � �ç��³µwBô � �ç�t� Ó	Ð ­Jô � � å � ¦çæ£ � è�ê �²�Öô � �ç��³µwBô � �ç�Ò� ÓTS ³UE��²­Cô � �á||üÙÊ� R å � ¦çæ£ � è�ê �²�Öô � �ç��³´wBô � �ç�Ò�¸­Cô � � Ý��Êw�
 � ­Cô � ³µÝ��ÊwV
 � ­Cô � SÜ||�Ù}���UÝ��Ê�Þ�Õ���{�M��³µwV
H�}�¸­Cô�� � Ù}���Uw�W¸�W­Cô�� (4.8)

having used Wald’s Lemma [96, X 2-13] and having defined: wYW | Ý��ÊwV
 � ³Z å � ¦çæ� è�ê wBô � �ç� . We wantto show now that wYW�|\[��NºN­Cô � ºm� , thatis:�B�W�F · ó � FHG1I ���Uw�W¸�W­Cô �ºN­Cô � º |�° (4.9)

Becauseof property(P.2), wBô��5�ç�W­Jô�� Ì�wBô��¡­Cô���³µÄ ßÕ� , ßáÛ?/1� , wecanstate:

å � ¦çæ£ � è�ê wBô � �ç�Ë­Cô � Ì å � ¦çæ£ � è�ê wBô � ­Cô � ³µÄ å � ¦çæ£ � è�ê ß � |�Ý��ÊwBô � ­Cô � ³^] �ÕÝ���� (4.10)

where] �ÕÝ����á|�Ä �²Ý��
³Â�v�¸Ý��¥�ÕÙÊÝ�� � =���×`_�|�y��ÕÝ`a� � .
Hence: wYW�­Cô��CÆÈÝ��¥�²w�

��³´wBô��Ê�¸­Cô�� � ] �²Ý���� (4.11)

Becauseof property(P.3):wBô � ­Cô � ÌÈwBô � ¦çæ ­Cô � |�wCô � ¦çæ ­Côb@ � õ}ûBA � wBô � ¦çæ å @ � õÊûBA ¦çæ£ �éè�ê �²�Môb@ � õÊûBA �ç��³µwCôb@ � õÊûBA �ç�t� ÌÌÈwC¶· ó @ � õ}ûBA ­Côb@ � õÊûBA ³´ÝdcJ� ¦çæ�e � (4.12)

wherethelastinequalityis dueto Lemma(2) andthepropertywCô�� ¦çæ |�w ¶· ó @ � õÊûBA . Re-

call that w�
 � |�w ¶·�ó � ; by combiningequation(4.11)with (4.12)andusingLemma3:wYW�­Cô � ÆÈÝ����ÕwJ¶·�ó � ­Cô � ³µwJ¶·�ó @ � õ}ûBA¸­Côb@ � õÊûBA � � Ýdc>� ¦çæ�e � � ] �²Ý��ï� ÆÆÈÝ�����ÙÊÝdcJ� ¦çæ�e �ü� � ÝdcJ� ¦çæ�e � � ] �ÕÝ���� |f] � �²Ý��ï�Ø� (4.13)

where ���g]¨�t�²Ý��ï�s� | ����y��ÕÝ`a� �O��| y�� 7 � , since ¼¡Ý��\Ã arei.i.d. for definitionof ¼Lÿ���Ã as
stoppingtimesandfor property(P.1).
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Now wecanfinally show relation(4.9):���i�F · ó � FHGhI ���UwYWØ�i­Cô �ºN­Cô � º | �È� ] � �ÕÝ����O�¡�ºN­Cô � º | y�� 7 �Ø�ºN­Cô � º |�° (4.14)

if property(P.1) holds.
By definition of � � , wV
H�v­Jô�� | w ¶· ó � ­Cô�� , henceby combining(4.8), (4.14)and

Lemma1, weobtain:�B�W�F · ó � FHG1I ���JEÚ�²­Cô �KC û �Szv­Cô��¡��³QE��²­Cô����ºN­Cô � º ª ³�ÙÊ®����UÝ��Ê�¸ºN­Jô���ººN­Jô � º ª�³�Ù}®g���UÝ��Ê� (4.15)

which is whatwewerelooking for.

4.2.3 Stability of a learning schedulingalgorithm

Oneimmediateapplicationof the Theorem4 is the following Theorem5, which is
the main resultaboutlearningalgorithms. It statesa kind of “test-bed”by which a
learningalgorithmcanbe testedto understandif it is stable,in otherwordsit states
sufficient conditionsfor a learningalgorithmto bestable.

Definition 9. A schedulingalgorithm works off-line if the queueevolution of the
systemis givenby ­Cô�| ­Cô ¦çæ | ©ø©ø©Ï| ­Jê (no departuresandno arrivalseffect the
stateof thesystem,“frozen” at time ÿ | ° ) andthedeparturevector wBô is computed
at eachtime.

Weareinterestedin thefirst timethealgorithm,workingoff-line, findstheMWM
for theinitial (andfixed)stateof thequeue­Jê .
Definition 10. Given a schedulingalgorithm working off-line and a stateof the
queues­JêÇÛji �� , with ºN­Çê}ºÚªk; andany initial matchingwCê . The tracking timel �²­Jêð� is definedasfollows:l �t­JêN� |����	�ð¼Lÿ�ÌÈ°C½¨wCôt­Jê�|�w ¶·nm ­ÇêmÃ
Note that, in general,the trackingtime is a randomvariablewhich dependsalsoonwCê . Now wearereadyfor themainresult:

Theorem 5. Considera learningalgorithm ý workingoff-line. If for any ­JêMÛ?i �� ,
with ºN­JêÊº�ªf; , andfor anyinitial matching wCê , l �²­JêN� is such that: ��� l �t­JêN� ù � ª; , �I|¬��¦ Ù�¦J= , thenthe algorithm ý is stable, i.e. achieves100%throughputunder
anyadmissibletraffic pattern.
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4.2–Stabilityof thelearningapproach

Proof. The proof canbe donedirectly from Theorem4. We show how why all the
assumptionsaresatisfied.Property(P.2) of Theorem4 meansthattheepoch-learning
behaveslike working off-line during an epoch,sincean epoch-learningalgorithm
“freezes”thestateof thesystemat thebeginningof theepochandall the wCô����ç� are
computed,for ßÎÛo/0� , independentlyfrom ­Cô����ç� and �Mô����ç� . Thanksto thefollowing
Lemma4, assumption(P.2) is satisfied,with Ä |�Ù�� . According to the notation
of Theorem4, Ý��Ü| l �t­���� andassumption(P.1) holds. Thealgorithmis learning,
henceassumption(P.3) holds. Sincethe learningalgorithm finds the MWM afterl �t­Y�ï� , alsoassumption(P.4) holds.

Lemma 4. For a learningalgorithmit holds:wBôp� ù ­Cô ÌÈwBôt­Côe³µÙ�� � � °JªÂ�íª4;
Notethatthis theoremis referred(implicitly, for �Ç|�� ) by Tassiulasin Property(16)
of hispaper[91].

Proof. ­Jôp� ù , for �íÛ â , canbewritten as:­Jôp� ù |�­Jô �
ù ¦çæ£ �éè�ê �²�Môp�ç��³µwBôp�ç�²� (4.16)

Now evaluate:wBôp� ù ­Côe³µwCôp� ù ¦çæ ­CôÅ|��²wBôp� ù ³´wBôp� ù ¦çæ � Ð ­Côp� ù ³
ù ¦çæ£ � è�ê �t�Môp�ç��³µwBôp�ç�²� Ó || �ÕwBôp� ù ³µwBôp� ù ¦çæ �¸­Côp� ù ³��²wCôp� ù ³ wCôp� ù ¦çæ �
ù ¦çæ£ � è�ê �²�Öôp�ç�Ï³´wBôp�ç�²��ÌÌÉ³B�²wBôp� ù ³µwCôp� ù ¦çæ �

ù ¦çæ£ � è�ê �²�Öôp�ç��³µwBôp�ç�²��ÌÉ³�ÙÊ��� (4.17)

wherethe last line is dueto the learningproperties( wBôp� ù ­Côp� ù Ì wBôp� ù ¦çæ ­Côp� ù ) and
to Lemma2. Now wecanexpandrecursively:wCôp� ù ­Cô ÌÈwBôp� ù ¦çæ ­CôÏ³�Ù���� Ì �ÕwBôp� ù ¦çæ ­CôÏ³�Ù����ü��³µÙÊ��� ÌÉ©ø©`© (4.18)wCôp� ù ­Cô�ÌÈwBôp� ù ¦ �k­Cô ³?qÏ�ÕÙ����ü� for qÚÛµ��°�¦ �\� (4.19)

By settingqC|�� , weobtain: wCôp� ù ­Cô�ÌÈwBôt­Côe³�ÙÊ� � � (4.20)
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Figure4.5. An illustration of the MERGE appliedto matchingsM1 andM2. The
final matchingis themaximumweightmatchingonthesubgraphdefinedby edgesof

M1 andM2.

4.3 Ar chitectureof the weight-boosters

In Section4.1 we presentedthreemodulesto implementthe weight-booster. The
simpleststructureis the MAX one, which finds the heaviest matchingamongthe
input matchings. Here we describethe two other procedures,MERGE and ARR-
MERGE; they aremorecomplex of MAX but they canimprove the performanceof
thescheduler.

4.3.1 M ERGE procedure

Let � æ ¦ � � Û±Á . Aim of this moduleis to combinethebestedgesof � æ and � �
to find the final matching r� ; in other words, this algorithm finds all the possible
augmentingpathsin a graphthroughthe edgescorrespondingto two matchings.It
canbeshown thatthefinal matchingis theMWM onthegraphgivenby merging � æ
and � � .

Theinterestingpropertyof this procedureis that it findstheMWM computedon
thegraphgivenby merging theedgesof � æ with � � ; its complexity is only y��Õëã� .

Givenabipartitegraphandtwo matchings��� and �üÙ for thisgraph,theMERGE

procedurereturnsamatching r� whoseedgesbelongeitherto ��� or to �üÙ . MERGE

worksasfollows.
Color the edgesof � � red andthe edgesof �üÙ green. Startat outputnode q æ

andfollow therededgeto aninputnode,say ß æ . Frominputnodeß æ follow the(only)
greenedgeto its outputnode,say q � . If q � |sq æ , stop. Elsecontinueto tracea path
of alternatingredandgreenedgesuntil q æ is visitedagain.Thisgivesa“cycle” in the
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4.3–Architectureof theweight-boosters

subgraphof redandgreenedges.
Supposetheabove cycle doesnot cover all the redandgreenedges.Thenthere

existsanoutputq outsidethiscycle. Startingfrom q repeattheaboveprocedureto find
anothercycle. In this fashionfind all cyclesof red andgreenedges.Supposethere
are t cycles, u æ ¦i©ö©ö©i¦Juwv at theend.Theneachcycle, u�� , containstwo matchings:x
�
whichhasonly greenedges,and yM� whichhasonly rededges.TheMERGE procedure
returnsthematching r� | vz�éè æ �`{Ø� �Ú�¡ |~}����8��� ���B�	� ­Cô

Fig. 4.5 illustratestheMERGE procedure.It is easyto seethatthefinal matchingr� is the maximumweight matchingon the subgraphdefinedby edgesof ��� and�üÙ .
Thealgorithmcanbealsodescribedin thefollowing way. Let x
�ç|ü� æ�� � � , in

otherwords x � is abipartitegraphwith theedgesobtainedby theunionof matchings� æ and � � . Let r� beinitially abipartitegraphwith no edges.

PhaseA. Mark all ë inputandoutputnodesof x
� asunmarked. Repeatthenext six
stepstill all nodesin x
� aremarked; aftervisiting at most ÙÊë edges,thephase
ends:

(a) Let � be an unmarked input node. Setpath ���Ü|�2 . Let ýS�
���m� denote
weightof path ��� . Initially, set ýS�
���`� |�° .

(b) Let ���Ï¦��
��Û � æ . Add ����¦J��� to ��� , andset ýS�
���m�á|Èý��H���`� � ýS�H��¦��
� .
(c) Let ��� ¦��e��ÛP� � . Add �H� ¦��e� to ��� , andset ýS�
���`� |�ý��H���`� ³ ýS�H��¦J�e� .
(d) If � |�� stop. Else,repeat(b)-(c) for with � in placeof � , andupdate���

accordingly.

(e) Let � æ �H���m� denotetheedgesof � æ thatbelongto ��� , andsimilarly denote� � �H���`� . If ý��H���`� ÌÈ° , set r� | r� � � æ �
���`� ; else r� | r� � � � �
���`� .
(f) If any node� is unmarked, startfrom (a)with � in placeof � .

PhaseB. Output r� asthesolution,whichhasproperty:ý���r�É��Ì��Ú�¡ �¼výS��� æ �N¦ ýS��� � �NÃ
Notethatthecomplexity of this algorithmsis y��²ëã� , sinceeachoneof the ÙÊë edges
is visitedat mostonce.
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Figure4.6. An illustration of the ARR-MERGE procedure,given the matching �
andthearrival graph� .

4.3.2 ARR-M ERGE procedure

ARR-MERGE runson a completematching � andan arrival vector � ; it returnsa
matching r� . Let x �ç|ü� � � , thatis x
� is agraphwith edgesobtainedby theunion
of � and � . Goalof ARR-MERGE is to approximatethemaximumweightmatching
on x
� , by combiningthe bestedgesof � and � . Whereas� is a matching, � is
not necessarilya matching. This is becausemultiple edgescanbe incidenton the
sameoutputnodedueto multiplearrivalsto thatoutput.Therefore,wecannotsimply
combine� and � by usingtheMERGE procedure.

Let �T� be the outputsnot having arrivals, that is, no input hasarrival for these
outputs.Notethat,if ���Ö|�2 , then � formsa perfectmatching.Let r� beinitially a
bipartitegraphwith no edges.Thefollowing stepsdescribethealgorithm:

(i) Mark all ë input andoutputnodesof x � asunmarked.

(ii) Compute r����| ARR-AUGMENT �
x
�²� . Thiswill markall thenodesof ��� .
(iii) Consider the input-output nodes of x � that are unmarked after ARR-

AUGMENT �
x � � . Let x � � besubgraphof x � inducedby theseunmarkednodes
andtheedgesof ��¦�� amongthem. Note that,noneof theoutputnodein x � �
belongsto ��� . Hence, x
�{�M| � æ�� � � , with � æ ¿¹��¦ � � ¿ì� andboth� æ ¦ � � areperfectmatchingson thenodesof x
� � .

(iv) Compute r���{�ç| MERGE ��� æ ¦ � ��� ­Cô²� .
(v) Output r� | r��� � r���{� assolution,whichhasthepropertyý��hr�É� ÌÂý��Õ�ü� . Note

that, � � and � �{� arematchingson disjoint setof input-outputnodes.
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TheARR-AUGMENT �
x
�²� procedurefollows thephasesbelow:

1. Build-Path Phase.For eachoutput � in ��� , do thefollowing:

(o) Setpath ����|s2 andthepotentialof thepath ýS�
���}��|ü°ç¦}ý���� �Î|ü° . Mark� asvisited.

(a) Let �H�¾¦��ç�ÖÛ´� . Add �H�¾¦��ç� to ��� andset ý��H���}� |Éý��H���}� � ý�����¦J�e� . Mark� asvisited,andset ýS�H��� |�ýS�H�e� � ý����Ï¦��e� .
(b) If nopacketarrivedto � , thatis, thereis noedgeincidenton � thatbelongs

to � , thenconsideredge �H��¦��e� . Closethe path ��� by addingthis edge
andset ý��H���}�Ö|�ýS�
���}� ³�ý����Ï¦��e� . This is a completecycle with � asits
identifier. Startfrom (o) with new �¥��Û��T� .

(c) elseif an arrival occurred,then let ���Ï¦ �e�ÜÛ � . Thereare threecasesas
follows:

(c.1) If � is unmarked(becausedoesnot belongto any cycle),add �H��¦ �e�
to ��� andset ýS�
���}� | ýS�
���¡��³»ýS�H��¦ �e�ð¦�ý��¡�e��|~ý��H���}� . Mark � as
visited.

(c.2) elseif � is markedandbelongsto ��� . Thenclosethepath ��� into
cycle by addingappropriateedge.Let ¢´Û<��� be predecessorof � .
Consider E æ | z ýS�H��� ³´ýS�H��¦J�e�LzE � |~z ýS�H¢ç� � ý���¢e¦ �e� ³´ýS�H¢Ï¦J�e�vz � z ý����ç� ³Iý����Ï¦ �e��³ ýS���e�vz
If E æ Ì£E � , thena cycle is definedby addingthe edge �H��¦�� � to ��� ;
theidentifierof thecycle is � andits potentialis setequalto ý������ ³ýS�H��¦��e� . Else if E æ ª¤E � , thentwo cyclesarecreated.Onecycle has
identifier � with potentialsetto ýS�H¢ç� � ýS�H¢Ï¦ �e� ³µýS�H¢Ï¦J�e� . Theother
cyclehasidentifier � , andpotentialsetto ý������ï³CýS���e��³CýS�H��¦ �e� . Note
that,edgelike �H��¦�� �NÛ ×¡� wasused,which we call asvirtual edge. Go
to (o) with new ���ÏÛ¥�T� .

(c.3) else� is markedand �¾Û ×¦��� but belongsto alreadycreatedcyclewith
identifier § of potential E . Let predecessorof � in thecycle § is ¢ .
Considerthefollowing:E OPEN | zgE � ýS�H��� ³´ýS�H��¦��e� � ý���¢e¦ �e� ³ ýS�H¢Ï¦J�e�LzE CLOSE | z ý������ ³´ý�����¦J�e�vz � z Eíz
If E OPEN ¯ E CLOSE then we merge cycle § with ��� , by removing��¢e¦ �e� andadding �H¢Ï¦�� � , �H��¦ �e� . We identify new cycle with � . Setthe
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potentialof cycle � to ��E � ýS�H���Å³Pý����Ï¦ �e� � ý���¢e¦ �e��³Pý���¢e¦��e�O� . Else
if E OPEN Æ3E CLOSE, createa new cycle with identifier � by adding
virtual edge�H��¦�� � with potential �UýS�H���e³ ý�����¦J�e�O� . Goto (o) with new�¥�eÛ¨��� .

(d) Let �¡�¾¦J����ÛÈ� . Add ���¾¦��
� to ��� , set ýS�H����|~ýS���e� � ýS���¾¦��
�ð¦�ýS�
���}�
|ýS�H��� . Go to (b) by setting�J|<� .

2. Find-Best-Path Phase.By constructionin thepreviousphase,thenodesbelong-
ing to differentcyclesaredisjoint. This phasefindswhetherto useedgesfrom� or from � that belongto thesecyclesalternatively, in order to get higher
weight.This is doneasfollows:

I. Considerall thecyclescreatedin previousphaseoneby one. Let onesuch
cycle is © .

II. If potentialof © is Ì ° thenselectall theedgesof © belongingto � , else
selectall theedgesof © not includedin � .

III. Add all theselectededgesto r� � .
Thecomplexity of ARR-MERGE procedureis y��Õëã� sinceatmost =�ë areconsidered
andvisited.

4.4 Computation of the probe-matching

Several techniquescanbeenvisagedto computetheprobe-matching�Dô . Betterthe
weightof �Dô is, lowerthedelayswill beexperiencedby packetstraveling theswitch.
On the basisof the hardwarecomplexity constraints,it is possibleto find the best
compromiseamongperformanceandimplementationcomplexity. In the following
subsections,differentapproachesarediscussedto computea “good” �Dô .
4.4.1 Exploiting the randomization

In a variety of situationswherethe scalability of deterministicalgorithmsis poor,
randomizedalgorithmsareeasierto implementandprovide a surprisinglygoodper-
formance. The main idea is simply stated: Basingdecisionsupon a few random
samplesof a large statespaceis often a goodsurrogatefor makingdecisionswith
completeknowledgeof thestate.Dependingon theproblemof scheduling,two kind
of randomizedstrategiescanbeenvisaged:

1. A randomschemeindependentfrom thestateof theswitch(e.g.,theoccupation
of thequeues,thewaiting time of thebufferedcells),sinceits implementation
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complexity is low (e.g.,it canbeimplementedby usingpre-computedrandom
matchings).For example,ateachtimeamatchingis chosenat randomandit is
usedfor servingthequeues.But suchalgorithmperformsvery poorly, dueto
ignoranceof thestateof switchandhenceof theincomingtraffic.

2. A randomschemedependenton theswitchstate.For example,theprobability
of servinga queuecanbesetproportionalto its occupation.This givesbetter
performancebut expensiverandomselectionscheme,andhenceit is notuseful
in reducingthecomplexity of theschedulingalgorithm.

Fromthelasttwo observations,ourgoalis to comeupwith a randomizedscheme
which is stateindependentbut givesa matchingefficient for the actualstateof the
switch.

In severalschedulingalgorithms,duringsomephasesof thealgorithmsomedeci-
sions(usually, thecontentionresolutionphase)aremadeby randomchoices(see[7]
for ageneraltaxonomyandalist of algorithmsusingarandomcontentionresolution).
But all theseschemesaredeterministicheuristicsandthey userandomnessonly in
“negligible” phases,whenarandomchoicecanbeemulatedby adeterministicround
robin without affecting theperformance.Few inherently randomizedschedulingal-
gorithmshavebeenproposedsofar.

We want to discussheresomebasictechniquesto find a “good” randomprobe-
matching.

A randomizedschedulerwithout memory

Beforedoingthat,in orderto understandbetterthemeaningof thelearningapproach,
considerthis simplealgorithm,calledALGO1: At eachtime ÿ , let the matching wBô
usedby ALGO1 betheheaviestof ªÇ�HªÚ¯ü�v� matchingschosenuniformly at random.

Thefollowing theoremshowsthatALGO1 is not stable,evenwhen ªC|�y��ÕëÜ� .
Theorem 6. For an ë¬«Dë switch andfor any ª Æs­ðë , where ­ ¯ü° , ALGO1 does
notdeliver100%throughput.

Theproof canbefoundin [31]. Notethattheabove theoremhasamuchstronger
implication: Anyschedulingalgorithmthatonly usesª | y��ÕëÜ� randommatchings
cannotachieve 100%throughput.Further, thereis no assumptionaboutthedistribu-
tion of thepacket arrival process,only a rateassumption.

RND-M ATCH1

This previous results adds strength to the learning approach,using Tassiulas’s
scheme[91]. Let RND-MATCH1 amatchinguniformly picket at randomin Á .
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Corollary 2. Let ®Dô be givenby RND-MATCH1. Thelearning approach is stable,
underanyadmissibleBernoulli i.i.d. traffic pattern.

Proof. Fix ¯JêL°±i0²� , with ³´¯Jê`³jµ¶; . Referringto Theorem5, if ·k¸ ¹Pº`ë¼» ,�¾½ lÀ¿ ¯Jê´ÁY¸ÃÂ�Äh¸ ¿ ¹ÆÅL·ÇÁ ùÉÈ æ · for any ¯Çê ; hencethe first threemomentsof
l

are
finite.

RND-M ATCH2
¿ ¯CôÊÁ

Aim of procedureRND-MATCH2 is to obtainunknown heavy edgeswith low com-
plexity, giventhestateof thequeues̄Cô . It is an iterative procedureworking asfol-
lows. At eachiteration,it choosesarandompermutationandretainsfew heavy edges
of theselectedpermutation.Thisgivesamatchingwhichis weightmatrixdependent,
biasedtowardshigherweights.Notethat,thoughtherandomselectiondoneat every
stageis independentof theweightmatrix, thefinal matchinghashigherweight than
theinitial onewith highprobability. It findsrandomsamplesdependentontheweight
matrix. At thesametime, therandomschemeshouldhave low complexity, hencethe
randomselectionshouldbe doneindependentlyof the weight matrix. Our iterative
algorithmhasbothof thesefeatures.

Let ËhÌ ¿ ®ÍÁ denotetheminimal setof edgesin a matching® carryingat leasta
fraction Î ¿
Ï µÐÎ¨Ñs¹PÁ of its weight.Weshallcall Î theselectionfactor.

RND-MATCH2 is the following iterative procedure:Initially, all inputsandout-
putsaremarked asunmatched. The following stepsarerepeatedin eachof Ò itera-
tions,whereÒ is typically ÓBÔ¦Õ¦ÖÏë :

(i) Let × be the currentiterationnumber. Let ÂÐÑÑë be the numberof unmatched
input-outputpairs.Out of the ÂÇ» possiblematchingsbetweentheseunmatched
input-outputpairs,a matching�ÙØ ¿ Â8Á is chosenuniformly at random.

(ii) If ×�µNÒ , retainthe edgescorrespondingto ËhÌ ¿ �ÙØ ¿ Â8ÁÊÁ andmark the nodesthey
coverasmatched. If ×�¸\Ò , thenretainall edgesof �ÙØ ¿ Â8Á .

Corollary 3. Let ®Dô bea matching givenby RND-MATCH2
¿ ¯CôDÁ . Thelearningap-

proach is stable, underanyadmissibleBernoulli i.i.d. traffic pattern.

