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Abstract—Many recent studies provide an extended investigation of the
maximum throughput achievable in Input-Queueing (IQ) or Combined-
Input-and-Output-Queueing (CIOQ) packet switches. Some scheduling
policies, among which maximum weight matching algorithms, were identi-
fied as optimal, in the sense that they were proved to achieve 100% through-
put under any admissible single-class traffic pattern. Most of the results in
the literature, however, consider just one switch in isolation, operating on
packets belonging to a single traffic class. In this paper we first general-
ize known results, showing that a wide class of IQ schedulers operating on
multiple traffic classes can achieve 100% throughput. In addition, we ad-
dress the problem of the maximum throughput achievable in a network of
interconnected IQ switches loaded by multiclass traffic, and we devise some
simple scheduling policies that guarantee 100% throughput when switches
are interconnected in a network. Both the Lyapunov function methodology
and the fluid models approach are used to obtain our results.

I. INTRODUCTION AND PREVIOUS WORK

Great attention has been recently devoted by the research
community to the design of Input Queueing (IQ) switch archi-
tectures and the assessment of their performance. 1Q switching
architectures have become an attractive architectural solution for
the design of large-size and high-capacity switches when Ander-
son [1] and McKeown [2] showed in their pioneering works that
the negative effects of Head-of-the-Line (HoL) blocking on per-
formance can be reduced or completely eliminated by adopting
per-destination queueing (also called virtual output queueing) at
input cards.

A major issue in the design of IQ switches is that the ac-
cess to the switching fabric must be controlled by some form
of scheduling algorithm!, which operates on a (possibly partial)
knowledge of the state of input queues. This means that control
information must be exchanged among line cards, either through
an additional data path or through the switching fabric itself, and
that intelligence must be devoted to the scheduling algorithm,
either at a centralized scheduler, or at line cards in a distributed
manner.

We refer in this paper to the case of fixed-size data units,
called “cells” from the ATM jargon, possibly obtained by seg-
menting variable-size packets (for example IP datagrams), and
to a synchronous switch operation, according to which in-
put/output connections are changed synchronously at every cell
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IThe term “scheduling algorithm” for packet switching architectures is used
in the literature for two different types of schedulers: switching matrix sched-
ulers and flow-level schedulers [3], [4]. Switching matrix schedulers decide
which input port is enabled to transmit in a non purely output-queueing switch;
they avoid blocking and solve contentions within the switching fabric. Flow-
level schedulers decide which cell flows must be served in accordance to QoS
requirements. In this paper the term scheduling algorithm is only used to refer
to the former class of algorithms.

time (called “slot”) for all ports.

The problem faced by scheduling algorithms with Virtual
Output Queues (VOQs) can be formalized as a maximum size
or maximum weight matching on the bipartite graph in which
nodes represent input and output ports, and edges represent cells
to be switched. Edges may be associated with weights related to
the state of input queues.

In order to achieve good scalability in terms of switch size
and port data rate, it is essential to reduce the computational
complexity of the scheduling algorithm. This objective has been
often pursued by introducing a moderate speed-up with respect
to the data rate of input/output lines [5] in the switching fabric,
as well as in the input and output memories. In this case, buffer-
ing is required at outputs as well as inputs, and the term “com-
bined input/output queueing” (CIOQ) is used. Obviously, when
the speed-up is such that the internal switch bandwidth equals
the sum of the data rates on input lines, input buffers become
useless.

Even the introduction of a moderate speed-up can have a sig-
nificant cost for very high capacity switches. Thus, one of the
major challenges for the design of very high capacity switching
architectures is the design of low complexity scheduling algo-
rithms that minimize the speed-up required to guarantee good
performance in terms of both throughput and delay to the differ-
ent information flows.

Along with the search for low complexity, highly scalable,
well performing, switch architectures and scheduling algo-
rithms, a relevant effort has been recently devoted to the iden-
tification and development of a methodology to assess the per-
formance achievable by 1Q switch architectures. A complete set
of general theoretical results could indeed provide an important
framework to drive applied researchers toward better perform-
ing solutions.