Proof. Let Ò bethenumberof iterationsandfix any ¯Jê�°:i ²� , with ³´¯Çêd³Uµ<; . The
probabilityof selectingall theedgescorrespondingto theMWM in Â stepsis given
by: �Ú½ lÀ¿ ¯JêÛÁÜ¸\ÂÝÄÙ¸j· ù
(it cancomputedby a chain)with · ù¥Þàß

for all ¹áÑâÂQÑNÒ . Hence,thefirst three
momentsof

lÀ¿ ¯Jê´Á arefinite andTheorem5 canbeapplied.
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4.4–Computationof theprobe-matching

Wenow discussthecomplexity of thisprocedure.Sincetheselectionof eachran-
domsampleis independentfrom thestateof thesystem,we considerits complexity
equalto findingarandomsample.Let ussupposethatthereare Ò iterationsin theran-
domsampleselection.In eachiteration,arandommatchingonthe“remainingnodes”
is chosenuniformly at random.Sincethis randomselectiondoesnot dependon the
stateof theweightmatrix, we assumethat it is a ã ¿ ¹PÁ operation.If this assumption
cannothold, thecomplexity of finding a randompermutationof ë elementsis equal
to ã ¿ ë\Ó�Ô`Õ Ö ëäÁ , but this doesnotaffect theoverall complexity of thealgorithm.The
edgesthatconstitutethe“heaviest” Î fractionof this randommatchingarekeptand
therestof thenodesareusedfor thenext iteration.If it wasthelastiteration,thenthe
selectionof heavier edgesis avoided.Theselectionof theheavy edgesinvolves:

(a) Orderingtheedgesaccordingto their weights,which is ã ¿ ëÍÓ�Ô¦Õ Ö ë:Á .
(b) Choosingthe heavier edgesthat constitutethe Î fraction of the net weight,

which is ã ¿ ëäÁ .
Sincethereare Ò iterations,the RandomSelectionPhaseis ã ¿ Ò¨ë\ÓBÔ¦Õ Ö ëäÁ . If E
randomsamplesarechosen,thenthetotal runningtimewill be ã ¿ E�Ò¨ëÍÓ�Ô¦Õ Ö ë:Á .
4.4.2 Exploiting the Hamiltonian walk

We now discussthe conceptof an Hamiltonianwalk on the set of all matchings.
Considera graphwith ëå» nodes,eachcorrespondingto a distinct matching,and
all possibleedgesbetweenthesenodes. Let æ ¿ ÿÊÁ denotean Hamiltonianwalk on
this graph; that is, æ ¿ ÿÊÁ visits eachof the ëå» distinct nodesexactly onceduring
times ÿV¸ç¹¦è5é5é�éÉè ëå» . We extend æ ¿ ÿÊÁ for ÿ Þ ë¼» by defining æ ¿ ÿÊÁV¸�æ ¿D¿Ê¿ ÿwÅ�¹�Áê Ô�ë ëå»>Á � ¹PÁ . Onesimplealgorithmfor suchanHamiltonianwalk is described,for
example,in Chapter7 of [73]. This is a very simplealgorithmthat requiresã ¿ ¹PÁ
spaceand ã ¿ ¹PÁ time, to generateæ ¿ ÿ � ¹�Á given æ ¿ ÿÊÁ . Under this algorithm æ ¿ ÿÊÁ
and æ ¿ ÿ � ¹PÁ differ in exactly two edges.For ë ¸ì= this algorithmgeneratesthe
matchings(permutations):æ ¿ ¹PÁw¸ ¿ ¹¦èîí�è>=~Á´è~æ ¿ í¦Áï¸ ¿ ¹¦èJ=ðèîí`Áñè`æ ¿ =~Áò¸ ¿ =ðèp¹¦è>í¦Áñè¦æ ¿Hó Áò¸¿ =ðè>í	èp¹PÁñèÝæ ¿õô Á0¸ ¿ í	èJ=ðèB¹�ÁñèÝæ ¿ _~Á0¸ ¿ í	èp¹¦è>=¦Á , æ ¿õö Á0¸àæ ¿ ¹PÁ , and æ ¿
÷ Á0¸kæ ¿ í¦Áñè etc.. We
cannow definethefollowing probe-matching:

HAM -M ATCH

TheprocedureHAM-MATCH returnsat time ÿ thematchingæ ¿ ÿÊÁ .
Corollary 4. Let ®Dô be givenby HAM-MATCH. The learning approach is stable,
underanyadmissibleBernoulli i.i.d. traffic pattern.

Proof. Fix ¯ÇêQ°øi0²� , with ³´¯Jê`³jµç; . Referringto Theorem5, if ·ù¸ ¹�º`ëå» ,�Ú½ lÀ¿ ¯Jê´Áú¸ÍÂ�ÄÙ¸ ¿ ¹ïÅ¥·ÇÁ ùÉÈ æ · ; hencethefirst threemomentsof
lû¿ ¯Jê´Á arefinite.
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4.4.3 Exploiting the arri vals

Arrivalsareasignificantsourceof randomnessandhelpto find heavy edges.Theran-
domizationin LAURA is usedto obtainunknown heavyedgeswith low complexity.
Note thatanedgebecomesheavyif thecorrespondingqueuereceivesmany arrivals
but fewerservices.Henceprobingedgesthatreceivearrivalscanhelpin findingheavy
edges.Hence,therandomnessprovidedby arrivalscanbecapturedandexploitedto
find heavy edges.

A quite complex way to exploit the information in arrivals, is to usea special
weight-boosterprocedure,calledARR-MERGE anddiscussedin Section4.3.2.

Anotherprocedureis thefollowing:

RND-ARRI VAL

Thesimplestway to exploit arrivalsis to considerthegraphcorrespondingto üÖô . üMô
is not necessarilya matching.This is becausemultiple edgescanbeincidenton the
sameoutputnodedueto multiple arrivalsto thatoutput.When üÖô is not a matching,
let �Uý denotecollectionof outputswhich have oneor morearrival edgesincident
on them. For every �f°Ð� ý do the following: amongthe arrival edgesincidenton
output � , pick theedge(for example,oneedgeat randomor theedgewith thehighest
weight) anddiscardtheremainingedges.At theendof this process,eachoutputin� ý is matchedwith exactlyoneinput.

Corollary 5. Let ®Pô be RND-ARRIVAL applied to üÖô . The learning approach is
stable, underanyadmissibleBernoulli i.i.d. traffic pattern.

Proof. Fix ¯Jê�°çi0²� , with ³´¯Jê`³ùµ ; . The arrival processis stationaryand
Bernoulli i.i.d.. Hence,thereis a finite probability

ß¥Þ Ï
suchthat üMô is theMWM.

Referringto Theorem5, if ·¨¸ ß , �¾½ lÀ¿ ¯JêKÁï¸\Â�ÄÇ¸ ¿ ¹0Åþ·ÇÁ ùÉÈ æ · ; hencethefirst three
momentsof

lÀ¿ ¯Jê´Á arefinite.

4.4.4 Exploiting the neighbors

A setof “good” candidatesfor ®Pô is the setof all the possibleneighbors of ÿBô È æ .
To defineformally theconceptof neighbor, we usesomeconceptsfrom thealgebra
theory. We considernow thetwo following definitions:

Definition 11 (Generator set). Let � thegroupof all possiblepermutationsof sizeë ; hence,����� ¸¬ë¼» . If the set ����� is a generatorof the whole group � , � is
calledgenerator set.

Definition 12 (Neighbor in � ). Giventwo matchings® °	� and ®îêÆ°
� . ® is
saidto beneighborof ®îê with respectto thegenerator set � if it exists � °�� such
that � appliedto ®îê (seenaspermutation)gives ® (seenaspermutation).
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4.5–Schedulerswith parallellearningschemes

Let usconsidertwo examplesof generatorset:


 � givenbygeneral swapping: aneighborof ®îê�°�� is obtainedby swapping
two edgesin ®îê ; � ���d¸���� Ö������ Ö º¦í . Letusdefine� ¿ ®îê´Á thesetof neighbors
of ®Dê °�� , with respectto � ; notethat � � ¿ ®îêÛÁ��`¸�� ��� ��� Ö º¦í . Forexample,
thematching®Dê for a

ó��äó
switchgeneratesthefollowing 6 neighbors:®îê�¸ ¿ ¹¦è>í	è! ðè ó Á#"¿ í	èp¹¦è! ðè ó Áñè ¿  ðè>í	èp¹¦è ó Áñè ¿Hó èîí	è! ðèp¹PÁñè ¿ ¹¦è$ 	èîí	è ó Á´è ¿ ¹¦è ó è$ 	èîí¦Á´è ¿ ¹¦è>í	è ó è$ ~Á


 � givenbyadjacentswapping: aneighborof ®îêh°%� is obtainedby swapping
two adjacentedgesin ®îê ; � ���d¸ � .®îê�¸ ¿ ¹¦è>í	è! ðè ó Á#"¿ í	èp¹¦è! ðè ó Áñè ¿Hó èîí	è! ðèp¹PÁñè ¿ ¹¦è$ 	èîí	è ó Á´è ¿ ¹¦è>í	è ó è$ ~Á

In thetheoryof algebraicgroups,severalgeneratorsetsof � areknown. Notethatit
is not trivial to find a generatorset.For example,thesetof all the � permutationsin
theform � Ø ¸&� ×('Í¹)� � , �+* Ø-, æ * .j¸&� ×('4í/� � and �+* Ø0, Ö * . ¸k× (which correspondto �
“cycles” of size3) is notageneratorset.

Froma practicalpoint of view, referringto thearchitecturepresentedin Fig. 4.2,
eachmodule® Ø couldcomputethe × -th neighborof ÿ21 with respectto theset � . The
numberof parallelmodulesrunningis � andit canbe ã ¿ � Ö Á if thegeneratorsetis
givenby generalswappingor canbe ã ¿ � Á if thegeneratorsetis givenby adjacent
swapping. Intuitively, larger � is, smallerthe averagedelay is; the bestchoiceis
givenby thebestcompromisebetweenhardwarecomplexity andperformance.Note
alsothat ®31 couldbeeither(at least)onerandomlychosenneighborof ÿ41 È æ or the
heavier amongall � ��� possibleneighbors.At the sametime, the bestperformance
canbe achieved when � is the setof all possiblepermutation;this is a trivial case,
it is usually impractical,but for very small sizeswitch it remainsthe best(simple)
solutionto theschedulingproblem.As wewill seelater, in Section4.8.6,considering
only a numberof neighborsmuchlessthan � » cannotbe proved to be sufficient to
guaranteethestabilityof thesystem.

4.5 Schedulerswith parallel learning schemes

Considerthe casethat multiple learning schemesare running in parallel, like in
Fig. 4.7.ÿ æ65 1 È æ é5é5éÚÿ87 5 1 È æ are 9 storedmatchings,which are tried to be augmented
through ® æ65 1þé5é5éT®
7 5 1 . The final matchingsÿ æ65 1äé5é�é ÿ:7 5 1 shouldbe “purged” to
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Figure4.7. Multiple learningschemesworking in parallel. To exploit themultiple

memories,it is necessaryto includea “purging” module.

avoid badcaseslike: ® æ65 1¨é�é5é�®	7 5 1 areequalto the MWM at time | andall the 9
storedmatchingsbecomesthesamematching,hencethemultiple memoriesareuse-
less.To preserve somedegreeof diversityamongthestoredmatchings,“redundant”
matchingsarepurged.

Definition 13. The distanceamongtwo matchings® æ and ® Ö (non, necessarily,
complete)is equal to � minus the numberof commonedgesthey share. Hence,
two completematchingsequalhave null distance,whereastwo void matchingshave
distanceequalto � .

To purge redundantmatchings,we proposeto adopt the following procedure.
Sincematchingswith highweightaredesirable,startwith thelowestweightedmatch-
ing, say }® . Considernow in increasingorderof weightall thestoredmatchingsheav-
ier than }® . Assumethat the storedmatchingis ®�~ . If the distanceamong }® and®�~ is notgreaterthan � ²�� � (calledminimaldistance), thentheprocedurepurges(re-
moves) }® andinitializesthecorrespondinglearningscheme.At theend,amongthe
retainedmatchings,selecttheheaviestoneas ÿ41 . In theworstcase,ã ¿ 9 Ö Á matchings
arecompared.

4.6 LAURA approach

Considerthe learning approachwhere RND-MATCH1 computes®31 and COMP1
is MAX; we call this schemeRANDOM. As shown by Tassiulas[91], RANDOM
achieves100%throughput.However, its delayperformanceis quitepoor(aswewill
observe in Fig. 4.13). In RANDOM, whentheweightof anheavy matchingresides
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4.6–LAURA approach
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Figure4.9. Architectureof LAURA

in a few heavy edges,it is moreimportantto remembertheheavy edgesthanit is to
rememberthematchingitself.

ThelastobservationmotivatesouralgorithmLAURA (Low-complexity Algorithm
Using RandomizedAugmentation), which is a schedulingalgorithmexploiting ran-
domization.LAURA iterativelyaugmentstheweightof thecurrentmatchingbycom-
bining its heavy edgeswith theheavy edgesof a (non-uniformly)randomlychosen
matching.Therearethreemainfeaturesin thedesignof LAURA:

1. learningscheme;

2. non-uniformrandomsamplingthroughRND-MATCH2 (referto Section4.4);

3. weight-boostingthroughMERGE (referto Section4.3.1).

Referto Fig. 4.8 for the“minimal” architectureof LAURA, calledLAURA-M1, i.e.
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Parameter Symbol Value
switchsize �  ½¼
storedmatchings 9 ¼
iterations ¾ 5
selectionfactor ¿ À)Á$Â
minimaldistance �ÄÃ � � Å�Æ
buffer size Ç�È+É§Ê Å À)Ë!À�À�À

Table4.1. Simulationparametersfor LAURA andMax-LAURA usedwith multiple
parallellearningschemes

with unitarymemory. Let Ì21 bethematchingusedby LAURA-M1 at time | . At time| , LAURA-M1 doesthefollowing:

(a) Í31(Î RND-MATCH2.

(b) Ì21(Î MERGE ÏfÌ21ÑÐ)Ò¢Ë$Í31PÓwÔ41YÕ .
Referto Fig. 4.9 for the “normal” architectureof LAURA, with 9 parallel learning
schemes(seeSection4.5).

It canbeshown thattherunningtime of LAURA is boundedby Ö×ÏY¾ �ÙØÛÚ�Ü�ÝÞ� '� Õ . In our simulationstudy, we set ¾ßÎ ØÛÚ�Ü Ý � . Thusrunningtime of algorithmisÖ×Ï ��ØàÚ�Ü ÝÝ � Õ .
A variantof LAURA is Max-LAURA, whichusesa MAX-DEP moduleto maxi-

mizethematching.

4.7 LAURA performance

In thefollowing sectionswediscusstheperformanceof LAURA (andits variant)for
stationarytraffic andfor transienttraffic. LAURA is simulatedwith the settingsof
Table4.1.

4.7.1 Stationary analysisof LAURA

In this section,we study the performanceof different algorithmson different test
cases,in termsof differentperformancemeasures.Thetraffic patternsusedto obtain
theseresultsarestationaryin distribution.

We study the performanceof the following algorithms: MWM, iSLIP, iLQF,
MUCS,RPA, RANDOM alongwith LAURA andMax-LAURA.

First we considertheuniform traffic scenario,which is themostbasictraffic sce-
narioconsideredin literature. Figs.4.10,4.11and4.12presentperformanceof dif-
ferentalgorithmswith respectto differentmeasures.Note that theaveragedelayin
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4.7–LAURA performance
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Figure4.10. Meandelayfor uniformtraffic for LAURA andotherschedulingalgo-
rithms
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Figure4.11. MeanIQ lengthfor uniform traffic for LAURA andotherscheduling
algorithms;thisgraphis relatedto thepreviousonethanksto Little’s formula

Fig. 4.10 is relatedto theaveragequeuelengthin Fig. 4.11, thanksto Little’ s Law.
With respectto all measures,all algorithmsshow thesamequalitativebehavior. The

51



4 – Learningschedulingalgorithmsfor unicasttraffic

1

10

100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

M
ax

 IQ
 L

enâ

Normalized Load

Uniform Traffic

MWM
MaxLAURA
LAURA
iSLIP
iLQF
MUCS
RPA
RANDOM

Figure4.12. MeanMax IQ lengthfor uniformtraffic for LAURA andotherschedul-
ing algorithms

following areinterestingresultsto note:

1. BothLAURA andMax-LAURA arestableandwell-behaved,whichis thebasic
propertyof efficientalgorithms.

2. For small valuesof load, LAURA performsworsethanmostof the otheral-
gorithms,but this misbehavior is practicallynegligible. But this canbeeasily
explained:LAURA is a randomizedalgorithmwhich doesnot necessarilyfind
a maximalmatchingat lower valuesof load. In Max-LAURA, we force it to
be a maximal matching. Hence,it performsaswell asany otheralgorithm,
at lower load values. Furthernotethat, for high valuesof load, LAURA and
Max-LAURA behave identically, sinceLAURA is notmaximal.

3. RANDOM is stablebut its delayis muchworsethantheotheralgorithms.

We considernow diagonaltraffic, sinceit is more critical than uniform traffic
for testingthe performanceof schedulingalgorithms. With respectto the different
performancemetricsMeanIQ Len, MaxIQ Len(recallits definitionin Section3.3.3)
andMeanDelay, relative performancesof the algorithmsremainthe same. Hence
we will presentonly resultswith respectto MeanIQ Len. Fig. 4.13plots MeanIQ
Len for differentalgorithms.iSLIP, iLQF, RPA areunstablefor high loadvaluesand
experienceslosses.MUCSandMWM performidentically.
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Figure4.13. MeanIQ lengthfor diagonaltraffic for LAURA andotherscheduling
algorithms

RANDOM startsto experiencelossesfor a load À)Áäã ; thisdoesnotcontradictThe-
orem5, sincethis theoremprovesonly the stability of RANDOM whenthequeues
are large enough. Hence,RANDOM experiencesunacceptableaveragedelays(al-
thoughbounded,coherentlywith Theorem5) from a practicalpoint of view. Note
alsothat this is not a surprisingresult. Somestablealgorithmscanexperiencevery
largedelays/queuelengths,muchgreaterthansomeotherunstablealgorithmsunder
particulartraffic patterns.For example,theschedulerthatcomputestheMWM only
amongthequeueslarger thananarbitrary åÞÃ � � is stable,but of coursetheaverage
delaywill be greateror equalto � åÞÃ � �çæ¢è , with è the maximumnormalizedload
amongall theinputs.

BothLAURA andMax-LAURA areinsteadstableandperformalmostasgoodas
MWM. Also if they canbe consideredpurerandomalgorithms,their performances
are much better than RANDOM. As before, LAURA performsworse than Max-
LAURA for lower load valuesbut performsidentical for higher values. Note that
below wedeliberatelyomit ourcommentsaboutRANDOM, whosebehavior is prac-
tically unacceptablein all thestudiedtraffic scenarios.

Fig. 4.14plots the MeanIQ Len for algorithmsunderlogdiagonalscenario.As
in diagonaltraffic scenario,iSLIP, iLQF and RPA are unstable. In this scenario,
MUCS performslittle worsethanMax-LAURA andLAURA. Again, LAURA and
Max-LAURA performa little worsethanMWM.

Fig. 4.15 shows the MeanIQ Len for sparsescenario. This scenarioseparates
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Figure4.15. Mean IQ length for sparsetraffic for LAURA andother scheduling
algorithms

all algorithmsvery distinctively. In that respect,this traffic patternis very critical.
OtherthanMWM, LAURA andMax-LAURA, all otheralgorithmsareunstablefor
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high loadvalues.LAURA andMax-LAURA performa little worsethanMWM but
their performancearecomparableto MWM. As usual,LAURA performsworsethan
Max-LAURA for smallerloads,but for higherloadsbothperformsalmostidentical.

The only differencebetweenLAURA and Max-LAURA is in the extra edges
addedto make the matchingmaximal. We plot the numberof edgesaddedon av-
erageby Max-LAURA with respectto the load in Fig. 4.16, underthe four traffic
scenariosconsidered.For very low load, sincethe queuesarealmostempty, only
few edgesareadded.For higherload,moreandmoreedgesareadded.But nearthe
saturationload,thenumberof edgesaddedis almostnegligible, sincealmostall the
queuesarenon-empty.

The stationaryanalysisshows a very importantproperty. LAURA and Max-
LAURA aretheonly two stablealgorithms(except,of course,MWM) underall the
traffic scenarioswestudied.

4.7.2 Transient analysisof LAURA

LAURA is a learningalgorithm. Henceby changingtraffic behavior, theold stored-
learnedmatchingbecomes“useless”.It is importantthat,whentraffic is not station-
ary, at the time of transition,thealgorithmlearnsnew heavy matchingsquickly. To
analyzethis featureof LAURA, westudythetransientbehavior of LAURA for acase
of high load( è ÎêÀëÁ$ì�ì ).
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Figure4.17. Relative weightof thetwo storedmatchingsin LAURA
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Figure4.18. Degreeof similarity of thetwo storedmatchingsin LAURA

To simulatethis scenario,theswitchreceivespacketsaccordingto thetraffic ma-
trix ïñð Òoò till time |Pó and thenaccordingto the traffic matrix ïñð Ý ò . In ïôð Òoò , õ ð ÒoòöBö Îõ ð Òoòö * ö , Ò * Î Å­æ ¼ � arethe only non-zeroelements.In ï ð Ý ò , õ ð Ý òö * ö , Ý * Î�õ ð Ý òö * ö ,ø÷ * Î Å­æ ¼ �
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4.7–LAURA performance

aretheonly non-zeroelements.Intuitively, ïñð Òoò is thetraffic patternwhereonly the
first two diagonalsareloaded,while in thecaseof ï ð Ý ò , theothertwo diagonalsare
loaded.

Call Í�Ò the usedmatching, i.e. Í�ÒLÔ41ùÎ ú�û¢üÞý¢Ì�Ò 5 1ÑÔ:1PË{Ì Ý 5 1þÔ41�ÿ , and Í Ý the
other matching, i.e. Í Ý Ô418Î ú ��� ý¢Ì8Ò 5 1þÔ41oË(Ì Ý 5 1þÔ41�ÿ . Fig. 4.17 shows the relative
weight(for its definition,referto Section3.3.3)valuesof LAURA duringtheinterval
of time |���� Å À Æ À�ÀNÀ)Ë ÅNÅ ã½À�À�À	� , with the transitiontime being |PódÎ Å�Å ÀNÀ�À�À . Thefirst
curvepresentstherelativeweightof Í�Ò , i.e. Í�ÒLÔ41 æ Ì�
��
 Ô:1 , andthesecondcurvethe
relativeweightof Í Ý , i.e. Í Ý Ô41 æ Ì 
��
 Ô41 . Notethattherelativeweightof Í�Ò is close
to 1 mostof the time. Even during the transition,its higher than À)Á�� . This means
that the weight of the matchingusedis alwaysvery closeto the maximumweight
matchingandcanreactveryquickly to thechangesof thetraffic in caseof suchnon-
stationaryscenarios.In otherwords,LAURA is efficient evenduring thetransients,
andlearnstheMWM quickly.

Asseenin Fig.4.17,sometimesthecurvecorrespondingto Í Ý fallsto zero,which
lookslikeerraticbehavior. But suchbehavior is expectedbecauseof thepurgephase
in thealgorithm.WhenthedistancebetweenÍ�Ò and Í Ý is lessthan �ÄÃ � � Î Å�Æ , Í Ý
is deletedandthereis no matchingas Í Ý , andhenceit’ s weightbecomesÀ . But this
remainsonly for onetime,since Í Ý quickly acquiresheavy edges.

Fig. 4.18shows thedegreeof similarity � betweenthetwo storedmatchings,for
thecaseof theabove diagonaltraffic scenarioïñð Òoò and ïñð Ý ò . Sincetheonly loaded
partsarethediagonalsof thetraffic matrix,we studythedegreeof similarity for Í�Ò
and Í Ý by comparingthe fraction of diagonalsretainedby the two matchings.LetÌ ð�� ò ��� beamatchingconnectinginput � to output � �)'���� (recall ����� Î�� mod � ).
Being ��ÏYÍ�ÒqËBÍ Ý Õ the numberof commonedgesamongmatchingsÍ�Ò and Í Ý , the
degreeof similarity is definedas:

�­ÒEÎ Å� ú û¢ü/ý���ÏYÍ�ÒqË$Ì ð ó6òYÕ('���Ï§Í Ý Ë!Ì ð ÒoòfÕ»Ë���Ï§Í�ÒqË!Ì ð ÒoòfÕ+' ��Ï§Í Ý Ë$Ì ð ó6ò§Õ°ÿ
� Ý Î Å� ú û¢ü/ý���ÏYÍ�ÒqË$Ì ð Ý ò Õ('���Ï§Í Ý Ë!Ì ð ÷ ò Õ»Ë���Ï§Í�ÒqË!Ì ð ÷ ò Õ+' ��Ï§Í Ý Ë$Ì ð Ý ò Õ°ÿ

that is, �­Ò representsthe similarity of the storedmatchingwith the matchingcorre-
spondingto thefirst two diagonals,whereas� Ý representsthesimilarity of thestored
matchingwith thematchingcorrespondingto thesecondtwo diagonals.

For |"!�|Pó , �­Ò � Å and � Ý ÎêÀ , sincethestoredmatchingshave“learned”theonly
two possibleefficient matchings.At time |ñÎ ÅNÅ À#�#�%$ , which means�#�%$ time slots
after |Pó , we observe �­ÒôÎ À and � Ý Î Å which indicatesthat thesystemhaslearned
thetwo othermatchingscompletely.
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Figure4.19. MeanIQ lengthfor uniform traffic for the threevariantsof LAURA.
All thealgorithmsconsideredshow asimilardelay, exceptfor LAURA-I1

4.7.3 Simplified versionof LAURA

We exploredthesensibilityof LAURA to severalparameters,in orderto understand
its robustnesswhenits architectureis simplifiedin orderto reduceits computational
complexity. Thefollowing versionsof LAURA havebeenstudiedby simulation:
 LAURA-I1: in this case¾�Î Å , i.e. thenumberof iterationsof RND-MATCH2

is one;
 LAURA-M1: in thiscase9	Î Å ; it is representedin Fig. 4.8;
 LAURA-Der: it is a derandomizedversion of LAURA, describedin Sec-
tion 4.7.4.

Thesimulationresultsarereportedin Figs.4.19and4.20respectively, thefirst for
uniform traffic andtheotherfor diagonaltraffic.

All theversionsconsideredof LAURA show a similar behavior for uniform traf-
fic. For diagonaltraffic all theversionsarestable,althoughtheirdelayscanbediffer-
entdependingon thealgorithm.

4.7.4 Derandomizedversionof LAURA

At eachiteration of the randomselectionphase,a randompermutationof the un-
matchedoutputsis provided.In thederandomizedversionof LAURA adeterministic
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Figure4.20. MeanIQ lengthfor diagonaltraffic. All thealgorithmsconsideredare
stablealsoif they aresimplifiedversionof LAURA.

schemeis usedto find the permutationof the unmatchedoutputs. Without lossof
generality, considerthe casewhen & inputsandoutputsare left unmatchedduring
iteration � . Let ' bea counterwhich is incremented(modulo � ) at eachtime slot.
Let ( beacounterwhich is setequalto ' at thefirst iterationandincremented(mod-
ulo & ) at the endof eachiteration. During eachiteration, input � is matchedwith
output ) Î*� � '+(,� - . Thetwo countersprovide a round-robinmechanismto find the
permutationsamongtheunmatchedoutputs.

For diagonaltraffic thederandomizedversionshow worseperformancethanthe
randomizedone.For diagonaltraffic, theroundrobin mechanismis unfair, ascanbe
understoodin the following case.Consider� unmatchedinputs/outputs,the input
pointersetequalto � andthe outputpointersetequalto � �_'�¼.� � . In this case,for�0/ ¼ updatesof theoutputpointer, alwaysthequeuefrom input � to output � will
beserved. This is becauseof thesimplepolicy adoptedto updatethepointers. If a
morecomplex pointersupdateis adopted(e.g.,settingthe pointersnext to the last
servedqueue,like in iSLIP), theperformancewill improve. This topicwill befurther
investigatedin our futureresearchwork.
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4.8 APSARA approach

As pointedout earlier, finding themaximumweightmatchingessentiallyinvolvesa
searchprocedure,which cantake many iterationsandbetime-consuming.Sinceour
goalis to designhigh-performanceschedulersfor highaggregatebandwidthswitches,
algorithmsinvolving too many iterationsareunattractive.

Here,our goalis to designahigh-performanceschedulerthatonly requiresasin-
gle iteration. Therefore,we mustdevisea fastmethodfor finding heavy matchings.
Onemethodfor speedingup theschedulingprocessis to searchthespaceof match-
ingsin parallel.Fortunately, thespaceof matchingshasanicecombinatorialstructure
which canbe exploited to conductefficient searches.In particular, it is possibleto
querythe“neighbors”of thecurrentmatchingin parallelandusetheheaviestof these
asthematchingfor thenext timeslot. ThisobservationinspiresAPSARA(A Parallel
SchedulingAlgorithmandits RandomApproximation) algorithm,which mainly uses
thefollowing two ideas:

1. learningscheme;

2. explorationin parallelof theneighbors(seeSection4.4.4)of thepastmatching.

4.8.1 APSARA-B: basicversion

Let Ì21 be thematchingdeterminedby APSARA-B at time | and � Ï§Í
ó»Õ thesetof
neighborsof Í
ó1�2� with respectto a generatorsetgiven by general swapping
(pleasereferto Section4.4.4for thedefinitions).Let 32Ï |sÕ thematchingcorrespond-
ing to theHamiltonianwalk at time | (refer to Section4.4.2). APSARA-B worksas
follows:

(i) Í 1+Î MAX Ï432Ïþ|sÕ°ËJ� ÏYÌ21ÑÐ)ÒwÕ°ÓwÔ41YÕ .
(ii) Ì21(Î MAX ÏYÌ21ÑÐ)Ò Ë�Í31PÓLÔ:1YÕ .

APSARA-Brequiresthecomputationof theweightof all theneighbormatchings.
Eachsuchcomputationis easysincea neighborÍ ~ differs from thematchingÌ21ÑÐ)Ò
in exactly two edges.However, computingtheweightsof all � � Ý � neighbors,if done
in parallelasshown in Fig. 4.21,requiresa lot of spacein hardwarefor largevalues
of � .

Saythathardwarespaceconstraintsallow theuseof at most 576 � � Ý � modules,
thenhow canthesearchprocedurerequiredby APSARA-Bbeconductedefficiently?

Oneobvious solution is to the searchthe neighborhoodsetover multiple itera-
tionsby reusingthe 5 modules.After all, at low line speedsthereis moretime for
schedulingpackets,allowing oneto conductmoreiterations.However, if line speeds
arehighandoneis only allowedoneiteration, thenthequestionarisesasto which 5
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4.8–APSARA approach

neighborsshouldbechosen.A deterministicprocedurefor choosingthe 5 neighbors
will usuallyresultin poorchoicessince,a priori, it is not clearwhich neighborsare
heavy. It is betterto choose5 neighborsat randomandusethe heaviest of these.
This motivatesthefollowing variantsof APSARA,onebasedon a smallergenerator
setandtheotherbasedona randomizedapproach.

APSARA generatesall the matchingsin the neighborhoodsetoblivious of the
currentqueue-lengths.Thequeue-lengthsareonly usedto selecttheheaviestmatch-
ing from theneighborhoodset. It is thereforepossiblethat thematchingdetermined
by APSARA,while beingheavy, is not of maximalsize.Hence,a moduleof match-
ing maximizationcanbeaddedto thearchitecture.Max-APSARAusesMAX-DEP
(referto Section4.1.1)to maximizethematching.

4.8.2 APSARA-L: linear version

Considertheset� ~ ÏYÌ21ÑÐ)Ò Õ of all the � possibleneighborsof Ì41ÑÐ)Ò , givenby adjacent
swapping(refer to Section4.4.4). In this case,only � modulesare necessaryto
computeall theneighbors.APSARA-L worksasfollows:

(i) Í31(Î MAX Ï83dÏþ|sÕ»Ë»� ~ ÏYÌ21ÑÐ)ÒwÕ°ÓwÔ41YÕ .
(ii) Ì21 Î MAX ÏfÌ41ÑÐ)Ò ËNÍ31PÓwÔ41fÕ .
4.8.3 APSARA-R: randomizedversion

Supposehardware constraintsonly allows to query 5 neighbors. Let �:9�ÏfÌ21ÑÐ)Ò Õ
denotethe set of 5 elementspicked uniformly at randomfrom the set � ÏfÌ41ÑÐ)ÒLÕ .
APSARA-RdeterminesthematchingÌ21 asfollows:

(i) Determine�:9�ÏYÌ21ÑÐ)ÒwÕ (notethatit is notnecessaryto generate� ÏfÌ41ÑÐ)ÒLÕ ).
(ii) Í 1(Î MAX Ï832Ï |sÕ»Ëq�:9�ÏfÌ41ÑÐ)Ò Õ°ÓwÔ41fÕ .
(iii) Ì21+Î MAX ÏYÌ21ÑÐ)Ò Ë�Í31PÓLÔ:1þÕ .
4.8.4 APSARA properties

Westatenow somesignificantpropertiesof thealgorithm.

Theorem 7. BothAPSARA-BandAPSARA-Rare stableunderadmissibleBernoulli
i.i.d. inputs.

Proof. Both versionsusetheHamiltonianwalk. Therefore,thelearningapproachis
stablethanksto Theorem5.
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Theorem 8. Let Ì21 denotethe matching obtainedby APSARAat time | , and let;=< Ïþ|sÕdÎ Ì21 Ô41 denoteits weight. If Ì21 Î Ì21ÑÐ)Ò , that is the matching of APSARA
doesnotchange fromtime | / Å to time | , then; < Ïþ|sÕ?> Å¼ ; 
 Ï |sÕ»Ë
where

; 
 Ïþ|sÕ ÎÙÌ 
� 
 Ô41 .
Proof. Without lossof generality, assumethat themaximumweightmatching,Ì 
�@
 ,
at time | is the identity permutation;that is, input � is matchedto output � underthe
maximumweightmatching.Let the permutationcorrespondingto thematching Ì21
be A , i.e. Ì21 matchesinput � to output A=ÏB�oÕ . Let C ö�D denotethe weight of E Ö Ç öFD
at time | . Considerany � , Å:G � G � . SupposeA=ÏH��ÕJIÎK� . Let A Ð)Ò ÏH��Õ be the input
matchedto output � under Ì41 . Since Ì21ÑÐ)Ò�Î�Ì21 , from thepropertyof APSARA, it
follows that C öML ð ö òø'NC L�OQP ð ö ò ö >RC öBö Á
Notethatabove is truefor all � , evenif A ÏH�oÕ Î+� . Now summingover � , weobtainS

ö C öML ð ö ò 'NC L OQP ð ö ò ö > S ö C ö$ö Á
But,

S
ö C öML ð ö ò Î S ö C L O�P ð ö ò ö , sinceA is apermutation,andhence

S
ö C öML ð ö òT> Å¼

S
ö C öBö Á

Now
S
ö C öML ð ö ò is theweightof theAPSARAmatchingand

S
ö C öBö is theweightof the

maximumweightmatching.Thus,
; < Ï |sÕ?> ÒÝ ; 
 Ï |sÕ andthetheoremis proved.

4.8.5 Implementation

Both APSARA-B andAPSARA-Rinvolve anHamiltonianwalk. This wasdonefor
purelytheoreticalreasons:to ensuretheir stability (Theorem7). Wehave foundthat,
in practice,the Hamiltonianwalk is not necessary;that is, both APSARA-B and
APSARA-Rprovide virtually thesamedelayandthroughputevenwithout it. Thus,
while the walk is extremely simple to implement,we do not considerit either in
implementationor in performanceevaluation1.

Themainfeatureof APSARAis thatit canbeimplementedin aparallelarchitec-
tureveryefficiently. Fig.4.21showsaschematicfor theimplementationof APSARA
with 5 modules.

1NotethateliminatingtheHamiltonianwalk canonly worsentheperformance.
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Figure 4.21. A schematicfor the implementationof APSARA. The old match-
ing, i 1ÑÐ)Ò , and the new arrivals, j 1 , areusedto computethe weightsof neighbor

matchingsin parallel.Thenew matching,i 1 , is computedby theweight-booster.

4.8.6 Commentsabout APSARA stability

APSARA without Hamiltonianwalk cannotbe shown to be stable,sinceits local
searchcanbe stuck in local maximums. For example,considerthe following Ô41 ,
writtenasamatrix:

Ô41 Î
kl Â Å Å À�À ÀÀ Â Å Å À�ÀÅ À�À À Â Å

mn

AssumeÌ21coñÎ�Ï Å Ë$¼ëË! ½Õ (written aspermutation)and p 1�Î&Ï Å ËB¼ÄË$ ½Õ for |rq |Pó . Since
all the neighborsof Ì21 have the sameweight, we have Ì21:Î Ì21 o for all |�q |Pó .
( Ì21þÔ41 Î Å ÂN , Ì 
��
 Ô41 Î  �À�À andfor all neighborsÌts1 we have Ìts1 Ô41=Î Å Â Å ). So,Ì41 cannotreachtheMWM configuration,u�Î�v andTheorem4 cannotbeapplied.
In otherwords, Ì21 canbestuckforeverbecauseof amaliciousadversarytraffic. Note
thatin this case,Theorem8 of Section4.8.4holds.

4.9 APSARA performance

In this section,wecomparetheperformanceof thefollowing algorithms:w APSARA-B, which is the basic version of APSARA, presentedin Sec-
tion 4.8.1;w MaxAPSARA-B, which is the maximal version of APSARA-B, using the
MAX-DEP moduleof Section4.1.1;
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Figure4.22. Meaninput queuelengthfor APSARA andits variantsunderuniform
traffic

w APSARA-R32,which is the randomizedversionof APSARA, presentedin
Section4.8.3,with y Î{z½¼ samplespicked uniformly at randomamongall
theneighborsof thepastmatching;w APSARA-R5,which is therandomizedversionof APSARA,presentedin Sec-
tion 4.8.3,with ØÛÚ�Ü y Î Â samplespickeduniformly at randomamongall the
neighborsof thepastmatching;w APSARA-L, presentedin Section4.8.2.w MWM, iLQF, iSLIP andRPA.

Fig. 4.22 comparesthe variantsof APSARA for uniform traffic. All the algo-
rithmsarewell-behaved,althoughtheir IQ lengthis larger thantheMWM by about
oneorderof magnitude.Thereasonof this is thatall thesevariantsarenot maximal,
in fact the Max-APSARAshow queuelengthsvery closeto MWM. Fig. 4.23com-
paresAPSARA-B with all theotherschedulingalgorithms.Again, becauseit is not
maximal,APSARAperformstheworst.

Fig. 4.24and4.25comparetheperformanceof thealgorithmsconsideredfor di-
agonaltraffic. APSARA-B and its maximal versionperform betterthan the other
variants(notethatfor high loadthematchingmaximizationphasebecomesuseless).
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Figure 4.23. Mean input queuelength for APSARA and other schedulingalgo-
rithmsunderuniform traffic
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Figure4.24. Meaninputqueuelengthfor APSARAandits variantsunderdiagonal
traffic
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Figure 4.25. Mean input queuelength for APSARA and other schedulingalgo-
rithmsunderdiagonaltraffic
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Figure4.26. Meaninput queuelengthfor APSARA andits variantsunderlogdiag-
onaltraffic
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Figure 4.27. Mean input queuelength for APSARA and other schedulingalgo-
rithmsunderlogdiagonaltraffic; notethatiLQF behavesasRPA
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Figure4.28. Meaninput queuelengthfor APSARA andits variantsundersparse
traffic
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Figure 4.29. Mean input queuelength for APSARA and other schedulingalgo-
rithmsundersparsetraffic

APSARA-L performsvery closeto APSARA-B becauseof thediagonaltraffic pat-
tern. For the two randomizedvariants,asthenumberof randomsamplesdecreases
(from 32 to 5), the averagequeuelength increases,but in both casesno lossesare
experienced.Fig. 4.25 is significant,becausefor diagonaltraffic APSARA shows
IQ lengthswhich are,at least,two ordersof magnitudebetterthaniSLIP, iLQF and
MUCS. All the variantsof APSARA outperformsall the otherpracticalscheduling
algorithms.

Underlogdiagonaltraffic, which is amorerealistictraffic thandiagonalone,AP-
SARA continuesto outperformall the otherschedulingalgorithmswhich approxi-
mateMWM. This factcanbedrawn by observingFig. 4.26and4.27.

Theperformancefor sparsetraffic canbe inferredto bevery similar to diagonal
andlogdiagonaltraffic by observingFig. 4.28and4.29.
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Figure4.30. Basicarchitectureof SERENA

4.10 SERENA approach

Ourfinal algorithm,SERENA (SElfRandomizedalgorithmExploitingNew Arrivals)
is basedon thefollowing ideas:

1. learningscheme;

2. exploitationof therandomnessin arrivals.

Onesourceof randomnessavailablein switchesis in thearrivalsprocess.Using
arrivals to find matchingsalso hasthe big benefitof providing information about
recentlyloaded,andhencelikely heavy, EdÖ Ç s. (At leasttheseE ÖdÇ s will certainly
be nonempty!) Note that the main drawback of observingarrivals is the possible
temporarystarvation of queueswhich arenot currently receiving any packet. This
canbea critical problemwhenthetraffic is not i.i.d., but this drawbackhasnot been
consideredin this study. Fig. 4.30shows thebasicarchitectureof thealgorithm.

4.10.1 SERENA-B: basicversion

Let Ì�� bethematchingusedby SERENA at time � and p�� bethearrival vector.

(i) �Ì��(Î ARR-MERGE ÏYÌ��ÑÐ)ÒqË�p��PÓwÔ��fÕ .
(ii) Ì��(Î MAX-IND Ï �Ì��sÕ
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4.10.2 SERENA-S: simplified version

A variantof SERENA is basedon removing someedgesfrom thearrival vector p�� ,
suchthat p�� becomesa matchingandthemerging procedureis used.At time � , the
algorithmworksthroughthesephases:

(i) �Í1�(Î RND-ARRIVAL ÏBp��°ÓwÔ��YÕ (definedin Section4.4.3).

(ii) Í1�(Î MAX-IND Ï��Í1�sÕ .
(iii) Ì��+Î MERGE ÏYÌ��ÑÐ)Ò¢Ë$Í1�PÓwÔ��fÕ .

4.11 SERENA performance

In this section,wecomparetheperformanceof thefollowing algorithms:w SERENA-B, presentedin Section4.10.1;w MaxSERENA-B, which is the maximal version of SERENA-B, using the
MAX-DEP moduleof Section4.1.1;w SERENA-S, presentedin Section4.10.2;w MWM, iLQF, iSLIP andRPA.

Fig. 4.31comparestheaveragequeuelengthsof SERENA-B andSERENA-S un-
deruniformtraffic: theirperformancearesimilar. Also in this case,themaximalver-
sionof thealgorithmoutperformsthenon-maximalversionsof SERENA, especially
for low load.SERENA is comparedwith theotherschedulingalgorithmsin Fig.4.32.
For uniform traffic, thebasicversionof SERENA performstheworstamongall the
algorithms,althoughwithin an orderof magnitudein the queuelengths. Note that,
sincetheSERENA is sensibleto thearrivals,for low input load,its performanceare
quitecompetitive,sinceit is ableto “track” at oncenew arrivalswhenthesystemis
almostempty.

Figs. 4.33 and 4.34 show the averagequeuelength for diagonaltraffic. Note
thatSERENA performance,for bothbasicandsimplifiedversion,is verycloseto the
MWM, especiallyfor low loadsandhighloads.Also SERENA-S performsmuchbet-
ter thantheotherschedulingalgorithms,with averagequeuelengths(hence,delays)
severalordersof magnitudelower.

Under logdiagonaltraffic (refer to Figs. 4.35 and4.36) andundersparsetraffic
(referto Figs.4.37and4.38),SERENA behavesqualitatively asunderdiagonaltraf-
fic.

From theseresults,SERENA is shown to be an appealingapproach,but further
work needsto be doneto understandthe effect of temporarystarvation of queues
which arenot receiving any arrivalsfor largeintervalsof times.
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Figure4.31. Meaninput queuelengthfor SERENA andits variantsunderuniform
traffic
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Figure4.32. Meaninputqueuelengthfor SERENA andotherschedulingalgorithms
underuniformtraffic
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Figure4.33. Meaninput queuelengthfor SERENA andits variantsunderdiagonal
traffic
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Figure4.34. Meaninputqueuelengthfor SERENA andotherschedulingalgorithms
underdiagonaltraffic

72



4.11–SERENA performance

0.001

0.01

0.1

1

10

100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

M
ea

n 
IQ

 L
enx

Normalized Load

LogDiagonal Traffic

MWM
SERENA-B
MaxSERENA-B
SERENA-S

Figure4.35. Meaninput queuelengthfor SERENA andits variantsunderlogdiag-
onaltraffic
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Figure4.36. Meaninputqueuelengthfor SERENA andotherschedulingalgorithms
underlogdiagonaltraffic
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Figure4.37. Meaninput queuelengthfor SERENA andits variantsundersparse
traffic
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Figure4.38. Meaninputqueuelengthfor SERENA andotherschedulingalgorithms
undersparsetraffic
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Figure4.39. Meaninputqueuelengthfor thethreelearningschemesunderuniform
traffic

4.12 Comparisonamongdiffer ent learning schemes

We show here somesimulation results to comparethe three learning algorithms
(LAURA, APSARA,SERENA).

Fig. 4.39andFig. 4.40shows the averagequeuelengthsunderuniform anddi-
agonaltraffic for MWM, LAURA, APSARA-BandSERENA-B. For very low loads,
SERENA-B outperformsthetwo otherschemessinceit is ableto catchat oncenew
arrivalsandserve it. For high loads,underuniform traffic, SERENA-B behavesvery
closeto LAURA, becausethefactof exploiting therandomnessin thearrivals,when
the arrivals areuniform amongall inputsandoutputs,is the sameof exploiting an
externalsourceof randomnesslikeLAURA is using.Underdiagonaltraffic, for high
loads,SERENA-B performstheworstsincethearrivalshappenwith ahighprobabil-
ity of beingconflicting,hencethedegreeof freedomin choosingtheprobe-matching
is lower.

Wenow discusstheperformancefor thethreeschemesfor verylargeswitch( y�Î
Å À½¼ ã ). Wesetall theparametersregardingto LAURA in conformitywith thesettings
of Table4.2. Here,Tables4.3 and 4.4 show the averagequeuelength,the average
maximumqueuelengthandtheaveragedelayfor uniform anddiagonaltraffic, with
an input load 0.99. Note that the performanceof MWM could not be evaluatedby
simulationwhen y&Î Å À½¼ ã sinceits computationalcomplexity is toohigh. OQrefers
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Figure4.40. Meaninputqueuelengthfor thethreelearningschemesunderdiagonal
traffic

Parameter Symbol Value
switchsize y Å À½¼ ã
storedmatchings � ¼
iterations ¾ 10
selectionfactor ¿ À)Á$Â
minimaldistance �ÄÃ�� s Â Å ¼
buffer size Ç�È+É§Ê Å À)Ë!À�À�À

Table4.2. Simulationparametersfor testingLAURA in largeswitches

Algorithm MeanIQ Len Max IQ Len MeanDelay Accuracy
LAURA 1.1 12.0 1185 ! À)Á Å��

LAURA-Der 1.2 12.4 1284 ! À)Á$¼ �
SERENA-B 2.0 7.9 2117 ! À)Á$¼ �
APSARA-B 0.1 5.1 110 ! À)Á$¼ �

MWM - - - -
OQ 49.95 - 50.45 theo

Table4.3. Performanceunderuniform traffic for input load 0.99 and1024 input
ports
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Algorithm MeanIQ Len Max IQ Len MeanDelay Accuracy
LAURA 658 1541 1330 ! À)Á�z �

LAURA-Der 2502 4458 4981 ! À)Á Å��
SERENA-B 444 583 898 ! À)Á�z �
APSARA-S 2163 4084 4359 ! À)Á Æ#�

MWM - - - -
OQ 22.77 - 23.00 theo

Table4.4. Performanceunderdiagonaltraffic for input load 0.99 and1024 input
ports

to anoutput-queuedarchitecture,for which it is possibleto computetheoreticallythe
averagedelay

;
andtheaveragequeuelength Ô underuniform traffic anddiagonal

traffic, thanksto thetwo formulas(B.19)and(B.21)computedin AppendixB.
All the threelearningschemesarestablefor reasonablequeuesize,underboth

traffic scenarios.Under uniform traffic, APSARA-B shows a much betterperfor-
mancethantheotherschemes,comparablewith anOQ,but this resultis not surpris-
ing, sincethenumberof exploredneighborsis very large (about1 millions) andits
computationalcomplexity is very large. For diagonaltraffic, we wereableto simu-
late only APSARA-Sandits performancearealmostthe worst amongall the other
algorithms.For diagonaltraffic, SERENA-B behaveswell, sinceit is ableto reduce
theproblemof schedulingto only thequeuesthatarereceiving arrivals.

Themainconclusionfrom all thesimulationresults,presentedin this chapter, is
thatthelearningapproachis quiterobustto severaltraffic patternsandswitchsize;the
differencein the performanceamongthe threelearningalgorithmspresentedis not
significantto saythatoneapproachis betterthantheothers.It is worthto mentionthat
the learningapproachis theonly ableto achieve performancecomparableto MWM
underany admissiblei.i.d. Bernoulli traffic pattern,andits performancecanbemuch
betterthanthe otherschedulingalgorithmso far presentedin literature(like iSLIP,
RPA, MUCS).

Of course,the choiceof a schedulerto implementin a real router requiresto
understandthe bestcompromiseamongthe sustainablecomplexity of the systems
(givenby theavailablehardwaretechnology)andthedesiredperformance.

Algorithm Generationof Weigh- Scalability
probe-matching booster

LAURA complex complex good
APSARA simple simple bad
SERENA simple complex good

Table4.5. Designcomparisonamongthethreelearningschemesconsidered
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We cannow refer to Table4.5 to highlight themain differenceamongthe algo-
rithms. The judgmentsabouttheir designis questionable,but they canbe usedas
reference.Note that the threelearningschemesdiscussedareonly threeexamples
of applicationof the learningapproach.Several otherschemes,satisfyingthe basic
propertiesdiscussedin Section4.1,canbeenvisaged,alsocombiningideasfrom dif-
ferentlearningschemes.We think that themostreasonablepartitionof theclassof
learningschemescanbedoneon thebasisof their scalability. A scalablescheduling
algorithm(like LAURA andSERENA) fits the designissuesof an accessrouteror
an enterpriserouter, with a very large numberof ports. A non-scalablescheduling
algorithm(like APSARA) suitsvery well the designof very fastswitcheswith low
numberof ports,likebackbonerouters.
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Chapter 5

Schedulingmulticast traffic

In a pure(no speedup)IQ switch, the main issueconcerningmulticasttraffic is the
capability of transferringa multicastcell in one time slot from an input queueto
possiblyseveraloutputports.To solvethisproblem,severalswitcharchitectureshave
beenproposed[35], whicharebasedeitheroninternalcopy networksor recirculating
lines,so thatmulticastcellsarereplicatedat inputsandtreatedlike unicastcells,or
onredundantswitchingpaths,thatallow theparalleltransferof multicastcellsto their
destinations.

Fromanarchitecturalpointof view, theavailability within theswitchof aswitch-
ing fabric with intrinsic multicastcapabilitiesis extremely importantto reducethe
costof multicasttraffic management.For example,switchingfabricsimplemented
with abusor acrossbaroffer thepossibilityof transferringacell from oneinput port
to many outputportsatnoextracost;thecell injectedinto theswitchingfabricby the
input port canreachany numberof outputportswithin onetime slot. We consider
in this chapterIQ andCIOQ cell-basedswitcheswhoseinternal fabricshave such
intrinsic multicastcapabilities.

Theproblemof schedulingmulticasttraffic in IQ switcheswasdefinedandmod-
eled in [59], usinga theorybasedon stochasticorderingandmajorization. In that
work, the optimal schedulingdisciplineis fully characterizedfor a switch with two
andthreeinput ports,basedon a queueingstructurewith only oneFIFO queuefor
eachinput. Largerswitcheswerenot considered,andno resultsaboutthemaximum
achievablethroughputwereprovided.

Severaltheoreticalstudies[20, 38,41,52]haveappeared,thatinvestigatethemax-
imumthroughputachievablewhenarrivalsof multicastcellsaregeneratedaccording
to a Poissonprocess,andrandomservicesof input queuesareassumed.Moreover,
cellsat theheadof input queuesareassumedto beserved independentlyacrossthe
differentinputs,aswell asfrom slot to slot. Thesemodelsshow that themaximum
normalizedthroughputfor IQ switchesunderuniform multicasttraffic is alwaysless
thanone,andthatit dependson themulticasttraffic distribution.

79



5 – Schedulingmulticasttraffic

In [11] themulticastschedulingproblemwasstudiedin its possiblevariants(see
section5.1),andits hardnesswasproved.Anotherprobleminvestigatedin [11] is the
integrationof unicastwith multicasttraffic, suggestingthetransferof unicastcellsto
their outputportswhenthemulticastscheduleleavesthoseidle, thustreatingmulti-
casttraffic asa differentclassfrom unicast.A greedyheuristicto schedulemulticast
traffic andto integrateunicastandmulticasttraffic is provided; its performancewas
studiedby simulationusing homogeneous(uniform over both inputs and outputs)
traffic patterns;this canbe a limit of the analysis,sincewe will show that only the
transferof non-homogeneousmulticasttraffic patternsis critical in anIQ switch.

A well-establishedresultin thefield of switchingis thata CIOQ switchwith in-
ternalspeedupequalto 2 canemulateanOQ architecture[22]. A commonbelief it
is that, by emulatingan OQ architecturein an CIOQ switch with speedupequalto
2, it is possibleto transfermulticasttraffic with no problem. However, this is not
true. Unicasttraffic hasa very “nice” property: to approachsaturationon all the y
outputportsof theswitch,it is necessaryto receivepacketsatall the y inputs.Thus,
underunicasttraffic, theinstantaneousaggregateloadof theswitchis alwayslessor
equalto thanthetotal admissiblecapacityof theswitch. On thecontrary, with mul-
ticasttraffic, packetsarriving at just oneinput canbring all theswitchoutputsclose
to saturation;this implies that whenall the switch inputsareactive, for sometime
periodsthe instantaneousaggregateswitch loadcanbe y timesthe total admissible
capacityof theswitch(considerfor examplethepossibilityof sequencesof broadcast
cellsarriving at all inputs); in otherwords,multicasttraffic, even if admissible,can
temporarily“flood” theswitch,andcannotbescheduledwith theapproachproposed
in [22].

In [74] a speedupequalto 2 wasproved to be sufficient to obtain the stability
of a CIOQ switch,providedthat themulticastflow satisfiessomeconditions,corre-
spondingto thefactthatthemulticasttraffic is well regulated,andcannot“flood” the
switchingfabric. This is a restrictive assumptionthat cannotbe assumedto hold in
general.

In this chapterwe considerpacket switches/routerswherearriving unicastand
multicast fixed- or variable-sizepackets are fragmentedinto fixed-sizecells, and
storedinto buffers at input ports. Cells are transferredfrom input to output ports
througha switchingfabric with multicastcapabilities,following a schedulingdisci-
pline thatmustavoid contention(no morethanonecell for IQ, and � cellsfor CIOQ
with speedup� , canbe extractedfrom an input port in onetime slot, andthe same
constraintsappliesto the numberof cells that canbe deliveredto an outputport in
onetimeslot).