Two methodologies were applied to obtain most of the known
theoretical results on IQ and CIOQ switches: the Lyapunov
function methodology, and the fluid models methodology. The
Lyapunov function methodology was applied in [6], [7], [8], to
find the stability region of several scheduling algorithms under
general traffic patters. The fluid models methodology [9], [10]
was used in [11] for the same purpose.

Pure 1Q switches (i.e., switches with no speed-up), whose
scheduling policy implements a Maximum Weight Matching
(MWM) in each slot, were proved to achieve the same per-
formance in terms of throughput of Output Queueing (OQ)
switches in [6], [11], and [8], under a wide class of traffic pat-
terns, when considered in isolation, and dealing with a single
class of traffic. This result holds provided that edge weights are
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proportional to the length of the corresponding VOQ (LQF pol-
icy), or to the age of the head-of-the-line cell (OCF policy) in
the corresponding VOQ, or, finally, to the sum of all cells stored
in the corresponding input and output ports (LPF policy) [2]. To
the best of our knowledge, instead, no general result exists on
the performance of pure IQ switches dealing with multiple traffic
classes; only heuristic scheduling algorithms supporting multi-
ple traffic classes were proposed in the recent literature [12],
[13], [14], [15], and their performance was assessed by simula-
tion for a limited number of traffic patterns.

A wider set of results are known for CIOQ switch architec-
tures. CIOQ switch with speed-up equal to 2 have been proved
to be able to exactly emulate OQ switches implementing any
monotonic work-conserving queueing discipline [5]. This result
holds under general traffic conditions also for switches inter-
connected to other switches; its practical relevance, however, is
strongly limited by the very large complexity required to im-
plement the scheduling policy. In [16] a simpler scheduling al-
gorithm (called LOOFA), operating on a single class of pack-
ets, has been shown to ensure work conservation with speed-up
equal to 2. A wide class of low complexity scheduling poli-
cies, among which maximal size matching algorithms, have
been proved to achieve the same performance of OQ switches
in terms of throughput in [11] and [7] with speed-up equal to 2.

The problem of guaranteeing QoS for real time traffic in
CIOQ switching architectures has been the objective of re-
cent studies [16], [17], [18], relying on the implementation of
Weighted Fair Queueing schemes at inputs and outputs, and
their integration with the scheduling algorithm. These works,
however, contain only few and quite loose results on the per-
formance of the proposed schemes: a speed-up equal to 3 is
required for the scheme proposed in [16] to guarantee delay
performance comparable to OQ under admissible leaky-bucket
compliant traffic, while the scheme in [17] requires a speed-up
equal to 2 to guarantee bounded delays to admissible leaky-
bucket compliant traffic.

Finally, in [19] it was shown that a specific network of 1Q
switches implementing a MWM scheduling policy can exhibit
an instable behavior when none of the switches are overloaded.
This new, counterintuitive result, opened new perspectives in the
research on IQ and CIOQ switches, reducing the value of most
of the results obtained for switches in isolation. In [19] the au-
thors propose a policy named LIN, that, if implemented in each
switch of the network, leads to 100% throughput under any ad-
missible traffic pattern when each traffic flow in the network is
leaky-bucket compliant. The LIN policy, however, is based on
a pre-scheduling of cell transmissions at each switch of the net-
work, thus relying on an exact knowledge of the traffic pattern
at each switch, and leading to large computational complexity
when the traffic load approaches 1. In addition, the result proved
in [19] cannot be easily extended to more general traffic patterns
in which flows are not leaky-bucket compliant.

In this paper we perform a theoretical investigation of the per-
formance achievable by switch architectures dealing with multi-
ple traffic classes. We also focus on the performance achievable
by a network of IQ switches. Our results are obtained by apply-
ing both the Lyapunov function and the fluid models methodolo-
gies. The interested reader can refer to [20] for a presentation of

the basic theoretical results that form the background necessary
to our analysis.

We first show that the extension of schedulers for IQ switches
to multiclass traffic leads to surprising results. For example, we
show that no IQ scheduler can achieve 100% throughput in a
two traffic classes environment, if strict priority is given to cells
of one class with respect to cells of the other class. We then
define a large class of scheduling policies that allow a pure 1Q
switch to achieve 100% throughput under multiclass traffic.

We then analyze the performance of a network of intercon-
nected 1Q switches, trying to provide a better understanding of
the instability phenomena first presented in [19], which can oc-
cur in networks of IQ or CIOQ switches, even when each switch
implements efficient scheduling policies.

The long-term objective of this study is the design of
scheduling policies that guarantee good performance also when
switches are interconnected in a network serving multiple traf-
fic classes. In general, the implementation of optimal schedul-
ing policies designed for a network of switches is rather com-
plex, and requires a coordination among different switches, as
already pointed out in [19]. However, we show that the deploy-
ment of quite a simple policy that requires a minimum amount
of information to be exchanged only among neighboring nodes
guarantees 100% throughput in a network of pure IQ switches.

Simple simulation results are provided to support our analyt-
ical findings.

II. PRELIMINARY DEFINITIONS AND NOTATIONS
A. Queueing Systems

Consider a system of J discrete-time queues (of infinite ca-
pacity) represented by row vector (), whose j-th component,
0 < j < J, is a descriptor associated with the j-th queue in
the system. The system of queues handles N > J classes of
customers. Each customer arrives to the network from outside,
receives service at a number of queues, and leaves the network.
Customers change class every time they move through the net-
work. We suppose that each class k& of customers, 0 < k < N,
univocally identifies a queue in the system at which all class k
customers are enqueued, i.e., all customers of class k are en-
queued at the same queue. Let L(k) = j the system loca-
tion function that associates each class k£ of customers with the
queue j at which class k customers are enqueued. L~1(5) is the
counter-image of j through function L(k). In general L~(j)
returns a set of customer classes. When N = J, each customer
class is in one-to-one correspondence with a queue.

Let X,, = (m%o) , azsbl), . J%N_l)) be the row vector whose
k-th component x%k), 0 < k < N, represents the number of
customers of class & in the system at time n. We say that the
set of customers of the same class forms a virtual queue in
the system of queues; thus in the paper we indicate the set of
customers of class £ with the term “virtual queue £”. We sup-
pose that the service times required by customers of all classes
are deterministic and equal to one unit of time. We consider
only non-preemptive atomic service policies, i.e., service poli-
cies that serve customers in an atomic fashion, never interrupt-
ing the service of the customer that is currently in service.

The evolution of the number of queued customers is described
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by x;"ﬁl = x&’“) + esbk) — d%k’), where e%k) represents the num-
ber of class k customers that enterered virtual queue & (and thus
physical queue L(k)) in time interval (n,n + 1], and d® rep-
resents the number of customers departed from virtual queue
k in time interval (n,n + 1]. E, = (e%o),eg), .. .,e(nN_l))
is the vector of entrances in the virtual queues, and D,, =
(d(O) (1) d%N_l))

m o HUn 5.y

is the vector of departures from the vir-
tual queues. With this notation, the system evolution equation
can be written as

Xn+1 :Xn+En_Dn (1)

The entrance vector is sum of two terms: vector 4, =
(a%o),ag), cee ,a,(lN_l)) representing the customers arrived at

the system from outside, and vector T, = (t(no, t(nl), A t(nN_l))

of recirculating customers; t(nk) is the number customers de-
parted from some virtual queue and entered into virtual queue
k in time interval (n,n + 1]. Note that when customers do not
traverse more than one queue (as it is typically the case for a
switch in isolation), vector T, is null for all n, and 4,, = E,,.

The N x N matrix R,, = [r%k’l)] is the routing matrix, whose
element rék’l) represents the fraction of customers departing
from virtual queue k& in time interval (n,n + 1] that enter vir-
tual queue /.

We assume that the system of queues forms an open network,
ie.?