The main goalsof this chapterare: i) to discussthe performanceachievableby
IQ andCIOQ switch schedulerssupportingmulticasttraffic, underany admissible
traffic pattern(i.e., undertraffic patternsthatneitheroverloadinputsnor outputs),ii)
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to definethe optimal multicasttraffic schedulingalgorithm,and iii) to devise low-
complexity multicasttraffic schedulingalgorithmsyielding goodperformance.As
a performancemetric we focus on the maximumthroughputachievable by an IQ
switch, or, in otherwords,on the minimum speeduprequiredin a CIOQ switch to
achieve thesamethroughputof anOQ switch. Preliminaryresultswerepresentedin
[5, 6].

In Sections5.1and5.2weintroducetheproblemof schedulingmulticasttraffic in
IQ andCIOQswitches.In Section5.3weproposeaninnovativequeueingarchitecture
usefulfor theoreticalconsiderationsandwe definetheoptimalmulticastscheduling
discipline. From the definition of the optimal multicastschedulingdiscipline, the
formal characterizationof the sustainablemulticasttraffic region naturally follows;
multicasttraffic is namedsustainableif it canbetransferredthroughtheswitchwith
sufficiently largefinite buffers. Then,in Section3.4.1we identify a classof “worst-
case”traffic patterns,i.e. traffic patternsthat lead to a minimizationof the switch
throughput,and,in Sections5.5 and5.6, we analyticallyprove that any scheduling
algorithmleadsto poorperformancewhenIQ andCIOQswitchesareloadedwith this
typeof traffic. Finally, in Section5.7,wedefineasimplegreedymulticastscheduling
algorithmwith low complexity andgoodperformance,andapplyit in oursimulation
study. To easea first readingof thechapter, mostanalyticalderivationsandtheorem
proofsweremovedto theAppendixes.

Theresultspresentedin thischapterarequiterelevant,sincethey show thatIQ and
CIOQ architecturesloadedwith generalmulticasttraffic patternsareinferior to OQ
architectures,contraryto the caseof unicasttraffic, for which IQ andOQ switches
wereprovedto beequivalent[22].

5.1 Multicast traffic

In thissectionwe introducesomebasicdefinitionsaboutmulticasttraffic scheduling,
andwe illustratetheswitcharchitectureconsideredin this chapter.

Unlessotherwisespecified,wereferto switcheswith y inputand y outputports,
whereall input andoutput lines run at the samedatarate. The switching fabric is
assumedto have intrinsic multicasting(andbroadcasting)capabilities,i.e., the cost
of transferringin a time slot a cell from oneinput to oneor moreoutputsdoesnot
dependon thenumberof destinations.

The averageamountof traffic at eachinput (output) is calledthe input (output)
load,andis measuredin cellspertimeslot. Wenormalizeinput (output)loadsto line
rates:a loadequalto 1 meansa fully utilized input (output)line (1 cell pertimeslot).
The traffic at the input of a switch is saidto beadmissibleif no input load is larger
than1, andnooutputloadis largerthan1. An input traffic is saidto besustainableif
it canbetransferredthroughtheswitch. Notethat,contraryto somepreviousworks,
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we definea load exactly equalto 1 to be admissible.Sinceadmissibility is related
to thegrowth of queuesoccupancieswith traffic, calledqueuestability, includingor
excluding a load equalto 1 in the admissibilityregion dependson the definition of
stability. We mainly referto Definition 2 of AppendixA.1 in thechapter, alsocalled
ratestability, hencewe includea loadequalto 1 in theadmissibilityregion.

Any multicastcell ischaracterizedby its fanoutset, i.e.,by thesetof switchoutput
ports(destinations)to which thecell is directed.Thecell fanout[41, 52] is defined
asthenumberof differentdestinationsof a multicastcell, i.e., thecardinalityof the
fanoutset.We saythata cell hasfanoutdestination) whenoutputport ) belongsto
the fanoutsetof thecell. A unicastcell hasfanoutone,andits fanoutdestinationis
theonly outputport to which thecell is destined.

5.2 Schedulingdisciplines

Sincewe considerswitchingfabricswith intrinsic multicastcapabilities,thecostof
the transferof onemulticastcell equalsthe costof the transferof oneunicastcell.
At eachtime slot, cellsstoredin input queuescontendto accesstheswitchingfabric
to reachoutput ports. The decisionaboutwhich cells can be transferredis made
by the switch scheduler, which implementsa schedulingdiscipline. The fact that
multicastcells have multiple destinationsimplies that someschedulingdisciplines
mayelectto transferin just onetime slot themulticastcell to all destinations,while
othersmay electto transferthe cell in several time slots,reachingnon-overlapping
andexhaustivesubsetsof destinations.In thelattercase,a partial serviceis adopted
whena cell reachesa subsetof its remainingdestinationswith its currenttransfer,
whereasa total serviceis adoptedwhena cell reachesall its remainingdestinations
with its currenttransfer. In thecaseof partialservice,the residue[41, 67] is defined
asthesetof fanoutdestinationsthathave not yet beenreachedaftera multicastcell
is transferredtowardsoutputports.Notethat,giventhefanoutsetof multicastcells,
thesameoverall residuecardinalityis generatedby any work-conservingscheduling
discipline. Eachschedulingdiscipline with partial serviceusesa specificway of
distributingor concentratingtheresidueamongall contendinginputs.

Thebasicstrategiesnormallyusedby theschedulingdisciplineare:w No fanoutsplitting – Any multicastcell is transferredthroughthe switching
fabriconce,only whenall fanoutdestinationscanbereachedin thesametime
slot. If any of thefanoutdestinationscannotbereachedbecausethemulticast
cell losescontentionfor anoutputport,thecell cannotbetransferred,andit will
contendagainin afuturetimeslot(normallythenext one).Thisstrategy is non-
work-conserving,sinceit mayhappenthatno cell is deliveredto anavailable
outputbecauseof contention.Thisdisciplinemayfavor cellswith smallfanout.
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w Fanoutsplitting [20, 41, 67, 81] – Multicast cells may be deliveredto output
portsoveranumberof timeslots.Only thosefanoutdestinationsthatcouldnot
bereachedin previoustimeslotsareconsideredin thenext timeslot.

In [11] it wasprovedthatthemulticastschedulingproblemis NP-hard,bothwith
andwithout fanoutsplitting.

In thecaseof fanoutsplitting,everypartialservicecausesanincreaseof theinput
load,leadingto performancepenalties.Indeed,whenfanoutsplitting is considered,a
cell is scheduledin anaveragenumberof timeslotsequalto � , with ��> Å . This fact
increasesthenumberof timeslotsnecessaryto schedulethecell transfersandthusei-
thertheinput loadmustbeloweredby thesamefactor � ( � canbeseenasa factorof
bandwidthreduction)or aminimuminternalspeedupequalto � is required.Thisper-
formancedegradationdueto excessivesplitting,whichgeneratesadditionalload,was
observedin [52]. If no fanoutsplitting is considered,thethroughputcandropto very
low values,sincein this caseanotherform of performancepenaltyis introduced,due
to the non work-conservingservice. A goodschedulingdisciplineshouldtherefore
find thebestcompromisebetweenthesetwo majorperformanceimpairment.

2,3 2,30,1 0,1

1,3 1,30,2 0,2

ρ0λ0

λ1

ρ1

ρ2

ρ3

Figure5.1. Traffic patternleadingtopoorthroughputwith bothfanoutandnofanout
splitting

The exampleshown in Figure5.1 givesan indicationof the problemsthat can
arisewith unfortunatebut admissibletraffic patterns.Inputsarefed with a sequence
of back-to-backcellsasshown in thefigure,with alternatingmulticastdestinations;
numbersinsidecellsshow their fanoutdestinations.This traffic is admissible;how-
ever, with multicasttraffic, the constraintsfor traffic sustainabilityarewell-defined
only for OQswitcharchitectures:noinputloadandnooutputloadmustbelargerthan
1. In otherwords,any admissibletraffic is sustainable.In the caseof IQ switches,
instead,while the bestschedulingdisciplinefor unicasttraffic cansustainthesame
loadof anOQ switch,it is easyto find a traffic patternfor which thebestscheduling
algorithmcannotreachthemaximumthroughput.

Using an OQ switch architecture,it is possibleto sustainthe consideredtraffic
patternsincethe load offered to eachinput andoutput is smallerthan or equalto
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one. Instead,with IQ switchesandthe bestfanoutsplitting strategy, z æQ  cells can
be scheduledin eachtime slot in the whole switch. This meansthat, on average,
for eachinput, z æ ã cells arescheduledin eachtime slot, so that eachcell requiresã æ z time slotsto be scheduled,andthe bandwidthreductionfactor is �¢¡7£Q¤�z#z . If
a no fanoutsplitting discipline is considered,the throughputdropsto £ æ#  . Thus,
with thesetupshown in Figure5.1, while an OQ switch cansustainthe considered
traffic patternuntil ¥/ó G £ and ¥§¦ G £ , where ¥ ö is theaveragenormalizedloadat
input � , IQ switchesmustimpose ¥ ó G©¨ ¤�$#ª and ¥.¦ G©¨ ¤�$#ª whena fanoutsplitting
disciplineis consideredand ¥/ó G+¨ ¤�ª and ¥.¦ G+¨ ¤Mª for no fanoutsplittingdisciplines.
We considerin this chapteronly schedulingdisciplineswith fanoutsplitting; indeed,
schedulingdisciplineswith no fanoutsplitting imply that a total serviceis always
adopted,whereasmulticastcellscanreceiveeithertotalor partialservicewith fanout
splitting schedulingdiscipline.

5.3 Optimal scheduling

In orderto beableto definetheoptimalschedulingpolicy from thethroughoutpoint
of view, we introducea particularbuffering scheme,which is an extensionof the
VOQ bufferingarchitectureusedfor unicasttraffic.

5.3.1 MC-VOQ queueingsystem

The choiceof the queuestructureobviously affectsthe schedulingdiscipline,since
the cells examinedin eachtime slot arealwaysa (small) subsetof all cells stored
at input ports. On the otherhand,the schedulingalgorithmis tailored to the cho-
senqueuearchitecture.Severaldifferentwaysof organizingthe input queuesystem
canbeenvisaged;recall thatundermulticasttraffic, buffer spacemaybeusedmore
efficiently by IQ switchesthanby OQ switches,in thesensethatany multicastcell
currentlyin theswitchcanbestoredusingonly onebuffer position.

In an IQ switch,whenunicastcells arestoredin just oneFIFO queueper input
port, the cell at the headof the queuecanblock the accessto the switchingfabric
of subsequentcells,leadingto thewell-understoodHead-of-the-Line(HoL) blocking
effect [39], which limits themaximumthroughputachievableby IQ switches.In the
caseof unicasttraffic only, the usualapproachto avoid HoL blocking consistsof
usingateachinputseparatequeuesfor eachoutput(thus y queuesperinput,and yJ«
queuesoverall); thisqueueingarchitectureis calledVirtual OutputQueueing(VOQ).

For multicasttraffic, HoL blockingcanbecompletelyavoidedusingateachinput
separateFIFO queuesfor eachoneof the ¬  �­¯® £�° possiblefanoutconfigurations.
Note that eachfanoutconfigurationidentifieswhat we call a multicastflow, the se-
quenceof cellsthatarriveatoneinputportof theswitchwith identicalfanoutset.We
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shall referto this queuearchitecturewith thenameMultiCastVirtual OutputQueue-
ing (MC-VOQ).The(unicastandmulticast)schedulingalgorithmconsidersonly the
cellsat theheadsof the  Q­t® £ FIFOinputqueues:only thosecellsmaybescheduled
for transferto outputports. Hence,the consideredschedulingalgorithm is a HoL
scheduler, i.e., it examinesonly cellsat theheadof eachqueue.

Notethatourdefinitionof HoL scheduler, althoughit assumesonly FIFOqueues,
henceno queuelook-ahead,doesnot prevent re-enqueueingan HoL packet to the
tail of a differentqueue.Indeed,in theMC-VOQ architecture,whena multicastcell
receivespartialservice,leaving a residue,we assumethatthatcell is dequeuedfrom
its currentqueue,andenqueuedin thelastpositionof theFIFO queuecorresponding
to theresidue.For example,if a cell with fanoutset ±  ³² ª ²�´¶µ canbetransferredonly
to output ª in the currenttime slot, it is dequeuedfrom the queuecorrespondingto
fanoutset ±  ¶² ª ²�´³µ andqueuedto theFIFO storingpacketsfor fanoutset ±  ³²�´³µ . The
above describedapproachcanleadto out-of-sequencedelivery of cellsbelongingto
thesamemulticastflow.

Although the MC-VOQ architectureentailsa very large numberof queues,it is
essentialin thedefinition of the optimalmulticastschedulingalgorithm,sinceMC-
VOQ allows themaximumpossiblethroughputto beachieved.Theuseateachinput
of a setof FIFO queuesis todaystandardin high-performanceswitchesandrouters:
theper-flow andper-classqueueingarchitecturesarecommonexamplesof this type
of queuearchitecture.TheMC-VOQ architecturediffers from thesequeuearchitec-
turesonly becauseof theneedfor  Q­·® £ queuesat eachinput; this may impair the
switch feasibility, but the complexity of the queueingschemeis the price that has
to bepaidto completelyeliminateHoL blocking.We consideralsoa per-flow queue
architecturein thischapter, whendefininganovelheuristicmulticastschedulingalgo-
rithm, namedMulticastGreedy, thatprovidesgoodperformancein severalsimulation
scenarios.

5.3.2 Switch description

In this sectionwe definethe optimal schedulingdisciplinefor an IQ switch with a
MC-VOQ queueingarchitecture.Our methodologyis basedon the approachused
in [9, 56, 62, 92]. We first introduceour notationandsomeuseful relations. The
queueingarchitectureis assumedto beMC-VOQ.Let ¸ bethesetof inputports,and¹

thesetof outputports.Let º�» bethetotal numberof queues,º�»J¼½º�¬  Q­¾® £�° .
We define ¿�À asthe row vectorof queuelengths(occupancies)at time Á , i.e.,¿�À�¼ÃÂ�¿�À	Ä ÅÇÆ ² ¿�À�Ä Å4È ² ¤h¤h¤ ² ¿�À�Ä Å4ÉQÊ@Ë , being ¿�À	Ä Å thelengthof queueÌ .
Arrivalsat switchinputsaredescribedthrougha stochasticprocessÍ , which is a

sequenceof arrival vectorsÍÎÀÏ¼ÐÂFÑ%À�Ä ÅÒÆ ² Ñ%À�Ä Å4È ² ¤h¤Ó¤ ² Ñ%À�Ä Å4É Ê Ë ; Ñ%À�Ä Å is thenumberof cells
arriving at queueÌ duringtime slot Á . Ô�À�¼©Â�Õ%À�Ä ÅÒÆ ² Õ%À�Ä Å4È ² ¤h¤h¤ ² ÕÖÀ	Ä Å É�Ê Ë is thedeparture
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vector: ÕÖÀ	Ä Å is thenumberof cellsleaving queueÌ duringtimeslot Á .
We assumeÑ%À�Ä Å�×K± ¨Ø² £ µ and Õ%À	Ä Å�×K± ® £ ²�¨Ø² £ µ . The ® £ valueof Õ%À�Ä Å is quite

unusual,but it is necessarywhen,dueto fanoutsplitting,only apartof thefanoutset
of acell is switched,sothattheresiduemustbebufferedatthequeuecorrespondingto
theremainingfanoutdestinations,asdiscussedabove. If acell is partially transferred
from queueÌÚÙ , andmustbere-enqueuedinto queueÌÜÛ , then Õ%À�Ä ÅHÝ@¼Þ£ and Õ%À�Ä Å�ß?¼ ® £ .

Thequeuelengthevolution is describedby therelation

¿�À�àá¦,¼¢¿�ÀÎâ·ÍÎÀ ® Ô�À Áäã ¨
We assume¿�å"¼ ¨ .

Let æèçÙ bea binary row vectorof size º�¬   ­ ® £�° , i.e. æèçÙ ¼0ÂFæèçÙéÄ ÅÒÆ ² ¤Ó¤h¤ ² æ�çÙ�Ä Å8É�Ê Ë ,
with æ çÙ�Ä Å ¼ £ if f queue Ì storescells from input ê . Similarly to æ çÙ , let æèëÛ ¼ÂFæ�ëÛìÄ ÅÇÆ ² ¤h¤h¤ ² æèëÛìÄ Å ÉQÊ Ë , with æ�ëÛìÄ Å ¼ £ if f output í is includedin the fanoutset of the

cellsstoredin queueÌ . Let æ ç ëÙ�Û ¼îæ çÙðï æ�ëÛ , where ï denoteslogical and; theele-
mentof thebinaryvector æ ç ëÙ�Û correspondingto queueÌ is 1 if f Ì storespacketsfrom
input ê anddestinedalsoto í . If ñ is avector, let òó¬4ñ�° beavectorialoperatorwhich
outputsa vector ô (with thesamesizeof ñ ) whose � -th elementò.õ is equalto the
stepfunctionappliedto ö	õ , i.e., òáõ is equalto 1 if ö	õø÷ ¨ , otherwiseòáõð¼ ¨ .

Thetechnologicalconstraintsin theswitchingfabricaredescribedby thefollow-
ing linearinequalities:

¨�ù æ�çÙ ÍÎúÀ ù £ (5.1)¨�ù æ çÙ òT¬4Ô úÀ ° ù £ (5.2)¨�ù æ çÙ òó¬ ® Ô úÀ ° ù £ (5.3)¨�ù æ ëÛ òT¬4Ô úÀ ° ù £ (5.4)¨�ù æèç ëÙ�Û ÔÏúÀ ù £ (5.5)

for ê�×½¸ , í�× ¹ and Á¢ã ¨ . Equation(5.1) meansthat at mostonemulticastcell
can arrive at eachinput during a time slot; (5.2) meansthat at most one cell can
be forwardedfrom eachinput; at most one cell can be re-enqueuedinto a queue,
accordingto (5.3); (5.4) meansthat at most one cell is sent to an output at each
time slot; by (5.5), eachcell which receivesa partial serviceis moved to a queue
correspondingto a fanoutsetwhich is a subsetof theinitial one.Indeed,(5.5)states
thatthreecasesarepossible:i) nomulticastcell with destinationí is transferredfrom
input ê , sothat æèç ëÙ�Û ÔÏúÀ ¼ ¨ ; ii) onemulticastcell is transferredfrom input ê to outputí , so that æ�ç ëÙ�Û ÔÏúÀ ¼û£ ; the cell transfereither reachesall destinations,or leavesa
residue,but the latter doescompriseoutput í ; iii) onemulticastcell is transferred
from input ê to a subsetof its destinations,which doesnot includeoutput í , so that
the cell must be re-enqueuedat the input queuecorrespondingto its residue,and
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æ ç ëÙ�Û Ô úÀ ¼Ã£ ® £�¼ ¨ . By lookingatall outputsof thiscell, weseethatre-enqueueing
takesplaceonly ataqueuereferringto outputsthatwerenotreached,henceataqueue
correspondingto a fanoutsetwhich is a subsetof theinitial one.

Table5.1. Exampleof MC-VOQqueueingsystemin aswitchwith ü©ýNþ
Queue Input FanoutsetÌÓå 0 0Ì�¦ 0 1Ì « 0 0,1ÌÓÿ 1 0Ì�� 1 1Ì�� 1 0,1

For example,in thecaseº ¼   , with ¸ ¼ ¹ ¼ ± ¨³² £ µ andthe fanoutsetof the
queuesdescribedby Table5.1,wehave:

æ ç¦ ¼ÃÂc£�£è£ ¨�¨�¨ Ë ² æ ç« ¼îÂ ¨�¨�¨ £�£è£ÚË ² æ�ë¦ ¼2Â £ ¨ £�£ ¨ £ÓË ² æ�ë« ¼îÂ ¨ £�£ ¨ £è£ÓËæ ç ë¦Ò¦ ¼îÂ £ ¨ £ ¨�¨è¨ Ë ² æ ç ë¦ « ¼2Â ¨ £�£ ¨�¨�¨ Ë ² æ ç ë« ¦ ¼îÂ ¨�¨è¨ £ ¨ £ÓË ² æ ç ë«Ò« ¼2Â ¨�¨�¨�¨ £�£ÓË4¤
5.3.3 Admissible region

Thearrival vectorat time Á , ÍÎÀ is a realizationof a stochasticprocesscharacterized
by therow vector

�
, whoseelementsaretheaveragearrival ratesat queues:����� ÂFÍ�À�Ë

We defineinput traffic to be admissiblewhenneitherinput nor outputportsare
overloaded.With the notationthat we introducedbefore,input portsarenot over-
loadedif:

¨�ù æ çÙ � ú ù £ 	§ê,×�¸ (5.6)

In a similarway, outputportsarenotoverloadedif:

¨Ïù æ ëÛ � ú ù £ 	Øí × ¹ (5.7)

Note that (5.6) and(5.7) arenecessarybut not sufficient conditionsfor the rate
stabilityof anIQ switch,while they guaranteethestabilityof anOQ switch.

Thesetof vectors
�

satisfying(5.6)and(5.7) formstheadmissibleregion 
 for
input traffic.
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5 – Schedulingmulticasttraffic

5.3.4 Thr oughput definition

The switch throughput is usually measuredat output ports. The instantaneous
throughput�#À ¬ í¶° atoutputport í at time Á , andtheaveragethroughput�.¬ í¶° atoutput
port í aredefinedasfollows:

�#À ¬�í¶° �¼¢æ ëÛ òT¬4Ô úÀ °
�.¬�í¶° �¼ � Â
�#Àá¬ í¶°ÇË

Whenthe fanoutsetof arriving cells is uniformly distributedover outputs,and
traffic is admissibleanduniformly distributedover input andoutputports, if queue
occupanciesremainfinite, thethroughputcanbecomputedas��¼ ��¥
where� is theaveragefanoutof inputcells,and ¥ is thecell arrival rateateachinput
port.

5.3.5 Optimal schedulingand capacity region

The schedulingof multicasttraffic in an IQ switch canbe formalizedasa convex
analysisproblem.

Referring to the stochasticversion of Lyapunov stability [9], the maximum
throughputof theswitchcanbeobtained,asdemonstratedin AppendixA.1, by solv-
ing thefollowing optimizationproblemat eachtimeslot Á :

Ô��À ¼������ ±��������� ±	Ô�À	¿ úÀ µ%µ (5.8)

subjectto constraints(5.2), (5.3), (5.4)and(5.5). Ô �À definestheoptimalscheduling
choiceat time slot Á . We call max-scalardiscipline the schedulingalgorithmthat
selectsÔ �À ateachtimeslot Á . Theproofof theoptimalityof themax-scalardiscipline
is reportedin AppendixA.1.

For a given ¿�À , the traffic patternsthat satisfy the following relationguarantee
thatqueuelengthsremainbounded� ¿ úÀ ù Ô �À ¿ úÀ (5.9)
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5.4–K-complex traffic definition

Hence,suchtraffic patternsaresustainable.As shown in AppendixA.1, to satisfy
(5.9),thearrival ratevector

�
mustlie within theconvex hull generatedby all possible

departurevectorsÔ�� õ! , i.e., thearrival ratevector
�

mustbesuchthat:� ¼�" õ$# õhÔ � õ! (5.10)

subjectto %'& õ # õ�¼Þ£¨�ù # õ ù £ 	�� (5.11)

The set of all arrival rate vectors
�

that satisfy the above expressionsdefinesthe
capacityregion ( for multicasttraffic in anIQ switch.Thecapacityregioncontainsall
arrival ratevectorsfor whichthequeuesof theIQ switchremainfinite. Theexamples
andthe theoremsin Section5.5 prove that the capacityregion is strictly internalto
the admissibleregion. It is worth observingthat for OQ switchesthe two regions
coincide.

The implementationof the max-scalarschedulingdiscipline requiressolving a
linearprogrammingproblemat eachtime slot, but a numericalsolutionis extremely
complex becauseof thehugenumberof possibledeparturevectorsÔ�� õ! , which cor-
respondsto the numberof possibleswitchingconfigurations.In AppendixA.2 this
numberis computed,andresultsarereportedin Table5.2. Notethevery fastgrowth
of theproblemcomplexity.

Table5.2. Numberof possibledeparturevectorsin anIQ multicastswitch
Numberof ports Numberof switchingconfigurations) £+*, £#¤-*/.r£10 �2 3 ¤ , ) £10Q« �£ ´ 3 ¤54³£è£10�6 å

Startingfrom the definition of the admissibleregion 
 andof the capacityre-
gion ( , wecanformally definetheminimumspeedupto sustainall admissibletraffic
patternsin anIQ switch:7�8

ÙMÀ�¼9���:� % ;=<?>@BADCEA ­ % £F � ×G( ² 	 � ×H
 ² 	@ºJIKI (5.12)

5.4 K-complextraffic definition

In this sectionwe describea multicasttraffic patternwhich provesto be critical for
IQ switches;this traffic patternwill beusedlaterin this chapterfor thegenerationof
numericalresultscharacterizingtheperformanceof IQ switches.
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5 – Schedulingmulticasttraffic

Weintroducethefollowing definitions:L ¹ ¼Þ±NM�õ µ is thesetof switchoutputports; � ¹ �	¼½ºPO"¼ ºL ¸�¼=±�ê8õ µ is thesetof switchinput ports; �F¸���¼ ºrÙ@¼½ºL ÍRQ½¸ is thesetof activeswitchinput ports,i.e., input portswith cellswaiting
to beswitched; � Í �Q¼ ºTSLJU ¼ ±�V1W µ is the requestsetof (multicast)cellswaiting to beswitchedat input
queuesL ÔXWá¼Þ±�ÕYW�õ µ is thesetof destinationsof the Z -th cell waiting to beswitchedL ÔXW 8 Q ÔXW is the setof destinationsof the Z -th cell that arereachedwith the[ -th transferof the Z -th cell throughtheswitch(in thecaseof fanoutsplitting);\ 8 Ô�W 8 ¼½ÔXW , and ÔXW 8^] ÔXW�Àr¼`_ ² 	 [ba¼+Á

Wenow describea particularclassof multicasttraffic patterns,which is essential
for our results.

Definition 14. A requestset U is said c -complex, with1 � ×Gd , � ÷�£ , if:

1. � cellsarequeuedat eachactive input ÑYW�×:Í ;

2. � cellsaredirectedto eachoutput M�W@× ¹ ;

3. for eachsub-setof U comprising � cells,a destinationexists to which all the
cellsin thesubsetaredirected.

Table5.3reportsanexampleof a2-complex requestsetfor a ´Pe ´ switch,where
only inputs ê8å and ê @ areactive.

Table5.3. Exampleof a2-complex requestsetfor a fhgif switchwith 2 active input
ports

Input Fanoutsetsê8å ±NM	å ² M @ ² M « µ ±NM�å ² M	ÿ ² M�� µê @ ±NM @ ² M�ÿ ² M�� µ ±NM « ² M�� ² MN� µ
In an º e º switchwhereºTS inputportsareactive,with º ¼kj õ ­mlõon and ºTSøã ) ,

a � -complex requestset U of size �ØºTS canbegeneratedwith thefollowing algorithm:
1In this chapterp denotesthesetof nonnegative integers,q denotesthesetof realnumbers,andqmr denotesthesetof non-negativerealnumbers.
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5.4–K-complex traffic definitionL Step1. Assignthefirst s cells in U to thefirst input, theseconds cells to the
secondinput,andsoon,until thelast s cellshavebeenassignedto input ºTS .L Step 2. Form all the possibleº ¼ j õ ­ lõon differentsub-setsof U whosesize
is s , andcreatean arbitraryinjective correspondencefrom subsetsof cells to
destinations.L Step 3. To eachcell in U assignall the destinationsthat correspondto sets
containingthecell itself.

For eachcell, theresultingfanoutis equalto j õ ­ l!t @õ t @ n ¼ ­­ l .
Definition 15. A requestset Uiu is calledgeneralized-c -complex, with st×Hd , s ÷¢£ ,
if it containssØºPS cells independentlyextracted,possiblywith repetitions,from a s -
complex requestset.

Note that a generalized-s -complex requestset satisfiesCondition 3 of Defini-
tion 14,but doesnotnecessarilysatisfyConditions1 and2, sincethenumberof cells
queuedat eachactive inputanddirectedto eachoutputcanbedifferentfrom s . Note
alsothe conflictsbetweencells in a generalized-s -complex requestsetarenot less
thantheconflictsin thecorrespondings -complex requestset.

Givena requestset,wecandefinetwo typesof traffic patterns:L stochastic traffic patternsare obtainedby offering at switch inputs requests
randomlyandequallylikely extractedfrom therequestsetat a ratedependent
on thedesiredload;L persistenttraffic patternsareobtainedby periodicallyofferingatswitchinputs
all therequestsof therequestset;theorderat which requestsareofferedat the
inputsmustmeetthefollowing constraints:

– at mostonerequestis offeredat any input in a timeslot;

– all the requestsin the requestset areofferedat inputs in the minimum
numberof timeslots,i.e., in anumberof timeslotsequalto themaximum
numberof cellsthatarriveat any input or aredestinedto any output.

For example,if U is a s -complex requestset,the traffic patternobtainedby re-
peating U at switch inputsevery s time slots is calledpersistents -complex traffic
pattern.

It is importantto observethatapersistents -complex traffic patternimpliesa load
of input andoutputportsequalto 1.
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5 – Schedulingmulticasttraffic

5.5 Traffic sustainability conditions: preliminary re-
sults

In this sectionwe presentthreeoriginal resultsconcerningthe sustainabilityregion
of anIQ switchwith multicasttraffic.

Theorem 9. Thereexistadmissibleinputmulticasttraffic patternsthat leadto 100%
throughputin OQswitches,underwhich IQ switchesusinga nofanoutsplittingpolicy
providea throughputthat candrop to zero if thenumberof portsgrowsverylarge.

Proof. We consideran (OQ or IQ) switch with ºTS active input ports receiving a
persistent2-complex multicasttraffic pattern.

An OQ switcharchitecturecantransfersØºPS packetsevery s ¼ )
time slots,i.e.,

anaverageof ºTS packetspertimeslot,andcanthussustainany admissibleload;this
is thecasefor thepersistenttraffic patternthatweareconsidering.

Onthecontrary, in anIQ switchusinganofanoutsplittingpolicy, underthesame
persistent2-complex traffic pattern,at mostonecell canbe scheduledin eachtime
slot. Thus, the throughputfor IQ switcheswith no fanoutsplitting is £�vÓºPS of the
throughputfor OQswitches,andthusdropsto zerowhen ºTS grows indefinitely.

Theorem 10. Thereexistadmissibleinputmulticasttraffic patterns,underwhich the
maximumsustainablethroughputfor an IQ switch usinga fanoutsplitting policy is
lessthanor equalto 0.5.

Proof. To provethetheorem,wepresentacasein whichthemaximumloadperinput
shouldbelessthanor equalto 0.5for theIQ switchto bestable.

We considera large size IQ switch loadedwith a stochastics -complex traffic
pattern,in which only s input ports are active, and the offered load, measuredas
the averagenumberof cells arriving at eachinput during eachtime slot, is w . The
effectiveservicerateof eachinputqueue,measuredastheaveragenumberof packets
transferredfrom eachqueue,is x . It is necessarythat w�!yx to guaranteethesystem
stability, in thesensethatall queueoccupationsarekeptfinite.

In eachtime slot, at most one multicastpacket can be completelytransferred,
due to the propertiesof s -complex traffic (the completetransferof two packets in
thesametime slot would leadto a conflict on theoutputport to which bothpackets
aredirected).As a consequence,thefanoutof mostpacketsmustbesplit in at least
two partsby any work-conservingscheduler. Thus,at eachtime slot, at mostone
packetcanbecompletelytransferred,andnomorethan s ® £ packetscanbepartially
transferred.Hence,the maximumnumberof packets transferredin eachtime slot
cannotexceed z

¼Ã£ â s ® £)
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5.6–Traffic sustainabilityconditions:mainresults

wherethe partial transferof a packet whosefanout is split in two countsas half
packet transfer, sincetwo time slotsarerequiredto completelytransferthe packet.
Theeffectiveservicerateperinput port canthenbewrittenas:xJ¼ z v{s�¼ £s â s ® £) s ¼ s â £) s

Since x+÷$0Ø¤5. and | ; �õ~}�� x·¼�0Ø¤�. à , thestability conditionrequiresthat w ù 0Ø¤5. .
NotethatTheorem10canbereferredalsoto switchingarchitectureswith internal

speedup,i.e.,to CIOQarchitectures:theminimumspeeduprequiredto achieve100%
throughputunderany admissibletraffic patternin CIOQ switchesis not lessthan2
for largeswitchsize.

5.6 Traffic sustainability conditions: main results

In thissectionwestateourmainresults,whichconcerntheminimumspeedupneces-
saryto schedulea s -complex traffic pattern.WethusconsiderCIOQswitches,which
provideaninternalspeedup,andfirst focusontheminimumnumberof slotsrequired
to transferfrom theinputsto theoutputsof aswitchall thecellsbelongingto arequest
set.We call timeframea setof contiguoustime slots.Theorem16 of AppendixA.3
shows that,givena s -complex requestset U with � U �§¼�sØºPS , for any finite integer
7
ã ) , thereexistsaninteger º�å suchthat, 	øºTS ÷+º�å , it is not possibleto schedule

all thecellsin U with a framelengthsmallerthan

7 s .
This importantresultcanbe immediatelyappliedto the generalclassof frame-

basedschedulers,but will alsobelaterusedto show propertiesof slot-by-slotsched-
ulers.

In switchesadoptinga frame-basedscheduler, a fixed numberof time slots is
groupedinto a frameof fixed length,say � time slots,at both inputsandoutputs.
Assumingthat the switch operateswith speedup

7
(we assume

7
to be an integer,

for the sake of simplicity), the schedulerworks on an internal frameof length

7 �
timeslots(notehowever that,dueto theinternalspeedup,theinternalframeduration
in time units coincideswith the input and output frame duration). The scheduler
allocatestimeslotsof theinternalframefor thetransferof multicastcellsconsidering
thestateof inputqueuesat thebeginningof theframe.Theschedulingconstraintsare
thatno morethanonecell canbescheduledfrom any input andto any outputduring
eachtimeslotof theinternalframe.Theschedulingproblemis in thiscasecalledtime
slot assignment, andit is formally definedin AppendixA.3. Frame-basedschedulers
canhave interestingapplications,sincethey mayfostera simplersolutionthanslot-
by-slot schedulerto schedulingtraffic with strict QoSguaranteesin IQ switches.It
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5 – Schedulingmulticasttraffic

canbeshown that thesetof all framebasedschedulersis equivalentto thesetof all
slot-by-slotschedulers,providedthatslot-by-slotschedulersintroduceanadditional
delayequalto theframelength.

Thefollowing theoremis a rephrasingof Theorem16 in AppendixA.3.

Theorem 11. Considera switch with ºTS active inputs loadedby a persistent(or
stochasticat load 1) s -complex traffic pattern,such that � U �§¼�sØºPS . For anyfinite
7

, there existsan integer º�å such that 	¢ºTSä÷ ºrå no frame-basedschedulercan
transferall thecellsat theinputqueueswithin oneinternal frameof size

7 s .
Theorem11 is not a proof that a frame-basedschedulercannotachieve 100%

throughputundera persistents -complex traffic patternin the caseof finite frame
size: the switch operateson a sequenceof frames,andonemay conjecturethat a
requestthat cannotbe accommodatedin a given framecanbe transferredin subse-
quentframesatnoextracost,i.e.,without increasingthedurationof thesesubsequent
frames.We conjecturethat this is not thecase,i.e., that100%throughputcannotbe
achieved undera s -complex traffic pattern,but we wereunableto obtaina formal
proof for generalschedulers.However, when s grows to infinity, Theorem11 in-
deedprovesthat a frame-basedschedulercannotachieve 100%throughputunderas -complex traffic pattern.Moreover, in Theorem12 we provide a proof of theabove
throughputlimitation for aparticularclassof slot-by-slotschedulers.

Sincetheclassof framebasedschedulersis equivalentto theclassof slot-by-slot
schedulers(exceptpossiblyfor delays),Theorem11 alsoimplies that IQ andCIOQ
switchesimplementinga slot-by-slotHoL schedulingalgorithm,when s grows to
infinity, and,asa consequence,alsotheswitchsizegrows to infinity, cannotachieve
100%throughput.

For finite size switches,Theorem11 appliesdirectly to periodic (CBR) traffic
with boundeddelayrequirements:thereexistsa persistenttraffic patternthatcannot
be scheduledin large sizeIQ andCIOQ switcheswith any finite speedup,meeting
the delay constraints. This meansthat the deployment of large size IQ or CIOQ
switchescanleadto performancedegradationsfor real-timeapplicationswith QoS
requirements.

Consideringthat a generalized-s -complex requestsetdoesnot reduceconflicts
betweencellswith respectto thecorrespondings -complex requestset,thefollowing
Corollaryimmediatelyfollows from Theorem11:

Corollary 6. Considera switchwith ºPS activeinputswherea persistentgeneralized-s -complex traffic patternis enqueued,such that � Uiu �á¼�sØºPS . For anyfinite

7
, there

existsan integer º�å such that 	 ºPSø÷¯º�å it is notpossibleto scheduleall thecellsat
input queueswithin an internal frameof size

7 s .
We can now go back to slot-by-slotHoL schedulers.Rememberthat we call

multicastflow the sequenceof cells that arrive at oneinput port of the switch with
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5.7–Greedymatchingalgorithm

identicalfanoutset.A HoL flow-blocking scheduleris anHoL slot-by-slotscheduler
which doesnot allow interleaving of cellsbelongingto thesamemulticastflow; i.e.,
the(possiblypartial)transferof the ê -th cell of flow � is enabledonly afterthetransfer
of all precedingê ® £ cells of the sameflow � hasbeencompleted.This solution
seemsquitereasonableif in-sequencedeliveryof datamustbeguaranteed.Notethat
aFIFOHoL flow-blockingschedulerpreventscell re-enqueueing,whichwasinstead
assumedin ourMC-VOQ architectureof Section5.1.

Wecannow stateourmainresultaboutslot-by-slotschedulingof multicasttraffic.

Theorem 12. Considera switch with ºTS active inputs loadedby a persistent s -
complex traffic pattern,such that � U �.¼ks³ºTS . For anyfinite speedupvalue

7
, there

existsan integer ºrå such that 	øºTSt÷Ãº�å no HoL flow-blocking schedulerachieves
100%throughput.

Proof. Thetheoremcanbeprovedby contradiction;supposethatthereexistsa HoL
flow-blockingschedulerthatachieves100%throughputwith speedup

7
undera per-

sistents -complex traffic pattern.This implies that,on average,thetransferof
) sØºTS

cells is completedwithin two internal framesof total length
) s 7 time slots. Then,

theremustexist a pair of internal framesof length
) s 7 in which the transferof at

least
) sØºPS cells is completed(seeLemma11 in AppendixA.3). Sincethescheduler

is HoL flow-blocking,nomorethan sØºTS cellsmaybesimultaneouslyhandledby the
scheduler;thus,of the

) sØºPS cellswhosetransferis completedwithin a pair of inter-
nal framesof length

) s 7 , at least sØºTS have beencompletelytransferredwithin the
consideredpairof internalframes(thefirst sØºTS completionsmayreferto cellswhose
transfermay have startedbefore the beginning of the consideredpair of frames).
However, sinceany setof sØºPS cells belongingto a s -complex requestset forms a
generalized-s -complex requestset,for Corollary6, they cannotbecompletelysched-
uledin a framewhoselengthis lessor equalto

7 s .
While Theorem11 provided only an asymptoticindicationof the impossibility

for slot-by-slotschedulersof achieving 100%throughput,Theorem12 confirmsthis
limitation for finite sizeswitchesonarestrictedclassof slot-by-slotschedulers.Note
howeverthattherestrictionof aFIFOserviceof multicastcellsbelongingto thesame
flow seemsquite reasonablefor a wide rangeof applications,and in particularfor
real-timemultimediatraffic streams,suchasvideo,sound,andvoice.

5.7 Greedymatching algorithm

In this sectionwe proposea simpleheuristicmulticastschedulingalgorithm,whose
behavior approximatesthat of the optimal schedulingalgorithm defined in Sec-
tion 5.3,andweassesstheperformanceof theheuristicalgorithmby simulation.
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The relevanceof simple heuristicschedulingalgorithmsfor multicasttraffic is
largely dueto the fact that the optimal schedulerdefinedin Section5.3 is way too
complex for practicalimplementations,sinceit requires¬ ) ­�® £�° queuesateachinput
anda complex re-enqueueingalgorithmof partially served (dueto fanoutsplitting)
multicastcells. Any partial serviceof a multicastcell implies the re-enqueueingof
the samecell at the input queuecorrespondingto the cell residue. This doesnot
guaranteein-sequencedeliveryof packetsthroughtheswitch.

The proposedheuristic schedulingalgorithm is basedon a per-multicast-flow
queueingarchitecture,whereeachqueueis associatedwith a multicastflow, hence
with oneinput port anda setof outputports,thosetowardwhich themulticastflow
is directed. The proposedheuristicschedulingalgorithm is an HoL flow-blocking
scheduler, thusbelongsto theclassof schedulersconsideredin theprevioussection.
Whena multicastcell is partially served,it remainsat theheadof its queue,andwill
contendfor the residualsetof destinationsin the next time slot, thusblocking the
following cellsof thesameflow (HoL blockingthusexistswithin a multicastflow).
In this case,in-sequencepacket delivery throughtheswitchis guaranteed.

5.7.1 Multicast scheduling

Theheuristicmulticastschedulingalgorithmweproposeis namedMulticastGreedy.
It usesasmetricthenumberof cellsin input queues.

The schedulerhandlesa list of multicast-flow queues,sortedby queuelengths,
i.e., by the numberof cells storedin eachqueue. At eachtime slot, all input and
outputportsare initially unselected. The schedulerorderly examinesall queuesof
unselectedinput ports,startingfrom the longestqueue.The cell at the headof the
examinedqueueis scheduledfor a (possiblypartial) transferfrom thecorresponding
unselectedinput port to all the unselectedoutputportsbelongingto its fanoutset.
The input port andoutputportschosenin this stepbecomeselected. Thealgorithm
iteratestheaboveprocess,by orderlyexaminingall queuesof unselectedinputports,
until either all output ports are selected,or no more non-emptyinput port queues
exist. All the scheduledcells canbe transferredacrossthe switchingfabric to their
destinationsselectedby theschedulerin onetime slot, dueto the intrinsic multicast
capabilityof theswitchingfabric.

The schedulertries to transfereachscheduledcell toward the largestpossible
numberof outputports.If anoutputport is in thefanoutsetof thescheduledmulticast
cell andit is unmatched,it is selectedasamatcheddestinationin thecurrenttimeslot,
andit is subtractedfrom thefanoutsetof theconsideredcell.

The complexity of the algorithm dependson the maximumnumberof queued
multicastflows,andon theefficiency in keepinganorderedstructureamongqueues.
Notethat,at eachtime slot,at most

) º queueschangetheir lengthsby oneunit (due
to º arrivalsandto º departures);thisfactcanbeexploitedto designefficientsorting
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techniques.Moreover, ateachtimeslot, thealgorithmrequirestheinspectionof onlyºJ« queues(thelongestonefor eachinput-outputpair), independentlyof thenumber
of activemulticastflows.

5.8 Simulation study

5.8.1 Traffic patterns for simulation experiments

Table5.4. Quasi-2-complex multicastrequestsetfor a �!f�g��!f switchwith ü S ý��
Input Fanoutsetsê4å ±NM�å ² M @ ² M « ² M�ÿ µ ±�M+� ² M�� ² MN� ² M�� µê4å ±NM�� ² M 6 ² M @ å ² M @�@ µ ±�M @ « ² M @ ÿ ² M @ � ² M @ � µê @ ±NM�å ² M�� ² MN� ² M @ « µ ±�M @ ² M�� ² M 6 ² M @ ÿ µê @ ±NM « ² MN� ² M @ å ² M @ � µ ±�M�ÿ ² MN� ² M @�@ ² M @ � µê « ±NM�å ² MN� ² M @ å ² M @ � µ ±�M @ ² M�� ² M @�@ ² M @ « µê « ±NM « ² M�� ² MN� ² M @ ÿ µ ±�M�ÿ ² M+� ² M 6 ² M @ � µê4ÿ ±NM�å ² MN� ² M 6 ² M @ « µ ±�M @ ² MN� ² M @ å ² M @ ÿ µê4ÿ ±NM « ² M�� ² M @�@ ² M @ � µ ±�M�ÿ ² M�� ² MN� ² M @ � µ

We usedstochastictraffic patternsin simulationexperimentsto assessthe per-
formanceof theMulticastGreedyheuristicalgorithm. Thesetraffic patternsarede-
scribedby a requestset,comprisinga list of multicastflows, eachidentifiedby an
input port anda fanoutset. Unicastflows areconsideredasa specialcaseof multi-
cast,with fanoutequalto one. In general,only a subsetÍ of theswitch input ports
canbeactive, i.e.,originateat leastamulticastflow, in agiventraffic pattern.

Weconsideredthreerequestsets:L s -complex requestset,asdescribedin Definition14;L quasi-2-complex requestset: it refersto a £ ´�e £ ´ switchwith ºTSð¼ , , andthe
multicastflows areshown in Table5.4; it is somehow similar to a

)
-complex

requestset,but is adaptedto asmallswitchsize;L randomrequestset: thenumberof flows,and,for eachflow, theinput port, the
fanout,andthefanoutsetarerandomlyanduniformly selected;moreprecisely,
in our simulationexperiments,the ratio betweenunicastandmulticasttraffic
wasrandomlyselectedbetween0.5and1.5,andthenumberof multicastcells
at eachactive input wasrandomlyselectedbetween0 and4.
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5 – Schedulingmulticasttraffic

We usedstochastictraffic patterns,hence,oncethe requestset is defined,dur-
ing a simulationexperimentcells arerandomlygenerated,choosinguniformly and
independentlyamongthe flows comprisedin the requestset. The threeconsidered
stochastictraffic patternsaretherefore:L s -complex ( � õ ): this is oneof themostcritical traffic loadsfor theswitch,and

it canbedefinedonly for very largeswitchsizes;L quasi-2-complex ( � » ): this traffic patternis similar to a s -complex traffic pat-
ternwith s ¼ ) , but it refersto asmallswitch;L random( ��� ): contrary to the two previous traffic patterns,that were con-
structedso as to be difficult to schedule,this traffic patternis consideredas
anexampleof a traffic thatis muchsimplerto schedule.

During our simulationexperiments,theloadofferedto theswitchis chosento be
equalto thelargestloadwhichasymptoticallyavoidsoverloadingtheinputs:this load
valuewasfoundwith anheuristicsearchingprocess,runningsimulationexperiments
at differentloads.

Simulationexperimentswererun until theconfidenceinterval of theestimateof
the averagethroughputfor eachdestinationreachedwith probability 0.95a relative
width smallerthan3%. The estimationof theconfidenceinterval width is obtained
with thebatchmeansapproach.Eachqueueis assumedto havefinite capacity, equal
to 1000cells.

5.8.2 Simulation results

Table5.5. Throughputfor � « trafficºTS º Max Throughput) ´ 0Ø¤ ´ 4�*, )�2 0Ø¤�. 2{22 £ ) 0 0Ø¤�. ) ££ ´ , * ´ 0Ø¤ , 4�*3/) ) 0Ø£ ´ 0Ø¤ , 3 4´ , 2 £ )�2 0Ø¤ , 0/.£ )�2 3/) ´ , 0 0Ø¤ 3 4 2) . ´ £ 3 0 2 £ ´ 0Ø¤ 3 .{.
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Table5.6. Throughputfor � õ traffic andfixed ü S ý��s º Max Throughput) £ ) 0 0³¤�. ) £3 ) 0 ) , 0³¤ 3 * ´, 3 .�* ´ 0 0³¤ 3{3 ,. ´ . 2 0{0 2 0³¤ ) * ´
Table5.5showsthroughputresultsfor a2-complex traffic pattern�ð« , for different

switchsizesandnumbersof active inputs ºPS . Thethroughputcanbeobservedto de-
creaseastheswitchsizeincreases.For ºTSèã=£ ´ , throughputvaluesarelessthan0.5;
this is an indicationof the fact that,usingour multicastgreedyheuristicalgorithm,
a speeduplargerthan2 is necessaryto transfera 2-complex multicasttraffic pattern.
RememberthatOQ architecturescansustainany s -complex traffic pattern,but they
requireaspeedupequalto thenumberof input/outputports º .

Table5.6reportsthroughputvaluesfor afixednumberof activeinputports, ºTSð¼2
, andvariables , for a s -complex traffic pattern� õ . For increasings , thethroughput

canbe seento decreaseconsiderably. This is againan indicationof the fact that a
significantspeedupmaybenecessaryto transfers -complex traffic patterns.

With the quasi-2-complex traffic pattern � » , baseduponthe requestsetof Ta-
ble 5.4,we obtaineda throughputequalto 0Ø¤5. ´ ) , in thecaseº ¼ £ ´ , ºPS�¼ ,

; this
throughputvalueis lower thantheoneobtainedfor ºTS�¼ ,

anda 2-complex traffic
pattern,ascanbe seenby Table5.5. Although this resultmay seemstrange,since
the s -complex traffic patternwasdefinedasa worst-casescenario,anexplanationis
possible.Defineanoperator����¬���° whichgivestheprobabilitythat Õ cells(randomly
chosenfrom different inputsundertraffic � ) have at leastonedestinationin com-
mon, i.e., that they arein conflict, andthuscannotbe completelytransferredin the
sametime slot. ����¬��è° canbe seenasa measureof the ‘dif ficulty’ of schedulingÕ
cells in thesametime slot, sincewhen Õ cellsarein conflict, their transfermustbe
split amongat least Õ different time slots; ����¬��è° is alsoa degreeof ‘similarity’ to
the Õ -complex traffic pattern. Note that, given the definition of a s -complex traffic
pattern ����¬�� õ ° ¼�% £ for £ !¯Õ ù s0 for Õ ÷ys

For the quasi-2-complex traffic scenario,� « ¬�� » °t¼�0³¤5* ) , ��ÿ	¬�� » °t¼�0³¤ ) . and����¬�� » °è¼$0³¤50 ´ 3 . The fact that � « ¬�� » °Î¼$0Ø¤-* ) would imply that � » is slightly less
difficult to schedulethana 2-complex traffic pattern,but since ��ÿ	¬�� » °r¼�0Ø¤ ) . , � »
hasa non negligible probability of behaving like a 3-complex traffic pattern,thus
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beingmoredifficult to schedulethan � « . This is an indicationof the fact thatother
multicasttraffic patterns,differentfrom the considereds -complex, exist, which are
extremelydifficult to schedulein IQ switches.

Wealsoinvestigatedby simulationtheswitchthroughputfor thetraffic pattern���
in a £ ´�e £ ´ switch,whenall inputportsareactive,andtheofferedtraffic is composed
partlyby unicasttraffic andpartlyby multicasttraffic; theratiobetweenthemulticast
andunicastofferedload is a randomvariableuniformly distributedbetween0Ø¤�. and£#¤5. . Theunicasttraffic is uniform acrossinput andoutputports;themulticasttraffic
is uniform acrossinputs,thefanoutof everymulticastcell is selectedat random,and
destinationsarerandomlychosenwith uniformdistribution. Over200randomtraffic
patterns� � werestudied;for all of them,our heuristicgreedyalgorithmreachesat
least99%throughputat eachoutput.

Fromtheobservationof simulationresultsit is possibleto concludethat,for some
multicasttraffic patterns,IQ switchesprovide very goodperformance.This implies
thatthesimpleheuristicschedulingalgorithmproposedin thischaptercanbeconsid-
eredasaviablesolutionto schedulemulticasttraffic in IQ switches.

Notethat,for thesetof consideredrandomtraffic patterns,weobtained0Ø¤50�0 2 , ù� « ¬�� � ° ù 0³¤50 ) £�. and 0³¤50{0�0 ´�ù ��ÿ�¬�� � ° ù 0Ø¤-0{0Ø£ 3 . The low degreeof similarity tos -complex traffic shown by therandomlychosentraffic patternis not a surpriseand
is anindicationthattheformerof traffic is peculiar. However, theexistenceof traffic
patternsthat leadto very low throughputvaluesin IQ switchesremainsa significant
andimportantresult.
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Chapter 6

Schedulingvariable-sizepackets

6.1 Input queuedpacket switches

Thelogicalarchitecturefor anIQ packetswitchis shown in Fig.6.1.At eachinputan
Input SegmentationModule(ISM) segmentsthe incomingpacket into cells. PLS is
theexternalpacket line speed.ISMsoperatein store-and-forwardmode,areequipped
with enoughmemoryto storea maximum-sizepacket, and start the segmentation
processonly afterthecompletereceptionof thepacket.

Thecells resultingfrom thesegmentationaretransferredto thecell-switchinput
at a speed(calledILS) equalto the line speedPLS incrementedto accountfor seg-
mentationoverheads.The capacityof eachinput queueat thecell-switchis limited
to ¡£¢¥¤§¦ , hencelossescanoccur. We assumethat the entirepacket is discardedif
the input queueof the cell-switchdoesnot have enoughfree spaceto storeall the
cells deriving from the segmentationof the packet whenthe first of thesecells hits
the queue. This is clearly a pessimisticassumption,but hasthe advantageof ease
of implementation,andof avoiding the transmissionof incompletepacket fractions
throughtheswitch.

1

N

IQ cell switch

losses

switching fabr ic

ILS

1
PLS

ISM ORM
ILS PLS

1 packet FIFO

ORM
ILS PLS

N packet FIFO
ILS

N
PLS

ISM

Figure6.1. Logicalarchitecturefor anIQ packet switch
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The cell-basedswitching fabric transferscells from input to outputqueues,ac-
cordingto a schedulingalgorithm.Thesecellsaredeliveredto theOutputReassem-
bly Module(ORM) at speedILS. Herepackets(i.e., IP datagrams)arereassembled.
In general,cellsbelongingto differentpacketscanbeinterleavedat thesameoutput,
hencemorethanonereassemblymachinecanbeactive in thesameORM. However,
at mostonecell reacheseachORM in a slot time, henceat mostonepacket is com-
pletedat eachORM in a slot.