I'=1+E[R,)+E[R.)>+E[R,)?+...= (I — E[R,])!

exists and is finite, i.e., I — E[R,] is invertible for all n. We
further assume that the routing matrix is time invariant, i.e.,
E[R,] = R does not depend on the time instant. We also im-
pose that R satisfies the strong law of large numbers:

n—1
lim 72’:0 i =R

n—oo n

with probability 1

Note that T}, = D, R,,. The law of evolution of virtual queues
can thus be rewritten as:

Xn+1 =X, + An - Dn(I - Rn) ()

Let us consider the external arrivals process A, =
(a%o), ag), ey a%Nfl)); we suppose that arrival processes are
stationary, i.e., F[A,] = A = (A©@ XD A(N=1)) does not
depend on the time interval [n,n + 1). Moreover, we suppose
that arrival processes at each virtual queue satisfy the stong law

of large numbers, i.e.:

n—1
lim Ezi —A

n— 00 n

with probability 1

The average workload W provided at each virtual queue by
customers that entered the system of queues in time interval
[n,n + 1) is given on average by W = A(I — R)~!.

2 E[X] denotes the expectation of random quantity X .

B. Norms and Other Operators

Before proceeding, we define two norm functions that will be
helpful in the sequel.?

Definition 1: Given a vector Z € RN, Z = (z(k), 0
k < N), we call || Z||2 the Euclidean Norm of Z, i.e., || Z]|2

2
Yo ()
Definition 2: Givenavector Z € RN, Z = (2", 0 < k <

N), and a location function L(k) = j, from 0 < k < N to
0 <j < J,with J < N, norm ||Z||maxt is defined as

A

> 1 (3)

[|Z]|maxr. = max
! keL=1(j)

=0,...,J—1

The name stands for maximum queue length.

To simplify our notation, we define a matrix associated with
queue length vectors, which will be often used in the remainder
of the paper.

Definition 3: Given vector X € RN, the N x N diago-
nal matrix Z[X] is such that 7U)[X] is equal to 1 if the j-
th component of X, 20 | is non-null, and it is null otherwise.
T@D[X] =0 when i # j.

C. Stability Definitions for a System of Queues

Several definitions of stability for a network of queues can be
found in the technical literature. We recall here some of them.
Definition 4: A system of queues achieves 100% throughput
if
X 1 n—1
lim =2 = lim = Z(Ei —D;) =0 with probability 1

n—oo 1 n—oo n 4
=0

where X, is the queue lenghts vector at time n. A system that
achieves 100% throughput is also said rate stable.

Definition 5: A system of queues is weakly stable if, for ev-
ery € > 0, there exists B > 0 such that

1i_>m P{||Xn|| > B} <€

where P{E} denotes the probability of event E.
Definition 6: A system of queues is strongly stable if

lim sup E[||X,]||]] < oo
n—oo

Any norm can be used in the two definitions above.

Note that strong stability implies weak stability, and that weak
stability implies 100% throughput. Indeed, the 100% through-
put property allows queue lengths to indefinitely grow with sub-
linear rate, while the weak stability property entails that the
servers in the system of queues are able to process the whole
offered load, but the delay experienced by customers can be un-
bounded. Strong stability implies, in addition, the boundedness
of average customer delays.

3In this paper, IN denotes the set of non negative integers, IR denotes the set
of real numbers, and IRt denotes the set of non negative real numbers.

0-7803-7476-2/02/$17.00 (c) 2002 | EEE.



A necessary condition for the system of queues to achieve
stability is that the average workload provided at each queue
by customers entering the system of queues in time interval
[n,n + 1) does not reach 1. This condition, that we call no-
overload condition, is also a sufficient condition for stability in
any BCMP type network of queues [21]. This condition can be
formalized as:

W[ maxt, < 1

In general, as shown in [19], this condition does not guarantee
the stability of a generic network of queues.