Oncea packet is complete,it is logically addedto anoutputpacket queue,called
packet FIFO in thefigure, from which packetsaresequentiallytransmittedonto the
output line. Note that the packet FIFO functionality is typically implementedby
imposinga sequentialtransferfrom the suitableORM to the output line of all the
cells belongingto thesamereassembledpacket. No internalspeedupis requiredto
supportISM andORM, but for compensatinginternaloverheads.

In thecaseof IQ packet switchesusingpacket-modescheduling,it is possibleto
further simplify the switch structure,andto improve its performance,by enforcing
additionalconstraintson the schedulingalgorithm. Indeed,cells belongingto the
samepacketarecontiguousin theinputqueueof theinternalIQ cell-switch.By using
packet-modescheduling(describedin thefollowing Section6.1.1)cellsbelongingto
thesamepacket arekeptcontiguousalsoin theoutputqueue,andtheORM modules
areno longernecessary(or at mostoneper outputis used). In this casethe logical
architecturecould besimplified by removing both theORM moduleandthe output
packet FIFO from Fig. 6.1. SinceeachORM operatesin store-and-forward mode,
henceintroducesa delayequalto thepacket size,thedelaysthroughtheswitch are
reducedat leastby apacketduration.Wewill notconsiderthispossibilityany further
in theremainderof thechapter, sincetheremoval of thepacketFIFOcanbeachieved
only if no formatconversionis requiredto transmitthepacket on theoutputlink, a
quiteunrealistichypothesis.

6.1.1 Packet-modeschedulingalgorithms

Packet-modeschedulingalgorithmsintroducetheadditionalconstraintof keepingthe
cellsbelongingto thesamepacket contiguousalsoin outputqueues.To achieve this,
the schedulingalgorithmmustenforcethat,oncethe transferthroughtheswitching
fabricof thefirst cell of apackethasstartedtowardsthecorrespondingoutputport,no
cellsbelongingto otherpacketscanbetransferredto thatoutput,i.e., whenaninput
is enabledto transmitthe first cell of a packet comprising s cells, the input/output
matchmustpersistfor thefollowing s ® £ slots.

This is equivalentto having aninfinite weightonthecorrespondingedgeof graph¨
until all thecellsbelongingto thepacket aretransferredto theoutputport. Note

that no conflicts canarisebetweeninfinitely-weightedconnections,sinceno more
thanonecell canreacha givenoutputin oneslot, hencetwo connectionsdirectedto
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6.1–Inputqueuedpacketswitches

thesameoutputcannotsimultaneouslyhaveaninfinite weight.
We proposeto extend the four consideredschedulingalgorithmsto operatein

packet-mode.Theonly complexity increasein theimplementationis to addaboolean
variableat eachinput to flag over-prioritized connections.Logically, maximalsize
matchingalgorithmsmustoperateon ternaryweights

æ?Ù�Û ¼ ©ª« ª¬
0 if ñ ¹ ¡øÙ�Û is empty£ if ñ ¹ ¡øÙ�Û is non-empty­ if apacket is beingtransferredfrom ñ ¹ ¡øÙ�Û

6.1.2 Stability of packet-modescheduling

ConsideranIQ packet switch,andsupposethatall input packet lengthsaremultiples
of someunit lengthcalledUL (UL maycorrespondto abit, abyte,or acell). Consider
thesystemof discrete-timequeuescomprisingall input queuesof thepacket switch.
Thediscretetime unit correspondsto a continuoustime incrementequivalentto UL.
Let Á bethediscretetimevariable.

We assumethat customerscorrespondto cells to be transferredfrom input to
outputports.SinceweconsideranIQ switch,eachelementÕ ÙÀ of thedeparturevectorÔ�À , canonly assumethevalues0and1 	§ê and	§Á . Thearrivalof apacketcorresponds
to thearrival of a groupof customers,whosecardinalityequalsthepacket lengthin
UL units. Therefore,Ñ ÙÀ canbe larger than1. However, if the traffic is admissible,� ÂFÑ ÙÀ Ë ù £ , 	§ê .

Let ®ÒÀ�×Rd à be a non-defective sequenceof regenerationinstants(or stopping
times)for theevolution of thesystemof queues,i.e., for any ®ÒÀ , theevolution of the
systemfollowing ®ÒÀ is conditionallyindependentof theevolutionof thesystembefore®ÒÀ giventhestatē±°²®ÒÀ/³ ; moreover, ´ÓÀ�¼9®ÒÀhà @¶µ ®ÒÀ .
Definition 16. An IQ packet switch follows a renewalMWM scheduleif at each
stoppingtime ®ÒÀ a new switchingconfigurationis selectedaccordingto theoutcome
of a MaximumWeightMatching(MWM) algorithmwhoseweightsareproportional
to queuelengths,andtheswitchingconfigurationis keptconstantuntil ®ÒÀ�à @ .
Definition 17. An IQ packet switch follows an incremental MWM scheduleif at
eachstoppingtime ®ÒÀ anew matchingis selectedaccordingto theoutcomeof aMWM
algorithmwhoseweightsareproportionalto queuelengths.Betweentwo consecutive
stoppingtimes ®ÒÀ and ®ÒÀ�à @ , partialupdatesof theswitchingconfigurationareallowed.
Thesereconfigurationsareperformedaccordingto theoutcomeof aMWM algorithm
whoseweightsareproportionalto queuelengths,operatingon a subsetof input and
outputports.

Lemma 5. An IQ packet switch following a renewal MWM scheduleis stableunder
anyadmissiblei.i.d. input traffic pattern ÍÎÀ such that

� ÂFÍ�À�ÍÎúÀ Ë�! ­ 	§Á .
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Proof. The evolution of the systemof discrete-timequeuesin the IQ packet switch
is representedby a DTMC whosestateis definedby the vector of queuelengths¿X· � ; betweenconsecutivestoppingtimes,thesystemevolutionsatisfiesthefollowing
equation:

¿X· �:¸ Æ ¼¢¿X· � âº¹ � t @" »½¼ å °BÍ¾· � à » µ Ô�· � à » ³
Note thatall Ô�¿ � à »ÁÀ ê�!Â´ÓÀ refer to the samematching;however, they neednot

be all equal,sincesomequeuescheduledfor transmissionat time ®ÒÀ may become
emptybeforethe next stoppingtime. If this happens,no packet canbe transferred
from emptyqueues.

By usingtheLyapunov function ñ±°B¿X¿ � ³ÄÃ¢¿X¿ � ¿Jú¿ � :�ÂÅ ñ�°B¿X¿ �Æ¸ Æ�³i��¿�¿ ��Ç µ ñÈ°H¿X¿ � ³ÉÃÃ �ËÊ ) ¹ � t @" »½¼ å °BÍ¾¿ � à » µ ÔX¿ � à » ³Ç¿ ú¿ � â ¹ � t @" »Ì¼ å °HÍ�¿ � à » µ Ô�¿ � à » ³ ¹ � t @" »Ì¼ å °HÍ¾¿ � à » µ Ô�¿ � à » ³ úÎÍ
Thus,undertheassumptionthat

� ÂFÍ�À�ÍÎúÀ Ë is finite (which correspondsto assuming
finite packet lengthvariances),sincealso

� Â�Ô�¿ �Æ¸ ÝHÔÏú¿ �:¸ Ý Ë is finite:| ; �Ï²Ð � Ï }�� � Â�ñ±°H¿X¿ �:¸ Æ�³i��¿X¿ � Ë µ ñ±°H¿X¿ � ³Ñ!Ò ¿ � Ñ Ã | ; �Ï²Ð � Ï }�� ) � Â-Ó ¹ � t @»½¼ å °HÍ¾¿ � à » µ Ô�¿ � à » ³ Ò ú¿ � ËÑ!Ò ¿ � Ñ
Definenow ÔXÔKÃÂÓ ¹ � t @»Ì¼ å Ô�¿ � à » µ ´�ÕQÔ�¿ � ; asnotedbefore,this differenceis due

to thefactthatsomequeuesmaybecomeemptybeforechangesin theswitchconfig-
uration.Thus:� Â-Ó ¹ � t @»Ì¼ å °BÍ¾¿ � à » µ Ô�¿ � à » ³ Ò ú¿ � ËÑ!Ò ¿ � Ñ Ã � ÂÖÓ ¹ � t @»Ì¼ å Í¾¿ � à » Ò ú¿ � µ ´�ÕQÔX¿ � Ò ú¿ � µ ÔXÔ Ò ú¿ � ËÑ!Ò ¿ � Ñ

Wald’s Lemma[96, × 2-13] can be applied,since ®�Õ is a sequenceof stopping
times,thereforeobtaining:�±Ø Ó ¹ � t @»Ì¼ å Í¾¿ � à » Ò ú¿ � µ ´�Õ#Ô�¿ � Ò ú¿ � µ ÔXÔ Ò ú¿ �NÙÑ!Ò ¿ � Ñ Ã �±Ø ´�Õ Ù ° ��Ø Í�Õ Ù µ Ô�¿ � ³ Ò ú¿ � µ ��Ø ÔXÔ Ù Ò ú¿ �Ñ!Ò ¿ � Ñ
Note that

�±Ø ÔXÔ Ù Ò ú¿ � ã µiÚ �±Ø ´�ÛÕ Ù , sinceat most Ú componentsof Ô�Ô canbe non-
null, no componentof ÔXÔ canexceedthevalue ´�Õ , and,finally, a componentof ÔXÔ
can be non-null only if the correspondingqueuelength at time ®�Õ is smaller than
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6.1–Inputqueuedpacketswitches´�Õ . Moreover, for eachadmissibleloadandnon-nullqueuelengthvector, °�Ü Ø
Ý Õ Ù µÞXß � ³ Ò�àß � !á0 asprovedin [65]. Thus:| ; �Ï²Ð � Ï }�� Ü ØÖâ ° Ò ß �:¸/ã ³ä� Ò ß � Ù µ â ° Ò ß � ³Ñ!Ò ß � Ñ ÃÃ | ; �Ï²Ð � Ï }�� ) Ü Ø ´�Õ Ù °åÜ ØæÝ Ù µ Þ�ß � ³ Ò àß � µ ) Ü Ø Þ Ô Ù Ò àß �Ñ!Ò ß � Ñ ÃÃ ) Ü Ø ´�Õ Ù | ; �Ï²Ð � Ï }�� °åÜ ØæÝ Ù µ Þ�ß � ³ Òçàß �Ñ!Ò ß � Ñ ! µ Ü Ø ´�Õ Ùéè
Lemma 6. An IQ packet switch following an incrementalMWM scheduleis stable
underanyadmissiblei.i.d. input traffic pattern

Ý Õ such that Ü Ø
Ý Õ Ý à Õ Ù ! ­ ê�ë .

Proof. The proof can be easily obtainedby applying the sameLyapunov function
usedin Lemma5.

Consideran IQ packet switchwith a givenpacket arrival processrunningan in-
crementalMWM schedulerwith stoppingtimes ì+®�ÕDí . A particularrenewal MWM
schedulercanbe definedunderthe samei arrival processandwith the samesetof
stoppingtimes.Thelatterscheduleris stabledueto Lemma5.

Sincefor thetwo schedulerswehave thesamesetof stoppingtimes,we get:¹åî t @ï »Ì¼mð Þ�ñß î1ò » Ò ß î�ò »¥ó ¹åî t @ï »½¼mð Þ�ß î1ò » Ò ß î�ò »
where

Þ ñß î�ò » is thedeparturevectorat time ®�Õ�ô�õ for theincrementalMWM schedule,
and

Þ�ß î1ò » is thedeparturevectorfor therenewal MWM schedule.

Definition 18. An IQ packet switch follows a packet MWM schedule if a new
switchingconfigurationis selectedaccordingto a MWM algorithm,whoseweights
areproportionalto queuelengths,whenevereither:ö all packet transmissionsendat thesametime,orö all thequeuesselectedfor transferbecomeempty.

Definition 19. An IQ packet switchfollowsa packet incrementalMWM schedule
if: ö whenevereitherall packet transmissionsendat thesametime,or all thequeues

selectedfor transferbecomeempty, a new switchingconfigurationis selected
accordingto a MWM algorithm, whoseweights are proportional to queue
lengths,asin apacket MWM schedule;
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6 – Schedulingvariable-sizepacketsö whenever somequeuesselectedfor transferbecomeidle (i.e., either they are
empty, or packet transmissionsend)a partial updateof the switchingconfig-
urationis allowed,accordingto anMWM algorithmamongidle ports,whose
weightsareproportionalto queuelengths.

Lemma 7. Consideran IQ packet switch, following eithera packet MWM schedule,
or a packet incrementalMWM schedule, whoseinput traffic is formedby variable
lengthpacketswith i.i.d. randomsize. Packet sizesare expressedin integer multiples
of UL. Assumethat the average packet sizeis ÷ and the packet sizevarianceis ø�Û
(bothbeingfinite). Assumethat thetransmissionof packetsfromall queuesselected
by theMWM algorithmstartsat thesametimewith exactly thesamerate. Consider
thesequenceof instants®�Õ at which either the transmissionof all thepacketsat the
headof the selectedqueuesendsat the sametime, or all selectedqueuesbecome
empty. Thesequenceof stoppingtimes ®�Õ is non-defective, i.e., ´�ÕGÃ�®�Õ òúù µ ®�Õ are
such that Ü Ø ´�Õ Ù¥ûýü and Ü Ø ´�ÛÕ Ù¥ûáü .

Proof. For simplicity, assumethat the packet1 lengthdistributionsat all queuesare
aperiodic,i.e.,themaximumcommondivisorof all possiblepacket lengthsexpressed
in UL is equalto 1. Theproof canbeeasilyextendedto thecaseof periodicity. For
simplicity weconsiderhereaswitchoperatingaccordingto apacketMWM schedule,
but thetheproof canbeeasilyextendedfor a switchoperatingaccordingto a packet
incrementalMWM schedule.

We supposethatswitchqueueshave infinite length,so thatwe neglect theprob-
ability that switch queuesbecomeemptyneartraffic saturation;thus,we obtainan
overestimateof Ü Øæþ Õ Ù and Ü ØÖþ ÛÕ Ù , sinceÿ�Õ aredefinedby only thesequenceof instants
in which transmissionof all thepacketsat theheadof theselectedqueuesendsat the
sametime.

Eachsequenceof instantsatwhich transmissionsof packetsendatqueue� forms
adiscrete-timeaperiodicrenewal pointprocess,thanksto theindependenceof packet
lengths. Thus, for Blackwell’s theorem[96, × 2-19], the averagenumber Ü Ø����Õ Ù of
packetswhosetransmissionsendatqueue� attime ë satisfiesthefollowing equation:�����Õ
	�� Ü Ø
� �Õ Ù Ã £ ÷ (6.1)

However, no morethanonepacket transmissioncanendat eachqueueat eachtime
(assumingnopacket is of lengthzero);thus Ü Ø����Õ Ù equalstheprobabilitythatapacket
ends: Ü Ø�� �Õ Ù Ã�����ì transmissionendsat time ë andatqueue� í

1Note that thestatedefinition in our analysischangesfrom numberof cells to numberof packets
in theremainderof thechapter.
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Limit (6.1) implies that, for any integer � � £ , thereexistsan instant ë � suchthat,ê�ë � ë � : ����ì transmissionendsat time ë andat queue� í�� £� ÷ ���
Theprobabilitythatat instant ë thetransmissionof packetsat theheadof all queues
selectedfor transmission(betheirnumber��� ) endscanbeeasilycomputed,sinceno
correlationexistsamongqueuesbehavior. Thus,given � , for ë � ë � , ê � :����ì all tx endat time ë í�� ����� � ù ����ì tx endsat time ë andat queue�úí!�� ����� � ù £� ÷ � £" � ÷$# ��� �%�

Considernow thesequenceof instantsÿ'& at whicheitherall packet transmissions
end,or selectedqueuesbecomeempty. The sequenceÿ'& forms a renewal process;
thusBlackwell’s theoremapplies:����ì all tx endat time ë í(�`Ü*) � &,+�� £Ü-) þ &.+
whereÜ-) � &,+ is theaveragenumberof regenerationsat time ë ; since��� ì all tx endat time ë í����
weobtain Ü-) þ &.+ ûyü .

To prove that also Ü-) þ./& + û�ü , considerall packets transmittedfrom queue �
betweentwo subsequentregenerations;let 0 bethenumberof suchpackets,and 132
betheir lengthsexpressedin UL. Wecanwrite:Ü-) þ /& +54ºÜ / ) þ &,+���Ü 6798;:ï 2 � ù " 1<2=4�Ü*)�1<2>+?#A@ /CBD ��`ÜFE :ï 2 � ù " 1 /2 4ºÜ / )�1<2>+?#HG�ôJÜ 6II7 :ï 2 � ù :ï J � ùJLK� 2 " 132M1 J 4�Ü-)N1<2O1 J +P# BRQQD
The secondterm in the sumcanbe easilyshown to be null by conditioningon the
valueof 0 ; it canthusbeeliminated.As aconsequence:Ü*) þ /& +�4ºÜ / ) þ &,+S�`Ü E :ï 2 � ù 1 /2 G 4 :ï 2 � ù Ü / )�1<2>+

107



6 – Schedulingvariable-sizepackets

andby Wald’s Lemma,sinceregenerationpointsarestoppingtimesfor thesequence1<2 : Ü-) þ /& +T4�Ü / ) þ &,+��9Ü-)�0�+éÜ*)�1 / +�4ºÜ*)
0�+=Ü / )N1<2U+��`Ü*)
0�+ ø /
Being Ü*)
0�+ finite (otherwiseÜ-) þ &.+ wouldbeinfinite), it resultsÜ*) þ /& + ûáü .

Wecannow stateourmainresult.

Theorem 13. Any IQ packet switch following either a packet MWM scheduleor a
packet incrementalMWM scheduleis stronglystable, providedthatö theinput traffic is admissibleö the input traffic is formedby variable length packets with i.i.d. randomsize

havingfinite averageandvarianceö the transmissionof packets from all queuesselectedby the MWM algorithm
startsat thesametimewith thesamerate.

Proof. The proof is quite straightforward from Lemma5 (for packet MWM sched-
ulers), or Lemma 6 (for packet incrementalMWM schedulers),and Lemma 7,
sincethe assumptionsof Theorem13 satisfy the conditionsunderwhich Lemma7
holds.

Note that in Section6.1.1andin our simulationexperimentswe do not consider
thepacketMWM schedulesof Theorem13. Weinsteadadoptaconstrainedcontinu-
ousheuristicmatching, i.e.,in everyslot,matchingheuristicsareusedto approximate
a MWM on thesub-graphof V in which busy inputsandoutputsareremoved; this
is however quite similar to the packet incrementalMWM schedule. Theorem13
provesthat the packet MWM algorithmguaranteesstability, andshows at the same
time that any matchingalgorithmthat is not inferior to packet MWM alsoguaran-
teesstability. While we couldnot prove that theconsideredconstrainedcontinuous
heuristicmatchingis not inferior to packet MWM, the simulationresultsshown in
Section6.3will not exhibit instabilitiesevenfor theconstrainedcontinuousheuristic
matchingapproach,with theexceptionof iSLIP, which heuristicallyemulatesMSM
algorithms.
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6.1.3 Delayof packet-modescheduling

Therelationbetweentheaveragepacket delayvaluesin packet-modeandcell-mode
schedulerscanbeunderstoodwith thehelpof a simplifiedqueuingmodel.

We focuson oneoutputport,andon packetsdirectedfrom thedifferentinputsto
thatoutputport, andconsideronly thepacket delaycomponentdueto virtual output
queuing(thusdisregardingtheeffect of segmentationandreassemblymodules).To
estimatethepacket delaywith aqueuingmodel,wealsohave to disregardtheoutput
conflictsin theswitch;thus,ourestimateswill bereasonablyaccurateonly for low to
mediumtraffic loads. The transfertowardtheoutputport correspondsto thepacket
service,andpacketsaremodeledascustomersrequiringavariableamountof service.
As afurthersimplification,wedescribethepacketarrivalprocessattheswitchingress
with aPoissonprocess,without takingcareof overlappingingresstimes.

Thissimplifiedsettingcorrespondsto anM/G/1 queue,wherecell-modeschedul-
ing canbeparalleledto processor-sharing(PS)or round-robin(RR)service,sinceall
packetsdirectedto the consideredoutputaresimultaneouslyserved (againbecause
of low traffic), andpacket-modeschedulingcanbeparalleledto FIFO service,since
eachpacket is servedseparately, with no interleaving of cellsof differentpackets.

We know from queueingtheorythattheaveragedelay W-)NXZYT[.+ , in thecaseof PS
service,is: W-)NX\YT[]+S�_^ W-)�`a+b 4 ^
whereW-)�`a+ is theaverageservicetimeand ^ is thequeuetraffic (or utilizationfactor).
Instead,for anM/G/1 queuewith FIFO service,weknow that:W*)�XZc�dAcTe�+S� ^ W*)
`f+b 4 ^hg b ôji /kl
wherei k is thecoefficientof variationof theservicetime.

Note that W-)NXZYT[]+ is equalto the averagedelay in an M/M/1 queuewith FIFO
service,sothat W-)NXZYT[.+3�hW*)�XZc�dAcTe�+ for negativeexponentialdistribution of packet
lengths(thatis for i k � b

).
We definethe packet-modegain, denotedV , as the ratio betweenthe average

packetdelayexperiencedwith cell-modeschedulingandtheaveragepacketdelayex-
periencedwith packet-modescheduling.As notedbefore,in our simplifiedanalysis
theseaveragepacket delaysreferonly to thewaiting time in input queues,not com-
prisingthedelaysdueto segmentationandreassembly. Fromthesimplifiedqueuing
model, V canbeestimatedas: Vm� lbon i /k
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Figure6.2. Logical architecturefor aFIFO-OQpacket switch

Thus,theanalyticalmodelpredictspacketdelaygainsfor packet-modeschedulingin
the caseof packet lengthdistributionswith small variance( i k û b

), whereascell-
modeschedulingis expectedto provide lower packet delayswhenthepacket length
varianceis large( i k � b

).
Notethatsimilar resultscouldhave beenobtainedby modelingcell-modeopera-

tion with grouparrivals,andby interpretingindividualcustomersascells,andgroups
aspackets.Packet delayswould in this casebeequivalentto groupdelays.

6.2 Output queuedpacket switches

Fig. 6.2 shows the logical architectureof a FIFO-OQpacket switch. Packetsarrive
at input portswherethey aresegmentedby ISM modules,similarly to whathappens
in IQ routers.Thecellsobtainedwith thesegmentationaresentto thecell-switchat
speedILS, andareimmediatelytransferredto theoutputqueuesof thecell-switch,
thanksto a speedupequalto � in theswitchingfabric. Lossesmayoccurat output
queues,whosecapacityis limited to � gqpsr<tvu for eachqueue.

Fromtheoutputqueuesof thecell-switch,cellsaredeliveredat speedILS to an
ORM modulefor reassembly. Oncea packet is completed,it is queuedto a packet
FIFO queuesimilar to whatwasseenfor theIQ case.

In a FIFO-OQ packet switch cells belongingto different packets can be inter-
leaved in outputqueues.Whena cell at theoutputof theswitchingfabric doesnot
find roomin theoutputqueueof thecell-switch,it mustbediscarded.Theothercells
belongingto the samepacket of the discardedcell may be in the outputqueue,or
alreadyin theORM. We assumeto beunableto identify anddiscardtheothercells
in the outputqueue:thosecells will be discardedby the ORM module,which has
knowledgeof theexistenceof thepacket. This meansthatcellsbelongingto packets
thatsufferedpartiallossesunnecessarilyusesystemresources.
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The IQ architecturehasthe advantagethat all the cells belongingto the same
packet arecontiguousin input queues,wherelossesoccur. In the FIFO-OQ case,
lossesoccurin queueswherecellsof differentpacketsareinterleaved.

To copewith this problem,althoughit would be possibleto identify otherdis-
cardpolicies,we consideran alternative architecturenamedVIQ-OQ. Referringto
Fig. 6.2, a VIQ-OQ packet switch canbe obtainedby droppingtheFIFO queuesat
theoutputof theOQ cell switchandby moving theORM machinesinternallyto the
OQ cell switch.TheORM queuestake therole of Virtual Input Queues:at eachout-
put,adifferentqueueis availableto storepacketsreceivedfrom differentinputs.This
modificationreducesthedelayin theOQ architecture;moreover, cell lossesarenot
spreadthroughseveralpacketsastypically occursin FIFO-OQswitch.

6.3 Simulation results

To evaluatethe performanceof IQ switchingarchitecturesby comparisonwith OQ
architecturesandto validateouranalyticalmodels,weconductedanumberof simula-
tion experiments.Weonly reporthereselectedresultsfor packet switcheswith equal
numbers( � ) of input/outputinterfaces,assumingthatall input/outputline ratesare
equal,andthatonly unicasttraffic flows arepresent.

We assumedfinite queuesizesin the simulationmodels. For IQ switches,each
input queuew�x p J 2 hasfinite length psr<tvu ; whenacell directedto output y arrivesat
input z , andqueuew{x p J 2 is full, thecell is lost. No buffer sharingamongqueuesat
thesameinput port is allowed. For FIFO-OQswitches,eachFIFO queuehasfinite
lengthequalto � g|p�r<tvu , for VIQ-OQ switcheseachqueuehasfinite lengthequal
to psr<tvu andno buffer sharingamongqueuesat thesameoutputport is allowed.

We areinterestedin analyzingtheperformanceof packet-modeschedulingwith
respectto cell-modeschedulingin IQ architecturesmorethanin comparingIQ with
OQ architectures,whichareconsideredandplottedasa reference.

6.3.1 Traffic scenarios

Our simulationmodelsdo not explicitly describethe arrival of IP datagramsat the
packet-switchinputs. We insteadmodelthearrival of cell burstsat the inputsof the
internalcell-switch.Thesecell burstsoriginatefrom thesegmentationof apacket.

Thecell arrival processat input z , }�~ J��� , is characterizedwith a two-stateON-OFF
model.Whentheinputport is in theON state,apacket is beingreceived.Thenumber
of slotsspentin theON state,i.e., thesizein cellsof thepacket, is a discreterandom
variable� J 2 for packetsdirectedfrom input z to output y . No cellsarereceivedin the
OFF state. The numberof slotsspentin the OFF stateis geometricallydistributed
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with average��������� " b 4��S#C�M� . Theparameter� is setsoasto achieve thedesired
input load.

We considerthe following threetraffic scenarios,which are describedthrough
their corresponding� (definedin Section3.1)and �\Y matrices.�!Y derivesfrom � ,
throughall the � J 2 randomvariables.Let usstartto definetheaveragepacket arrival
rate, denotedby � YJ 2 . If ÷ J 2 is theaveragepacketsize(in cells)for w�x p J 2 , � J 2��y÷ J 2�� YJ 2 .
Similarly to � J 2 , it is normalized� YJ 2 andthendefinedthe normalizedpacket arrival
ratematrix �ZY���)�� YJ 2 + .
Uniform packet scenario. In this case� ~ J 2 � �h� ~ J 2 �Y � b �O� /

, ��zC� y (uniform traffic).
Packet lengthsareuniformly distributedwith lengthsrangingbetween1 and
192cells. Themaximumpacket sizecomesfrom theMaximumTransmission
Unit (MTU) of IP over ATM, which is equalto 9188 octets(9140 octetsof
userpayload,and

l � n�l � octetsof TCPandIPv4 headers,to which 8 octets
areaddedfor LLC/SNAP encapsulation).AAL5 thenturns9188octetsinto
192ATM cells. Numericalresultsfor this scenariowill be shown in thecase��� b
�

.