III. ONE SWITCH IN ISOLATION WITH MULTICLASS
TRAFFIC

A. Notation

We consider IQ or CIOQ cell-based Switches with P input
ports and P output ports, all running at the same cell rate (and
we call them P x P IQS or CIOQS). The switching fabric is
assumed to be non-blocking and memoryless, i.e., cells are only
stored at switch inputs and outputs.

At each input, cells are stored according to a Multi-Class Vir-
tual Output Queuing (MCVOQ) policy: one separate queue is
maintained at each input for each output and for each traffic
class. We suppose that cells belonging to C' different traffic
classes arrive at input (and output) ports. Thus, the total number
of input queues in each switch is N = CP2. We do not model
possible output queues since they never become instable under
admissible traffic patterns.

With respect to the definitions of Section II, we must keep a
difference between traffic classes, and customer classes in the
network of queues: we map cells belonging to a given traffic
class onto different customer classes which depend on the VOQ
at which cells are enqueued. According to the definitions of Sec-
tion II, we have a single traffic class when J = N (the number
of VOQs equals the number of customer classes).

The switch in isolation can be modelled as a system compris-
ing N virtual queues. Let ¢(¥), k = C'Pi+ Cj+1 be the virtual
queue at input ¢ storing cells of class [ directed to output j, with
i,j=0,1,2,...,P—-1and!=0,1,2,...,C - 1.

We define three functions referring to VOQ ¢(*):

o I(k): returns the index of the input card in which the VOQ is
located

o O(k): returns the index of the ouput card to which VOQ cells
are directed

o C(k): returns the index of the traffic class associated with the
vOQ.

We consider a synchronous operation, in which the switch
configuration can be changed at slot boundaries. We call inter-
nal time slot the time necessary to transmit a cell from an input
toward an output. We call instead external time slot the duration
of a cell on input and output lines. The difference between ex-
ternal and internal time slots is due to the switch speed-up, and
to possibly different cell formats (e.g., due to additional internal
header fields).

At each internal time slot, the switch scheduler selects cells
to be transferred from input queues to output queues. The set of
cells to be transferred during an internal time slot must satisfy
two constraints: i) at most one cell can be extracted from the

MCVOQ structure at each input, and ii) at most one cell can be
transferred toward each output, thus resulting in a correlation
among servers activities at different queues.

We adapt the definition of ||Z||maxL to the case of the single
switch handling multiclass traffic as follows.

Definition 7: Given a vector Z € RN, Z = (z(’“), k=
CPi+Cj+1,4,j=0,1,...,P-1,1=0,1,...,C —1), the
norm || Z|| 1o is defined as:

k k
1Zlho = _max & 3 1s®), 3 @)
keI-1(j) k€O-1(j)
The constraint on the set of cells transferred through the switch
can be formalized in the following manner.

Definition 8: At each time slot, the scheduler of an IQS se-
lects for transfer from queues Q@ = (¢(®)) a set of cells de-
noted by vector D € NN, D = (d® € {0,1}, k =
cPi+Cj+1,4,5=01,...,.P-1,1=0,1,...,C —1)
so that || D||ro < 1. Set D is said to be a set of non-contending
cells, or a switching vector.

In order not to overload any input and output switch port, the
total average arrival rates in cells/(external slot) must be less
than 1 for all input and output ports; in this case we say that the
traffic pattern is admissible.

Definition 9: The traffic pattern loading an (isolated) 1QS is
admissible if and only if ||E||r0 = ||A||r0 < 1, where E is the
stationary average of E,,.

Note that any admissible traffic pattern can be transferred with-
out losses in an output buffered switch architecture with infinite
queues.

B. Main Results for a Switch in Isolation

In [6] and [11], it has been proved, using two different ap-
proaches that 1Q switches subject to a single traffic class can
achieve 100% throughput under a wide class of arrival pro-
cesses.

In this section we extend the discussion to I1Q switches oper-
ating on multiple traffic classes. We first show that the extension
of schedulers for IQ switches to the multiclass case leads to the
surprising result that no 1Q scheduler can achieve 100% though-
put with two traffic classes when strict priority is given to cells
of one class. We then define a wide class of scheduling policies
that allow the switch to achieve 100% throughput in a multiclass
environment.