Spottedpacket scenario. In this case,anunbalancedloadis generatedtowardsdif-
ferentoutputs,to emphasizetheperformancelimitationsof simplerscheduling
algorithms. In addition,packet sizesarechosenaccordingto a bimodaldis-
tribution, to highlight possiblestarvationeffectsin theserviceof long or short
packets.

We assume����� , andset:

�����a��� b� �
�          ¡
b b b � b � b �� b � b b b � bb � b � b b b �b b � b � b � bb � b � b � b b� b � b � b b bb � b b b � b �� b b b � b � b

¢O££££££££££¤
Packet lengthscanbeeither3 or 100cells,with identicalprobabilities.

Diagonalpacket scenario. In this case� ~ J 2 �Y � b �O� /
(the traffic is uniform at the

packet level), but all packetswith equalindex of input andoutputports( zf�¥y )
have a fixed sizeequalto 100 cells, whereasthe packet sizealways is equal
to 3 cells for packetsdirectedto anoutputport with differentindex from their
inputport ( z§¦�¨y ). Numericalresultsfor thisscenariowill beshown in thecase�©� b
�

. Thereasonfor consideringthis scenariois to highlight thestarvation
effect in theserviceof shortpacketsdueto thetransferof longpackets.
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6.3.2 Performanceindices

Resultsarepresentedwith graphswherethefollowing performanceindicesareplot-
tedversustheswitchnormalizedtraffic load.Thelatteris definedastheratiobetween
the input traffic loadandthe total capacityof input/outputlines,bothof themcom-
putedat thecell level (hence,thenormalizedloadvariesbetween0 and1).ö Cell delay. (definedin Section3.3.3).ö Packet delay. (definedin Section3.3.3).ö Matching persistence.This is theprobability that an active input port trans-

mitsacell to thesameoutputport thatwasaddressedin thelasttimeslotwhen
the input port wasactive. The reasonfor definingandobservingthis perfor-
manceindex lies in the intuition that,underhigh loads,mostinputsareactive
transferringpacketsto differentoutputs. Whenthe transferof a packet ends,
someother input/outputpairs remainbusy (due to the variablesizeof pack-
ets),so thatflexibility maybelost in choosingwhich packet canbescheduled
next. In particular, if all otherinputsandoutputsarebusy, nothingbut another
packet from the sameinput to the sameoutputcanbe selected(thuspossibly
jeopardizingperformance).

Simulationrunswereexecuteduntil theestimateof theaveragecell delayreached
with probability0.95a relativewidth of theconfidenceinterval equalto 2%.

6.3.3 Uniform packet scenario

Fig. 6.3shows,for thefour consideredschedulingalgorithmsoperatingin cell-mode,
curvesof theaveragepacket delay. NotethatIQ switchesalwaysyield longerdelays
thanFIFO-OQandVIQ-OQ switches,but differencesarelimited within a factor2.5,
for loadsmallerthan0.95. No losseswereexperiencedwith queuelengthsequalto
30,000cells.

For loadslessthan �Ø¤«ª , MUCS andRPA generatelongerdelaysthaniSLIP and
iOCF. This is mainly dueto the QL andML metrics,which tendto equalizequeue
lengths:whenalargepacketarrivesataparticularqueue,thequeues(atotherinputs)
that storesmall packets directedto the sameoutput suffer a temporarystarvation.
iOCF, instead,providesthelowestdelaysamongweight-awarealgorithms.

Performanceresultsare significantly different if packet-modeschedulingpro-
posedin this chapteris considered.Curvesof theaveragepacket delaysareshown
in Fig. 6.4 wherea significantreductionin packet delayswith respectto cell-mode
schedulingcanbeobserved.Dif ferencesbetweenthefour algorithmsarelimited,and
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Figure6.3. Averagepacket delay for cell-modeschedulingin the uniform traffic
scenario

we observe (small)gainsover FIFO-OQswitchesfor loadsup to around�³¤ � . IQ ex-
hibits the largestdelayadvantageover FIFO-OQat loadsaround�³¤ � . Cell delaysin
this samescenario,not shown here,arelargerfor all IQ architectureswith respectto
bothOQ architecturesat all loads.TheVIQ-OQ yields thebestperformancefor all
loads.

Thereductionsin packetdelaysareinteresting,speciallyif weconsiderthenegli-
gible additionalcostof implementingpacket-modeschedulers.Thesimplequeueing
modelof Section6.1.3justifiesthis performanceimprovement,which is not very in-
tuitive (in this casei k �­�³¤ l �]® ). Note that morecomplex schedulingalgorithms,
bettertailoredto the statisticsof packet traffic, could probablyprovide even larger
gains.

6.3.4 Spottedpacket scenario

Thisscenarioaimsto emphasizetheperformancelimitationsandthepossiblestarva-
tion of simpleralgorithmsunderunbalancedloads.

Figs.6.5 and6.6 show, respectively, the averagepacket delayswhencell-mode
andpacket-modeschedulingis adopted.With queuelengthsequalto 10,000cells,
iSLIP experiencedlossesfor traffic loadsgreaterthan0.9 in cell-mode,andgreater
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Figure6.4. Averagepacket delayfor packet-modeschedulingin theuniformtraffic
scenario

than0.95in packet-mode.No packet lossesweresufferedby otherschedulingalgo-
rithms.

Packet-modeimprovestheperformancefor high input traffic becauseof the fol-
lowing reasons:ö wheniSLIP operatesin packet-mode,theQOmetricgainssensibilityaboutthe

packet length,sincethe matchingis blocked until the packet transmissionis
completed.In thiswaythetransienthigh loadin aqueuedueto apacketarrival
is “perceived” by thealgorithm,whichgivespriority to largepackets;ö whenapacket transmissionis completed,packet-modealgorithmscomputethe
new matchingonly for all thoseinputsandoutputsthat arenot currently in-
volved in packet transfers.While the outcomeof the schedulingalgorithmis
generallynot a maximalmatching,by reducingthenumberof inputsavailable
theachievedmatchingis morelikely maximal. For example,iSLIP andiOCF
alwaysfind amaximalmatchingwhen

��¯.° � inputsareavailablefor thematch-
ing.

Thematchingpersistence(not shown) is alwaysgreaterthan0.98for algorithms
operatingin packet-mode. Fig. 6.7 shows the averagematchingpersistencewhen
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Figure 6.5. Averagepacket delay for cell-modeschedulingin the spottedtraffic
scenario

cell-modeschedulingis adopted. With cell-modescheduling,for low traffic load,
few packets enter the switch, and the matchingchangesonly when a new packet
arrives,so that the matchingpersistenceis high. For high traffic load, whena QO
metricis adopted(i.e.,with iSLIP) thepersistencetendsto zerobecausethematching
is forcedto changeby theadoptionof theround-robincontentionresolution.On the
contrary, whenmetricsdependon queuelengths(even indirectly, like in iOCF), for
high load,a large packet enteringthe switch increasessignificantlythe input queue
weight,aswell asits priority, sothatthematchingpersistencegrows. However, note
that the large matchingpersistenceof packet-modeschedulingdoesnot negatively
affect throughputanddelay.

6.3.5 Diagonalpacket scenario

Recallthatthisscenariois usedto highlightpossiblestarvationin theserviceof short
packetsdueto thetransferof largepackets.Figs.6.8and6.9show theaveragepacket
delay curves for large packets when, respectively, cell-modeand packet-modeare
adoptedwith thediagonaltraffic scenario.

Only iSLIP experiencedlossesin cell-modewith queuelengthsequalto 10,000
cells.Whenpacket-modeis adopted,thetotalpacketdelayis alwayssmallerthanfor
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Figure6.6. Averagepacket delayfor packet-modeschedulingin thespottedtraffic
scenario

cell-mode(exceptwhenlosseswereexperienced).
Packet-modeschedulingobtainsalmostalwayspacket delayssmallerthanFIFO-

OQ,whereasthis is not truefor cell-modescheduling.This fact is dueto thechosen
packet lengthdistribution, asforeseenby themodelpresentedin Section6.1.3. The
delayimprovementobtainedwith theuseof packet-modeschedulingin the transfer
of long packets is paid by shorterpackets, ascan be observed in Fig. 6.10. Note
thatthedelayincreasefor shortpacketscanbedetrimentalto someapplications(e.g.,
real-timeapplicationsusingshortpackets).

Theoverallpacketdelay(averagedoverlargeandshortpackets)is alwayssmaller
for VIQ-OQ architectures.

6.3.6 Packet-modegains

Next, we show somesimulationresultsconcerningtheactualpacket-modegainval-
uesunderdifferentpacket lengthsdistributions. Fig. 6.11shows V for uniform dis-
tribution of packet lengths(with i k � �Ø¤ l �±® ). Fig. 6.12 shows V for a bimodal
distribution of packet lengths(with i k � � ¤«ª]®]² ). Fig. 6.13 shows V for negative
exponentialdistributionof packet lengths.

Table6.1comparesthetheoreticalvalueswith theexperiencedpacket-modegains
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Figure6.7. Averagematchingpersistencefor cell-modeschedulingin the spotted
traffic scenario´µ·¶

by theory by simulationfor loads:
0.1 0.3 0.5

0.287 1.84 1.49 1.43 1.35
1.00 1.00 0.98 0.94 0.93
4.975 0.077 0.052 0.072 0.11

Table6.1. Packet-modegainsfrom theoreticalandsimulationanalysisfor iSLIP

for differentscenarios,in the casein which iSLIP is adopted.We observe that the
packet-modegainsobtainedby simulationcanbe well estimatedby the theoretical
values,especiallyat low load. Theproposedqueueingmodelis thuscapableof cap-
turing thekey aspectsof thebehavior of cell- andpacket-modeiSLIP at low load.

Note alsothat iOCF in cell-modeshows very poor performanceunderbimodal
packet length distribution for input load equal to �Ø¤
ª±² . This is due mainly to the
matchingusedin iOCF, which is not maximal; this drawbackcanbe overcomeby
iteratingthe algorithm � times,aswasexperiencedby simulation. This is another
exampleof the fact that a reductionof the matchingvariability throughthe adop-
tion of packet-modeschedulingincreasestheperformanceof non-maximalmatching
heuristics.
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Figure6.8. Packet delayfor largepacketsin thediagonaltraffic scenariowith cell-
modescheduling

6.4 Combined input-output queuedpacket switches

CIOQ packet switchesarebuilt arounda CIOQ cell switch. For thesake of concise-
ness,wedonotshow thelogicalarchitecturein thiscase,but it canbeeasilyobtained
by combiningFigs.6.1and6.2. Theonly differenceis thatwe do not considerVOQ
in theCIOQ case,henceonly oneFIFO queueis availableat eachinput (andat each
output)of thecell switch.Lossesmayoccurat bothinputandoutputinterfaces.

6.4.1 Performance of combined input-output queued packet
switches

Thissectionpresentssimulationresultsfor CIOQswitchesusingtheFIFO–2schedul-
ing algorithmdescribedin Section2.2.4. A speedupfactorequalto 2, accordingto
the ` ~ / � speedupdefinition,is supposedto beavailablein theinternalcell-switch.We
considertheuniform traffic scenarioonly. Thecapacityof all queuesis taken to be
unlimited for the resultspresentedin this section,in orderto beableto observe the
unbalancementof queuelengthsbetweeninputandoutputqueues.

Fig. 6.14plotscurvesof theaveragepacket delaynormalizedto OQ values.The
curvesin the figure refer to the following switch setups,which differ in the values
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Figure 6.9. Packet delay for large packets in the diagonal traffic scenariowith
packet-modescheduling

takenby theSPEEDUP-IP-IN andSPEEDUP-IP-OUT parameters(seeFig. 2.3 in Sec-
tion 2.2.5),and in the operationmode(cell modevs. packet mode)of the FIFO–2
schedulingalgorithm(theextensionof FIFO–2to packet-modeoperationis straight-
forward).¸ FF-121: basicFIFO–2, SPEEDUP-IP-IN ¹ SPEEDUP-IP-OUT ¹ b

. The cells
belongingto IP packetsarefedto thecell-switchat thesamespeedof inputand
outputlines.¸ FF-221: basicFIFO–2,SPEEDUP-IP-IN ¹ l

, SPEEDUP-IP-OUT ¹ b
. Thecells

belongingto IP packetsarefed to the cell-switchat twice the speedof input
andoutputlines.¸ FF-PM121: packet-modeFIFO–2, SPEEDUP-IP-IN ¹ SPEEDUP-IP-OUT ¹ b

.
The cells belongingto the samepacket aretransferredto their outputin con-
tiguousslots. Note thatup to two packets(receivedat differentinputs)canbe
interleaved in outputcell queuesin this setup. An ORM moduleis therefore
requiredat eachoutput.¸ FF-PM221: packet-modeFIFO–2,SPEEDUP-IP-IN ¹ l

, SPEEDUP-IP-OUT ¹
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Figure 6.10. Packet delay for short packets in the diagonaltraffic scenariowith
packet-modeschedulingb

. The packet-modeFIFO–2schedulingalgorithmhasin this casethe addi-
tional constraintthatpacketscannotbe interleaved in outputcell queues:this
becomespossiblewithout performancedegradationbecauseof SPEEDUP-IP-
IN ¹ l

, sincetwo cellsof thesamepacketcanbeswitchedto theiroutputin one
slot time. ORM modulesarethereforenot strictly necessaryin this case:they
arekeptfor a fair comparisonwith theothersetups.¸ FF-PM222: packet-modeFIFO–2,SPEEDUP-IP-IN ¹ l

, SPEEDUP-IP-OUT ¹l
. Thesameconstraintsof FF-PM221applyto theFIFO–2algorithm:packets

arenot interleavedin outputqueues.

In the notationabove, “FF” standsfor FIFO, “PM” standsfor packet-mode(recall
the differentconstraintson the schedulingalgorithmwhen SPEEDUP-IP-IN equals
1 or 2), andthe threedigits refer to the valuestaken by SPEEDUP-IP-IN, ` ~«º � , and
SPEEDUP-IP-OUT, respectively.

As expected,averagepacket delaysat low loads(not plottedhere)wereobserved
to bearoundtwice theaveragepacket durationfor thearchitectureswith SPEEDUP-
IP-OUT ¹ b

(whereoneISM andoneORMmodulemustbetraversedbyeachpacket),
andto bearound1.5 timestheaveragepacket durationfor FF-PM222(for which the
ORM canbetraversedby two packetsin onepacket time, i.e.,at doublespeed).
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Figure6.11. Packet-modegainfor uniform packet lengthdistribution

The curves in Fig. 6.14 show that all the consideredarchitecturesoperatingin
packet-modehave betterperformancethanOQ packet switches.As previously ob-
served, IQ and CIOQ switchesprovide extra advantagesover OQ switcheswhen
variable-sizepacketsareconsidered.

NotethattheFIFO–2algorithmin packet-modecanbemoreefficient thanoutput
queueingalsowhenno speedupexistsbetweentheIP line interfacesandtheinternal
cell-switch(i.e., for FF-PM121).Thebest-performingsetupsareFF-PM221andFF-
PM222which avoid outputpacket interleaving. Delayratioscanbeassmallas0.64
(i.e., 1.5 times in favor of CIOQ) when the ORM modulesare present,and lower
valuescanbeachievedfor theoptimizedarchitecture.

FF-121exhibits delaysslightly larger thatOQ. Note thatFF-121canbeconsid-
eredasa simplifiedversionof OQ, in which at most2 (insteadof ¼ ) cellscanreach
anoutputin a slot time.

It is also interestingto observe that FF-221behavesbetterthat FF-121,mainly
thanksto the fact that thecellsbelongingto thesamepacket arekeptcloserto each
otherin thetransferthroughtheswitch.

Simulationresultsnot presentedhereshow that very similar behaviors wereob-
servedfor CIOQarchitecturesalsoin thecaseof hot-spottraffic.
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6.4–Combinedinput-outputqueuedpacketswitches
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Figure6.12. Packet-modegainfor bimodalpacket lengthdistribution
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Chapter 7

Conclusions

In this Ph.D.dissertationwe have discussedthedesignof schedulingalgorithmsfor
high speedswitching architectures. We have focusedour study mainly on input
queued(IQ) switches,sincethey are the most promisingarchitecturesin termsof
scalabilitywith thespeedandthenumberof ports.

We have describedthe main issuesinvolved in the designof high performance
routersandhavemotivatedtheproblemof schedulingfor IQ switched.After defining
theproblemof scheduling,asaproblemof findingamatching,wehaveintroducedthe
“tools” of ourstudy:simulationandstochasticmodelingto evaluatetheperformance
of thealgorithms.

So far, theschedulingalgorithmsknown in literaturehave beeneithersimpleto
implementbut with poor performanceor too complex but with goodperformance.
Our first significantcontribute hasbeenthe proposalof a suiteof schedulingalgo-
rithms, basedon the learningapproach,with very low complexity and very good
performancein termsof delaysandthroughput.The main ideaswe exploited have
beenthe memoryof the stateof the queuesfrom the past,the randomization,the
informationaboutarrivalsandtheparallelsearch.

Oursecondsignificantcontributehasbeenthedesignof schedulingalgorithmsfor
multicasttraffic. We have proposeda new buffering schemeanddefinedtheoptimal
policy for schedulingmulticasttraffic in anIQ switch. Thanksto that,we wereable
to find outsomeintrinsicthroughputlimitationsin anIQ switch,fedby multicasttraf-
fic. We have proposedalsoanimplementablegreedyscheduler, whoseperformance
analysisshowedits goodbehavior for genericmulticasttraffic.

Usually, in an high speedrouter, the incoming packets are of variable size,
whereastheinternalswitchfabric(implementedin hardware)workswith cell of fixed
size.Our third contributehasbeenthedesignof cell-basedschedulingalgorithmsin-
tegratedwithin the routerandoptimizedto transfervariablesizepackets. We have
shown somecounterintuitive propertiesof throughputanddelaysabouttheseopti-
mizedalgorithms.
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7 – Conclusions

We wish to make the last point. We think that the approachesof our threecon-
tributionsarecompatibleonewith eachother. This meansthatall of themcouldbe
integratedin apracticalschedulingalgorithmto designanhighperformancerouter. It
is apromisingidea,but not trivial to bestudied.Soweconsiderthis ideaasapossible
andpromisingtopicof our futureresearchwork.
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Appendix A

Proofsabout schedulingmulticast
traffic

A.1 Optimality of the max-scalarpolicy for multicast
traffic

Definition 20. Let Ì{ÍÏÎÑÐÈÒÔÓ«ÕUÖv× Õ�Ø representtheconvex hull generatedby all possible
admissibledeparturevectorsÒ Ó«ÕUÖ .
Theorem 14. A necessaryconditionto achieve100%throughputin an IQ switch is
that the input traffic pattern,describedby a sequenceof randomarrival vectors Ù Ç
andsatisfyingthestronglaw of largenumbers,hencestationaryandergodic,satisfies
thefollowingcondition: Ú ÎNÙ Ç,Ø<Û Ì�ÍÏÎÑÐÈÒ Ó«ÕUÖ × Õ�Ø
Proof. Supposethattheswitchachieves100%throughput,i.e.:Ü�ÝßÞÇ
à�á�â ÇÀ ã�ä with probability1

i.e.,thelengthof thequeuesremainsfinite,or atmostgrowsto infinity with sub-linear
rate.As aconsequence:Ü�ÝßÞÇ
à�á â ÇÀ ã Ü�ÝßÞÇ
à�ájå ÇÈæ�çèRé5ê ¿LÙ èTë Ò è ÃÀ ãã Ü�ÝßÞÇ
à�á�ìÈå Ç,æ�çè�é5ê Ù èÀ ë å ÇÈæ�çèRé5ê Ò èÀ í ãã Ú Î�Ù Ø ë ÜßÝ�ÞÇîàïá å Ç,æ�çè�é5ê Ò èÀ ã�ä with probability1
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A – ProofsaboutschedulingmulticasttrafficÙ is the stationaryandergodic arrival process,and Ù Ç the randomarrival vectorat
time À ; dueto stationarity,

Ú Î�Ù Ø ã Ú ÎNÙ Ç,Ø holds.
Theaboveequalityimpliesthatthereexistsa sequenceof departurevectorssuch

that Ú Î�Ù Ø ã Ü�ÝßÞÇ
à�á å ÇÈæ�çèRé5ê Ò èÀ with probability1

This meansthat,for someinstancesof Ò è , ð·ñ(ò ä , thereexistsa À ê suchthat,for allÀ�ò%À ê , óóóóó Ú Î�Ù Ø ë å ÇÈæ�çè�é5ê Ò èÀ óóóóó�ô ñ
Note that õ(öM÷.øù«ú�ûaü ùÇ , for each À , is in Ì�ÍÏÎÑÐÈÒ Ó«ÕUÖ × ÕMØ by definition. As a conse-
quence

Ú Î�Ù Ø is the limit of a sequenceof vectorsin Ì{ÍÏÎÑÐÈÒÔÓ«ÕUÖ$× Õ�Ø , and thus it is
in Ì{ÍÏÎÑÐÈÒ Ó«ÕUÖ × ÕMØ , since Ì�ÍýÎRÐÈÒ Ó«ÕUÖ × ÕMØ is aclosedset.

Theorem 15. AnIQ switch implementingthemax-scalardisciplineis stronglystable
for each traffic patternsuch that

Ú Î�Ù Ç,Ø is an internalpoint of Ì�ÍÏÎÑÐÈÒÔÓ«ÕUÖv× ÕMØ .
Proof. The assertioncanbe proved by using the Lyapunov function methodology.
Since

Ú Î�Ù ÇÈØ<Û Ì�ÍýÎRÐÈÒÔÓ«ÕUÖ$× ÕMØ it immediatelyfollows that,for all â ÇÔþã�ä ,Ú Î�Ù Ç.Ø â�ÿÇ� â Ç � ô �Ù Ç â�ÿÇ� â Ç � ã Ú Î�Ù ÇÈØ â�ÿÇ� â Ç � ��� Þ����ü ö Ò Ç â ÿÇ� â Ç �
where �Ù Ç is the vectorparallel to

Ú ÎNÙ Ç.Ø on the borderof Ì{ÍÏÎRÐÈÒ ÓÑÕUÖ × ÕUØ , and � ã	�
� ö 		�
�� � ö ��	 ò�� . Denoting
����� Ð Þ���� ü ö ÐÈÒ Ç â ÿÇ ×±× by Ò��Ç asin (5.8),wecanthuswrite¿ �Ù Ç ë Ò �Ç Ã â ÿÇ� â Ç � � ä (A.1)

Since �Ù Ç ã � Ú Î�Ù ÇÈØ ã Ú ÎNÙ Ç,Ø ë ¿�� ë � Ã Ú Î�Ù ÇÈØ , wecansubstitutein (A.1) andwrite:¿ Ú ÎNÙ Ç,Ø ë ¿�� ë � Ã Ú ÎNÙ Ç,Ø ë Ò �Ç Ã â ÿÇ� â Ç � � ä
Hence,if �! �"$# is theminimumnon-nullcomponentof vector

Ú Î�Ù ÇÈØ ,Ü�ÝßÞ	&% ö 	 à�á ¿ Ú Î�Ù ÇÈØ ë Ò �Ç Ã â ÿÇ� â Ç � � ¿�� ë � Ã Ú Î�Ù ÇÈØ â ÿÇ� â Ç � � ¿�� ë � Ã �! �"$# ô ä
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A.2– Multicastdeparturevectors

(notethat ¿�� ë � Ã is a negativenon-nullquantity).By usingthequadraticLyapunov
functionassociatedwith theidentitymatrix (see[9] and[62]), i.e., '*¿ â Ç Ã ã â Ç â ÿÇ ,
andassumingthemax-scalarschedulingdiscipline,wecanwriteÚ Î('-¿ â Ç*)Tç Ã ë '*¿ â Ç Ã,+ â ÇÈØ ã Ú Î â Ç*)Tç â ÿÇ-)Tç ë â Ç â ÿÇ + â ÇÈØ ãã Ú Îß¿ â Ç/. Ù Ç ë Ò �Ç Ã ¿ â Ç0. Ù Ç ë Ò �Ç Ã ÿ ë â Ç â ÿÇ Ø ãã Ú Î
Æ5¿ Ù Ç ë Ò �Ç Ã â ÿÇ . ¿ Ù Ç ë Ò �Ç Ã ¿ Ù Ç ë Ò �Ç Ã ÿ Ø
Being ¿LÙ Ç ë Ò �Ç Ã ¿LÙ Ç ë Ò �Ç Ã ÿ negligible for

� â Ç �21 3
, if we chooseñ ã ë ¿�� ë� Ã �4 �"$#*5]Æ , we observe that thereexists 6 ò ä and ñ ò ä suchthat, for each â Ç87� â Ç � ò96 , Ú Î:'*¿ â Ç*)Tç Ã ë ' ¿ â Ç Ã;+ â ÇÈØ ô ë ñ � â Ç �

If in addition

Ú Î�Ù Ç Ù ÿ Ç Ø ô 3
, then

Ú Î('-¿ â Ç*)Tç Ã<+ â Ç�Ø ô 3
, ð â Ç ; sincetheconditions

of Theorem2 hold, thesystemis stronglystable.

Sincethestrongstabilityof asystemalsoimplies100%throughput,by combining
thepreviousresultsit follows that:

Corollary 7. Underanyi.i.d. sequenceÙ Ç of arrivals such that

Ú Î�Ù Ç Ù ÿ Ç Ø ô 3
, the

max-scalarschedulingdisciplinemaximizesthestability regionof theswitch, i.e., the
switch cannotbestableunderanyotherschedulingdisciplineif it is unstableunder
themax-scalarschedulingdiscipline.

A.2 Multicast departurevectors

Let usdefine= ¿?>A@ BC@ED Ã asthenumberof possibledeparturevectorsin aIQ switchwith> inputs, B total outputsand D outputsstill available,i.e., outputsthathave not been
fully scheduledyet.

Thenumberof possibleÒÔÓ«ÕUÖ in an FHGJI switch is givenby = ¿KFL@:IM@:I Ã , which
canbecomputedwith thefollowing recursive formula:

=*¿�>�@ BC@ND Ã ã = ¿?> ë ��@ BC@ED Ã . ÕO P é ç Q D RCS Æ!T æ P =*¿�> ë �C@ BC@ED ë R Ã (A.2)

when � ô >A@ B � I and � � D � B . Furthermore:= ¿?>A@ BC@ED Ã ã �
when > ã ä or B ã ä or D ã�ä , sincewe includetheall-zerosdeparturevector.
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A – Proofsaboutschedulingmulticasttraffic

Let usconsiderEquation(A.2). =*¿�> ë �C@ BC@ED Ã is thenumberof permutationma-
triceswhenthe > -th input is not scheduled.Thefanoutof theconsideredpermutation
for the > -th input is

R
. The binomial factor is the numberof fanoutsetswhich can

be generatedby
R

outputsincludedin the D outputsstill available. Æ T æ P is thenum-
berof possibleoutputconfigurationsthatcanincludetheconsideredfanoutset(of

R
elements).With a fanoutsetof

R
elements,¿�> ë � Ã remaininginputs, B total outputs

and ¿KD ë R Ã outputsnot yet scheduled,U Õ P�V Æ T æ P = ¿?> ë �C@ BC@ED ë R Ã is the total number
of permutationmatricesthathave to beaddedto thepermutationmatrix in which the> -th input is not scheduled.