We say that a two-class 1Q scheduler gives strict priority to
class A cells with respect to class B cells if the presence of class
B cells in the switch VOQs does not cause any perturbation to
the transfer of class A cells.

Let us consider the traffic pattern described in Fig. 1, in which
flows 0 — 0 and 2 — 2 have higher priority with respect to
flows 1 — 0 and 1 — 2. Suppose that the cell arrival process
associated with each input/ouput flow (we have 4 flows in the
example) is Bernoulli: a cell arrives in each slot with probabil-
ity p. Note that for every p < 1/2, the traffic pattern loading the
switch is admissible. Since contention can never arise among
high priority cells stored in input queues, high priority cells are
transferrred toward output ports with no delay. Thus, whenever
two high priority cells arrive at inputs 0 and 2 in the same slot
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inputs outputs
0 &— 0 0
1 L L 1
2 R 2

Fig. 1. Scenario in which any IQS implementing a strict priority discipline
cannot achieve 100% throughput
inputs outputs
o——0
0 ” 0
Q+>.
1 — 1
2 L — ] 2
P-1 e e P-1

Fig. 2. Scenario in which any CIOQ switch with speed-up smaller than2—1/P
implementing a strict priority discipline cannot achieve 100% throughput

n, they are immediately trasferred toward switch outputs, and
no low priority cell can be trasferred. One low priority cell can
be transferred toward its output only when one or no high prior-
ity cell arrives. Since two high priority traffic cells arrive in the
same slot with probability p2, the maximum throughput achiev-
able by lower priority cells is 1—p?. Thus, whenever 2p > 1—p?
(.e,p> v/2—1), the switch does not achieve 100% throughput.

We now generalize the previous considerations to a multiclass
environment. Let us consider a multiclass CIOQ switch operat-
ing according to a strict priority discipline.

Theorem I: 2 — 1/ P is the minimum speed-up S required to
achieve 100% throuphput in a P x P CIOQ switch handling
multiclass cells according to a strict priority rule.

Proof: Necessity. Let us consider the traffic pattern de-
scribed in Fig. 2, in which flows ¢ — ¢, with 0 < ¢ < P,
have higher priority with respect to flows P — 1 — ¢, with
0 <4 < P — 1. Suppose that the high priority arrival process
at input ¢, with 0 < ¢ < P — 1, is Bernoulli, with probability
p = (P —1)/P. Let us further suppose that high priority cells
arrivals at input ¢, 0 < ¢ < P — 1, are correlated in such way
that in each slot either no high priority cells arrive at the switch,
or P —1 high priority cells arrive at the switch, one at each input
i, with 0 < 4 < P — 1. Finally, high priority cells arrive at input
P — 1 with rate ¢ = 1/P — e, but they can arrive only when
no other higher priority cells arrive at other inputs. Low priority
cell arrivals are described by independent Bernoulli processes,
with probability ¢ = 1/P — e. It is immediate to verify that,
for every small € > 0, the traffic pattern loading the switch is
admissible.

We notice that, under these assumptions, high priority and
low priority cells are never transferred at the same time. All
1 — 1 cells, with 0 < ¢ < P — 1, are transferred together, while
(P —1) = (P —1) cells traverse the switch alone. Thus in

order to guarantee the full transfer of all the cells arriving at the
switch, it mustbe (P —1)g+p+¢ < S,ie,S>2-1/P.

Sufficiency. It was proved in [5] that a CIOQ switch with
speed-up 2 — 1/ P can exactly emulate an OQ switch operating
on different traffic classes with a strict priority discipline (in the
sense that cells can depart from the two systems at the same
time). The proof follows immediately. |

Speed-up 2 — 1/ P is sufficient, as proved in [5], to guarantee
100% throughput under any admissible traffic pattern for quite a
large class of multiclass service disciplines. However, since the
implementation cost of the scheme proposed in [5] can be sig-
nificantly large, both in terms of internal bandwidth due to the
required speed-up, and in terms of algorithmic complextity of
the scheduler, the identification of simpler multiclass schedulers
that allow a pure 1Q to achieve good performance is fundamen-
tal.