A.3 On the minimum frame lengthsfor completemul-
ticast schedules

This appendixis referredin thepreviousSections5.3.5and5.6.
We first modify andextend the definitionsintroducedat the beginning of Sec-

tion 5.4 in thefollowing way, referringto schedulinga requestsetin a time frame:W8X ã Ð�� Õ × is therequestsetof (multicast)cellswaiting to beswitchedat input
queuesat thebeginningof a time frameW = ã ÐZY Õ × is thesetof timeslotsin aswitchingframe; + = + ã F ; F is theframe
length,whoseminimum valuenecessaryfor the transferof all cells in X will
bediscussedin this appendix;notethatat most I[F cellscanbetransferredin
a frameof length F

Each(multicast)cell �-\ Û X must be transferredfrom its input port to all its
destinationoutputports. Thus,each�-\ Û X is associatedwith a pair ¿?>K\�@«Ò]\ Ã , where>^\ Û`_ , Ò�\ba ¾ .

Definition 21. Two multicastcells �!\ and � Õ aresaidto be in conflict if they either
areassociatedwith thesameinput port ( >K\ ã > Õ ), or have at leastonedestinationin
common( Ò�\Cc Ò Õ\þãed ).

In theswitcharchitectureweconsider, asubsetof thecellsin X canbetransferred
from input portsto outputportsin the sametime slot, provided that no cells in the
subsetarein conflict. Conflictsmayforcethetransferof a cell �-\ to disjoint subsets
of Ò]\ in differenttimeslots,sinceweacceptfanoutsplitting.

Definition 22. A Schedulingf(Î X Ø is definedasa function whosedomainis X and
whoseimageis1 g ã Æ�h!i�j�kli�m . g is the setof transferunits, whoseelementsno\ Õ
associatewith eachmulticastcell �-\ Û X a triple ¿?>K\?@
Ò]\ Õ @NY Õ Ã , where >^\ Û�_ is thecell

1Givena setA, p4q denotesthepowersetof r .
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A.3– On theminimumframelengthsfor completemulticastschedules

input port, Ò]\ Õ a Ò]\ is a non-emptysubsetof thecell destinations,and Y Õ Û = is a
timeslot in theframe.

Informally, f assignsto eachmulticastcell �-\ Û X a setof transferunits no\ Õ ã¿?>^\�@
Ò]\ Õ @NY Õ Ã Û g ; eachtransferunit allowsa(possiblypartial)transferof themulticast
cell, i.e.,a transfertowardasubsetof thecell destinations.

Definition 23. A Scheduling f(Î X Ø is admissible if, given any two elements¿?> ç @
Ò çvÕ @EY Õ Ã Û g and ¿?> j @«Ò jHÇ @EY Ç Ã Û g , suchthat Y Õ ã Y Ç , thenW > ç�þã > j , andW Ò çvÕ c Ò jHÇ ã�d
i.e., they arenonconflicting.
In otherwords,no (possiblypartial) transferof two differentmulticastcells can

occurin thesametimeslot of theframeif conflictsarise.

Definition 24. An AdmissibleSchedulingstf(Î X Ø is completeif u Õ Ò]\ Õ ã Ò]\?@sðl�-\ ÛX , i.e., if it achievesa completetransferof all cellsbelongingto X , usinga subsetof
timeslotsbelongingto = .

Definition 25. A TimeSlot Assignmentv2fwsÔÎ X Ø is definedasa functionwhosedo-
mainis X andwhoseimageis thepowersetof = ( v2fxsÔÎ X Øy7 X 1 Æ m ).

Informally, a v2fxs definesa correspondencebetweeneachcell �-\ Û X andthe
setof timeslotsin theframein whichcopiesof thecell aretransferred.

A morecomplex, but moreusefuldefinitionof a v2fwsÔÎ X Ø will allow usto relate
aTimeSlot Assignmentv2fwsÔÎ X Ø to anAdmissibleSchedulingstf(Î X Ø .
Definition 26. A Timing function v Î g Øz7 g 1 ÆZm is a function that, given a setÐ ¿?>^\�@
Ò]\ Õ @NY Õ Ã × Õ , returnsa setcontainingall thethird componentsY Õ of eachelement.

Informally, the timing function v extractsthe time slot information relatedto
(possiblypartial)multicastcell transfers.

Definition 27. A Time Slot Assignmentv2fwsÔÎ X Ø ã v�¿�stfsÎ X Ø Ã is a compositionof
two functions,aTiming function v appliedto theimageof anAdmissibleScheduling
function stf .

Although a time slot assignmentv2fwsÔÎ X Ø does not completely specify the
schedulingof multicastcells to be transferredfrom sourcesto destinations(it only
definesthe set of usedtime slots, with no information aboutsourcesand destina-
tions),wewill concentrateour attentiononly on v{fxs�Î X Ø .
Definition 28. A time slot assignmentv2fwsÔÎ X Ø is saidto becompleteif thereexists
acompleteAdmissibleSchedulingstf suchthat v|fxs�Î X Ø ã v�¿?stf(Î X Ø Ã .
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A – Proofsaboutschedulingmulticasttraffic

Definition 29. For eachsub-setÙ a X , let }�~l�Z�o¿LÙ Ã be the imageof Ù throughv2fwsÔÎ X Ø , i.e., thesetcomprisingall time slotsin which someelementof Ù is trans-
ferred.

Lemma 8. Let X bea D -complex requestset.Considera completev{fxs�Î X Ø andany
set Ò�a X such that + Ò + ã D ; then, + }�~o���=¿LÒ Ã�+�� D .
Proof. Supposethat there exists a subset Ò a X , with + Ò + ã D , such that+ }b~l�Z�o¿$Ò Ã*+ ô D ; sincethe requestset is D -complex, thereexists a destination�Z�
to which all cells in Ò aredirected.Copiesof thecells in Ò directedto ��� mustbe
transferredin different time slots to avoid conflicts. Thus,at least D time slotsare
necessaryto transferall thecells in Ò . As a consequence,theschedulev{fws Î X Ø is
not complete.

As a trivial consequence:

Lemma 9. Let X be a D -complex requestset. Considera v2fwsÔÎ X Ø on = ; if there
exists a set Ò s.t. Ò a X , + Ò + ã D and + }�~o���o¿$Ò Ã�+ ô D , then v2fxsÔÎ X Ø is not
complete.

Wenow introducea lemmathatwill beusedin subsequentproofs.

Lemma 10. For a strictly positiveinteger-valuedrandomvariable â whoseaverage
value

Ú Î â Ø ã�� doesnotexceed� , the ç ê'ê� -th percentiledoesnotexceed� .

Proof. Since� � � , by definition:Ú Î â Ø ã�� ã áO è�é ç > PrÐ â ã > ×ã �O è�é ç > PrÐ â ã > × . áO� )Tç > PrÐ â ã > ×
� �O è�é ç PrÐ â ã > × . ¿�� . � Ã áO� )Tç PrÐ â ã > ×ã PrÐ â � � × . ¿?� . � Ã ¿�� ë PrÐ â � � × Ã

But, since � � � :

PrÐ â � � × . ¿?� . � Ã ¿�� ë PrÐ â � � × Ã � �
andfinally, solvingfor PrÐ â � � × ,

PrÐ â � � × � ��
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We alsoneedthe following result in subsequentproofs,which is a extensionof
thewell-known combinatorics“pigeonhole”principle.

Lemma 11. If n transferunits(objects)are transferredin � timeslots(containers),it
is possibleto find a subsetÌ of containers, such that + Ì + ã�� in which at least ��������
objectsarecontainedfor each integer positivenumber� � � .

Themainanalyticalresulton framebasedIQ switchesis in Theorem11 of Sec-
tion 5.6,whosestatementis rephrasedbelow:

Theorem 16. Let X bea D -complex requestset,such that + X + ã D�I{� . For anyfinite
integer � , � � Æ , there exists an integer I ê such that ð�I{� ò I ê no completev2fxsÔÎ X Ø existswith framelength F � ��D .

Note that � is equivalentto an internalswitchspeedup,sincethe D -complex re-
questsethasD cellsperoutputand D cellsperactiveinput,henceit canbetransferred
on the output lines in D time slotsby an OQ switch. Thus,the theoremstatesthat,
if thenumberof active input portsis sufficiently large,no speedupvalueis sufficient
to obtaina completev2fxs , henceto achieve 100%throughput.This resultwill be
separatelyprovedin thecases� ã Æ , I ê ã�� Æ , and � ã�� , I ê ã Æ��*��� ; theproofs
canbeextendedto largervaluesof � .

Proof. [Case � ã Æ ]
Sincewe considerin this proof thecase� ã Æ , we mustshow thatno completev2fxs exists if F � ÆCD . Obviously, if no completev2fws exists for a framelengthF ã ÆCD , nocompletev{fws canbefoundfor shorterframelengths.Thus,weconsider

thecaseF ã Æ�D .
We will prove that, for any possible v{fwsÔÎ X Ø , a subset  of X can be found,

suchthat +   + ã D and + }�~¡���o¿?  Ã*+ ô D . Then,for Lemma9, we canstatethat the
consideredv{fws�Î X Ø is not complete.

The identificationof set   will requirea numberof steps,defining a chainof
subsetsof X : Í¢a£ ¤amÌ¥a¦6§a X , aswell asa subseẗ of thetime slotsin the
frame = .W Set 6 comprisesall cellswhosetransferis scheduledeitheronceor twicein the

frame(not a largernumberof times).W Set ¨ comprisesa numberof time slots smaller than D�5]Æ , chosenso as to
maximizethenumberof cellsin 6 transferred(possiblypartially)within ¨ .W Set Ì comprisesall cells whosetransferis scheduledat leastoncewithin ¨
(but not morethantwice,being Ì�aH6 ).W Set Í comprisesall cells whosetransferis scheduledonly within ¨ (either
onceor twice,being Í©aH6 ).
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A – ProofsaboutschedulingmulticasttrafficW Set   is obtainedby addingcellsto Í (if necessary, seebelow) to obtain +   + ãD .
It is possibleto visualizethesesetsby consideringaschedulingasa F[GtI matrixª

, whererows correspondto time slotsin the frame = , andcolumnscorrespondto
switchinput portsin _ . Theelementsof

ª
are

R Ç \ ã ä if no cell from >^\ is scheduled
for transferin time slot Y Ç , and

R Ç \ ã � if in time slot Y Ç the transferof cell � � is
scheduledfrom >^\ to a subsetof its destinationsÒ � Õ . By sodoing, thedefinitionof
theabovesetsbecomes:W 6 comprisesall cellswhoseidentifierappearseitheronceor twice in

ª
(but no

morethantwice)W ¨ comprisestherows of
ª

with thelargestnumbersof elementsof 6 (select-
ing atmost D�5]Æ ë � rows)W Ì comprisesall cellsof 6 whoseidentifierappearsin therowsof

ª
within ¨

(thesameidentifiermayappearalsoonceoutsidë )W Í comprisesall cellsof 6 whoseidentifierappearsonly in therowsof
ª

within¨ (eitheronceor twice)

To obtainacompletev{fxsÔÎ X Ø it is necessarythat }�~o���o¿AÐ��!\ × Ã þã�d , ðl�-\ Û X ; thus,
we will consideronly theclassof v2fwsÔÎ X Ø for which }�~o���o¿'Ð��-\?× Ã þãed , ðl�-\ Û X .

If F ã ÆCD , thenthe averagesizeof the imageof individual cells in X throughv2fwsÔÎ X Ø cannotbe greaterthan 2 (becausethe copiesof D�I{� cells must fit intoÆCD«I|� timeslots;consideringmatrix
ª

, atmostall its ÆCD«I|� elementscanbenonzero,
thusschedulingon theaveragetwice the transferof eachoneof the D«I{� cells), i.e.:
ÚL¬^­ Î + }�~o���o¿'Ð��-\?× Ã�+ Ø � Æ . As a consequence,from Lemma10, + }�~o���o¿AÐ��!\ × Ã*+ � Æ for at
leasthalf of thecellsin X .

Let 6 ® X be the set of cells for which + }�~o���=¿AÐ��-\P× Ã*+ � Æ , ðl�-\ Û 6 ; for
Lemma10, + 6 +L� + X + 5]Æ ã D«I{�!5]Æ . Thus, the averagenumberof cells in 6 that
arescheduledin eachtimeslot of theframeis never lessthan ¯ °y¯± � Õ³²�´j çj'Õ ã ²�´µ .

For Lemma11, thereexistsa set ¨ of time slotswith + ¨ + ô D«5]Æ in which a setÌ of cellsbelongingto 6 (i.e., Ì¶aH6 ) is scheduled,and + Ì +��¶+ ¨ + I{�45Z· .
Let usnow restricttheattentionto thecase+ Ì +�� ·�D , whichimpliesthat I{� ò � Æ ,

andthat D mustbesufficiently large to generateenoughcells to significantlyfill the
framewith transfers.

Let Í be the set of cells �-\ Û Ì for which }�~o���o¿AÐ��!\ × Ã a ¨ . Note that Í
comprisesall thecells in Ì for which + }�~o���o¿AÐ��!\ × Ã*+ ã � , andthat Í may bea null
set.

Now weconsiderthreecases:
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A.3– On theminimumframelengthsfor completemulticastschedulesW + Í +�� D . Wecanset   ã Í , obtaining +   +�� D and + }�~o���=¿?  Ã*+ ô D .W D�5]Æ � + Í + ô D . Let   bea setof cellssuchthat Í a� �®hÌ , +   + ã D . We
definea setof time slots â ã }b~¡�Z�o¿K �¸(Í Ã c¹¨ . Since}�~o���o¿LÍ Ã a�¨ , by
construction: }�~o���o¿K  Ã a ¨ uýÎ }�~o���=¿? 9¸ïÍ Ã ¸ â Ø+ }�~o�Z� ¿?  Ã*+ � + ¨ + . + }�~¡���o¿? 9¸ïÍ Ã ¸ â +
Since}�~o���o¿?�!\ Ã @�ðl�!\ Û ¿K º¸ Í Ã hasatmostoneelementin Î }�~o���o¿? º¸�Í Ã ¸ â Ø :

+ }�~o���o¿? 9¸�Í Ã ¸ â + ã »»»»»
¼ \ }b~¡�Z�o¿AÐ��-\ + �-\ Û ¿? 9¸ïÍ Ã × Ã ¸ â »»»»»

�
� O + }�~o���o¿'Ð��-\ + �-\ Û ¿K 9¸�Í Ã × Ã ¸ â + � D«5]Æ

Since + ¨ + ô D�5]Æ , wehave + }�~o���o¿?  Ã*+ ô D�5]Æ . D�5]Æ ã D .W ä � + Í + ô D�5.Æ . Define ½ ã D ë + Í + ; obviously, D�5]Æ ô ½ � D . Eachcell inÌt¸±Í (atleast� D . ½ ) will bescheduledoncein =2¸�¨ (referringtomatrix
ª

, the
cellsin Ì¾¸SÍ appearoncein therowswithin ¨ andoncein rowsnotbelonging
to ¨ ). Ontheaverage,at least ¿ Õ³)�À¯ moÁÃÂ ¯ cellsbelongingto ÌÄ¸TÍ will bescheduled
in eachtimeslot in =9¸0¨ (sincewe haveset + Ì +�� ·�D , wehave + Í + ã D ë ½ ,
thus + Ì�¸ Í +l� ·�D ë ¿^D ë ½ Ã ). Note that ¿ Õ³)�À¯ moÁÃÂ ¯ ò ÀÕ�ÅÆj , because� D . ½ � ·�½
and + =�¸�¨ + ô + = + ã ÆCD . Thus,for Lemma11, it is possibleto find a setof
cells ÍMÇ , s.t. ÍMÇoah¿$Ì�¸oÍ Ã , + ÍÈÇ + ã ½ , and + }�~o���o¿LÍMÇ Ã ¸§¿�}�~¡���o¿LÍMÇ Ã cÉ¨ Ã*+ � Õ j(referringto matrix

ª
, ÍMÇ comprisesthecells thatbelongto the D�5]Æ rows not

in ¨ containingthelargestnumbersof cellsin Ì9¸�Í ).

Finally, let   ã ÍÊu Í Ç . By construction+   + ã D and+ }�~¡���o¿?  Ã*+ ã + }�~o���=¿$Í Ã*+ . + }�~o���o¿LÍ Ç Ã*+ ô D
Whenthesizeof theswitchgrows, it is possibleto generalizetheproof for frame

sizeswhichareintegermultiplesof D . We briefly sketchtheproof for F ã�� D .
Proof. [Case � ã�� ]Also in this casewe will prove that, for each v|fxs�Î X Ø , a subsetÙ of X canbe
found,suchthat + Ù + ã D and + }�~¡���o¿ Ù Ã*+ ô D . Then,for Lemma9 we concludethat
theconsideredv2fwsÔÎ X Ø is not complete.
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If F ãe� D , theaveragesizeof theimageof individualcellsin X throughv2fxsÔÎ X Ø
cannotbe larger than 3, i.e.:

Ú/¬ ­ Î + }�~¡���o¿'Ð��-\P× Ã�+ Ø � � . As a consequence,from
Lemma10, + }�~o���o¿AÐ��!\ × Ã*+ � � for at leastonethird of thecellsin X .

Let 6 ® X be the set of cells for which + }�~o���=¿AÐ��-\P× Ã*+ � � , ðl�-\ Û 6 ; for
Lemma10, + 6 +L� + X + 5 ��ã D«I{�!5 � . Thus, the averagenumberof cells in 6 that
arescheduledin eachtimeslot of theframeis never lessthan ¯ °y¯± � Õ³²�´¿ ç¿ Õ ã ²�´Ë .

For Lemma11, thereexistsa set ¨ of time slotswith + ¨ + ô D«5 � in which a setÌ of cellsbelongingto 6 (i.e., Ì¶aH6 ) is scheduled,and + Ì +��¶+ ¨ + I{�45�Ì .
Let usnow restricttheattentionto thecase+ Ì +o� �«��D , which impliesthat I{�ZòÆ��*�C� , andthat D mustbe sufficiently large to generateenoughcells to significantly

fill theframewith transfers.
Let Í be the set of cells �-\ Û Ì for which }�~o���o¿AÐ��!\ × Ã a ¨ . Note that Í

comprisesall thecells in Ì for which + }�~o���o¿AÐ � è × Ã*+ ã � , andthat Í may bea null
set.

For simplicity, weassumethat Í ãed . Theproof,howevercanbeextendedto the
moregeneralcase.In this caseeachoneof the + Ì + cells in Ì will bescheduledonce
or twice in theresidualtimeslotsbelongingto =9¸0¨ .

On the average, ¯ Í�¯¯ moÁÃÂ ¯ cells belongingto Ì will be scheduledin eachtime slot

belongingto =¶¸�¨ . Under the assumption+ Ì +;� �«��D , ¯ Í�¯¯ moÁÃÂ ¯ ò ÆC� . Thus, for
Lemma11, thereexistsa setof ¨eÇ time slots,with ¨eÇ ã D«5 � , in which at least Ì�D
cellsin Ì arescheduled.Let Î thesetcomprisingthesecells.

Let Í Ç be the setof cells �-\ Û Î for which }�~l�Z�o¿AÐ��-\P× Ã aÏ¨ uÐ¨ Ç . Note thatÍMÇ comprisesall thecells in Î for which + }b~¡�Z�=¿AÐ��-\P× Ã*+ � Æ . Again,we supposethatÍMÇ ãed .In this caseeachoneof the + Î + cells in Î will bescheduledoncein theresidual
timeslotsbelongingto =�¸·¿^¨�uL¨ Ç Ã . Onaverage ¯ Ñy¯¯ moÁ ÓNÂ{Ò�ÂÔÓ«Ö ¯ cellsbelongingto Î will

bescheduledin eachtimeslotbelongingto =Õ¸s¿^¨ÖuÈ¨eÇ Ã . Notethat ¯ Ñ×¯¯ moÁ ÓNÂ{Ò�ÂÔÓ ¯ ò � .
Thus,for Lemma11, thereexistsa setof ¨eÇ Ç time slots,with ¨eÇ Ç ã D�5 � , in which
at least D cells in Î arescheduled.Let Î Ç be the setcomprisingthesecells. Since+ Î Ç + ã D and}�~¡���o¿KÎ Ç Ã a ¿^¨ u[¨ Ç u[¨ Ç Ç Ã , weget + }�~o���o¿?Î Ç Ã*+ ô D .

146



Appendix B

Theoretical performanceof an output
queuedswitch

This appendixwasreferredin Section4.12. We want to estimatethe meaninput-
queuelengthandmeandelayexperiencedby a packet in anOQ switch. We want to
extendthetheoreticalresultspresentedin [39] to consideralsodiagonaltraffic.

Consideroneof the I outputqueuesin OQswitchfedbybalancedi.i.d. Bernoulli
traffic, i.e. all the inputsandtheoutputsreceive thesametraffic load(notethatuni-
form, diagonal,logdiagonalandsparsetraffic arebalanced).The packet delayand
averagequeuelengthcanbeestimatedby modelingtheoutputqueuelikean  {5.ÒÉ5Ø�
queue,wherethe serviceis deterministicwith rate ��ã � . The arrival processis a
batcharrival with I possiblearrivals if the traffic is uniform (hence,the queueing
modelis  |Ù*� ² 5.ÒÉ5�� ) andwith Æ possiblearrivalsif thetraffic is diagonal(hence,the
queueingmodelis  |Ù*� j 5.ÒÉ5�� ).

If Ú � is theoutputqueueoccupationat time � , Û � is thenumberof arrivalsat time� and Ü � is thedeparturevectorat time � : Ü � ã � if Ú � ò ä . Thefundamentalequation
of thequeueis: Ú � )Tç ã Ú � ë Ü � . Û � (B.1)

following theconventionsin Kleinrock [53]. Let usdefinethe Ý -transform:

â ¿KÝ Ã ã Ú Î(ÝZÞàß Ø ã áO Õ é5ê Ý Õ-á ¿&Ú � ã D Ã (B.2)Ù!¿KÝ Ã ã Ú Î(Ý � ß Ø ã áO Õ é5ê Ý Õ á ¿?Û � ã D Ã (B.3)

Considerthefollowing arrival processes:
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B – Theoreticalperformanceof anoutputqueuedswitchW singleBernoulli arrivals:á ¿?Û � ã � Ã ãÕâ @ á ¿?Û � ã�ä Ã ã � ë â�ã Ù!¿KÝ Ã ã � ë â . â Ý (B.4)W N-batch Bernoulli arrivals:

á ¿�Û � ã D Ã ã Q I D S â Õ ¿�� ë â Ã ²�æ Õ ä � D � I (B.5)

ã Ù!¿KÝ Ã ã ¿�� ë â 5!I . Ý â Ã ² (B.6)W 2-batch Bernoulli arrivals:á ¿?Û � ã � Ã ã Æ â ¿�� ë â 5 � Ã 5 � . ¿�� ë Æ â 5 � Ã â 5 � @ á ¿�Û � ã Æ Ã ã Æ â j 5ZÌ«@ (B.7)á ¿�Û � ã�ä Ã ã ¿�� ë Æ â 5 � Ã ¿�� ë â 5 � Ã (B.8)ã Ù!¿KÝ Ã ã ¿�� ë â . Æ â j 5�Ì Ã . Ý â ¿�� ë · â Ã 5�Ì . Ý j Æ â j 5�Ì (B.9)

For all thesearrival processes:Ù Ç ¿�� Ã ã ÜÜØÝ Ù!¿KÝ Ã »»»»:ä é ç ã � Ù Ç Ç ¿�� Ã ã Ü jÜØÝ j ÙZ¿?Ý Ã »»»»Eä é ç ãÕâ (B.10)

It canbe shown [53, Sec.5.6,Eq.5.85]that the stationarysolutionof the queueing
systemis givenby: â ¿KÝ Ã ã ÙZ¿KÝ Ã ¿�� ë â Ã ¿KÝ ë � ÃÝ ë Ù!¿KÝ Ã (B.11)

We areinterestedin computingtheaveragequeuelength:Ú Î Ú Ø ã ÜßÝ�Þ
ä àïçØå Ç ¿?Ý Ã where å Ç ¿KÝ Ã ã ÜÜØÝ å ¿KÝ Ã (B.12)

NotethattheaveragedelaycanbecomputedusingLittle’ s result:Ú Î(¨ Ø ã Ú Î Ú Ø 5 â (B.13)

We startto evaluateå Ç ¿KÝ Ã :
å Ç ¿?Ý Ã ã ¿�� ë â Ã ÎNÙ Ç ¿?Ý Ã ¿�� ë Ý Ã ë ÙZ¿KÝ Ã Ø ÎNÙ!¿KÝ Ã ë Ý Ø ë ÙZ¿?Ý Ã ¿�� ë Ý Ã Î�Ù Ç ¿?Ý Ã ë � ØÎ�ÙZ¿?Ý Ã ë Ý Ø j

(B.14)
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To evaluate(B.12), we obtainan indeterminantform andso we arerequiredto use
l’Hospital’s rule:ÙZ¿?Ý Ã ã � . â ¿?Ý ë � Ã . Ù Ç$Ç ¿�� Ã 5]Æ5¿?Ý ë � Ã j . � ¿KÝ ë � Ã j (B.15)Ù Ç ¿KÝ Ã ãæâ . Ù Ç Ç ¿�� Ã ¿?Ý ë � Ã . � ¿KÝ ë � Ã (B.16)

After somelaborioussteps,wefind:Ú Î Ú Ø ãÕâ . Ù Ç Ç ¿�� ÃÆ�¿�� ë â Ã (B.17)

For a çè5.ÒÉ5Ø� queue,thearrival processis singleBernoulli,henceÙ Ç Ç ¿�� Ã ã�ä and
Ú Î Ú Ø ã�â , which is coherentwith the well-know result (notethat we areassuming
thatanew arrival, finding thequeueempty, is servedat onceandits delayis null).

For uniform traffic, thearrival processis anN-batchBernoulli,hence:Ù Ç Ç ¿�� Ã ãæâ j ¿?I ë � Ã 54I (B.18)Ú Î Ú Ø ãÕâ . I ë �I â jÆ�¿�� ë â Ã (B.19)

which is coherentwith whatwasfound in [39] (the term â of differencedependson
thefactthewearecomputingthenumberof packet in thequeueandin service).

For diagonaltraffic, thearrival processis 2-batchBernoulli,hence:Ù Ç Ç ¿�� Ã ã · Ì â j (B.20)Ú Î Ú Ø ãÕâ . Æ â jÌ5¿�� ë â Ã (B.21)
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