In the rest of this section we focus on the defintion of a wide
class of schedulers that achieve 100% throughput in a multiclass
traffic environment.

Definition 10: Let F(X) be a regular function* F €
CHRN — R*N]. An1Q switch adopts a F(X)-max-scalar
scheduling policy if the selection of the switching vector in each
slot is implemented according to the following rule:

D, = arg (ng%);n F(Xn)D;'T) “)
where X, is the vector of queue lengths, and Dx, denotes the
set of all possible switching vectors at time 7.

Theorem2: Let F(X) be a regular function F €

CHR+N — R*N] such that:
1. F(X) defines a conservative field, i.e.:

7{ F(X)dr(x)T =0 )
IN

for each regular closed line T in RTY
2. F(X) grows to infinity when X grows to infinity; formally,
there exists a finite s > O such that:

e [[FEX)
liminf ————+— > s (6)
IIX[l—o0 || X]|
3. all null elements of X remain null:
I[X)F(X) = F(X) ™)

Then an IQ switch adopting the F'(X)-max-scalar policy is
strongly stable under any admissible i.i.d. traffic pattern.
Proof: Let us define the function £(X):

el
s
I

F(Y)dTx(Y)T (8)
I'x

LO) = 0 €))

where I' x is an open regular line with endpoints 0 and X.
By defintion £(X) € C?[RT™ — IR]. Itis easy to verify
that, for each X € RN, £(X) > 0. To see this, it is sufficient

4C™ denotes the set of continuous functions with continuous i-th derivative,
1<i<n.

0-7803-7476-2/02/$17.00 (c) 2002 | EEE.



to consider a straight line I"x parallel to vector X. Being X €
R*N both F(Y) and dT'x (Y) in (8) belong to RN forall Y,
so that also £(X) € RTN.

Let us consider £(X) as our Lyapunov function. Since the
maximum number of cells arriving in a slot at the switch is
bounded, then || X 41 ||2 is bounded for any finite X, and from
the regularity of £(X) follows that:

ElL(Xny1) | Xn] <00
Finally, for || X, ||2 — oo, by writing a Taylor series for £(X,, +

A, —D,) = L(X,)+VL(X,) (A4, — D,)T + ..., we obtain:
ElL(Xnt1) | Xn] = L(Xn) -0 (VL(XH)(E‘[A]—D”)T)
(| Xnl]2 [ Xall>

(10)

- o (e

‘We must now show that (10) is smaller than a negative finite con-
stant. By the Birkoff-von-Neumann theorem [14], every vector
Y in RTY such that ||Y]||;0 < 1 belongs to the convex hull
of the switching vectors. Since the arrival process is admissi-
ble, hence it is internal to the convex hull generated by depar-
ture vectors (||A||70 < 1), there exists an € > 0, and a vector
A" = E[A] + €D, A" € R*N, which is again internal to the
convex hull (||[4'||;z0 < 1). We can write E[A] = A" — €Dy,
and substitute in the right-hand side of (10), whose numerator
becomes [F(X,)(A" — eD,, — D,)*]. Now, by the linearity
of functional F(X,,)YT with respect to Y7, and the definition
of F'(X)-max-scalar policy, it follows that, under the assump-
tions of the theorem, F'(X,)A’ < maxp+cp,, F(X,)D*T =
[X,]F(X,)DT, thus:

E['C(Xn—f-l)'Xn] _E(Xn) F(X )DT
1 Xnll2 = (1 Xl

Then, for || X,,||2 growing to infinity, using (6) and the fact that
|| Dpnl| is always finite,

EIL(Xn11)[Xn]
(1 X2

where €’ is a positive constant depending on N and F(X). N

Note that Condition (6) of Theorem 2, while permitting to as-
sociate different finite weights with different traffic classes, pre-
vents strict priorities among traffic classes, which would require
infinite weight ratios.

The proof can be extended as follows to more general traffic
processes, by relaxing the stability conditions.

Theorem 3: An 1IQ switch adopting the F'(X)-max-scalar
policy statisfying the conditions of Theorem 2, and such that
F(aX) = aF(X) for all scalars «, achieves 100% throughput
under any admissible traffic pattern satisfying the strong law of
large numbers.

Proof: Let us write the fluid equations for the switch in

isolation:
X(t) =At—D(t) (11)

The work-conserving, max-scalar service policy can be speci-
fied as follows (see [11])°:

=t (t)Ta A[X ()]

- ‘C(Xn) < —¢

5 #(t) denotes the derivative of f(t) with respect to time ¢.

where I, is a switch permutation (from which the departure
vector can be computed knowing the state of the queues), and
e (t) is the instantaneous amount of work performed by per-
mutation II,. Subscript a runs on all switching permutations.
The work-conserving policy is specified by the constraint:

D a(t) =1
while the max-scalar policy can be described as:
We(t) = 0if 3o’ : F(X(@)OL > F(X ()L

Finally, the following equation represents in the fluid model
Property (6):

timing XN S

>s>0 (12)

IXll=o0 [IX @I
Deﬁning the  Lyapunov  function  L(X) =
fr Y)dl x(Y)T, where T'x is a regular line in RTN

whose endpomts are 0 and X, it is easy to verify, with the same
arguments of the previous proof, that £(X) is null for X = 0
and greater than 0 for each X # 0. Moreover it results:

L(X(t) <0
whenever X (t) # 0. Indeed, by writing the derivative of
L(X(t)),
L(X (1) = VLX ()X (t) = F(X(®))[A = D@®)]"

However, since A is in the convex hull of the switching vectors
D(t), by the definition of the F'(X)-max-scalar policy, and by
the linearity of function F(X(¢))[A — D(t)]? with respect to
D(¢), it follows:

L(X(t) =F(X(#)A-D®)" <0

Thus:

VX (1) #0

L(X(t) <0 X(t) >0

As a conclusion®, X (¢) = 0 is the only solution to the fluid
equation (11) under the initial condition X (0) = 0, and the sys-
tem of queues is rate stable under any admissible traffic pattern.

]

It can be easily verified that, for each symmetric copositive
matrix W, F(X) = XW (note that F'(X) is now a function
in C*[R*N — IR*N)]) satisfies Properties (5) and (6). Note
that F/(X) can be seen as the gradient of function £(X) =
%XWXT. To meet also constraint (7), we take W to be di-
agonal, and state the following result.

Corollary 1: Let W be a diagonal copositive matrix, and
let F(X) be a function in C*®°[RTYN — IR™N] defined as
F(X) = XW. Then a multiclass switch implementing the
F(X)-max-scalar policy is strongly stable under any admissi-
ble traffic pattern if the number of arrivals at VOQs in each slot
forms an i.i.d. sequence. The switch is rate stable, under any ad-
missible traffic pattern, if the sequences of arrivals at the VOQs
satisfy the strong law of large numbers.

whenever £(

6Assume £(t) > 0, £(0) = 0, and £(t) < 0. Consider £2(t) =
2 fo x) dL(z). By definition £2(¢) > 0; but fo z) dL(z) < 0. Hence
L(t) = 0 Vt (see [11]).
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Fig. 3. Average queue occupancies versus offered load for different MWM
policies serving with different weight ratios a two-class asymmetric traffic
pattern.

C. Implementation Issues and Simulation Results

The implementation of the F'(X )-max-scalar-policy requires
the solution of a maximum weight matching (MWM) problem,
which is well known in graph theory, and the best known so-
lutions [22] have a complexity O(N?). Several approximate
solutions were proposed [2], [24], [12], [23], reducing the com-
plexity to O(N?) or less.

The results of Theorems 2 and 3 state that different traffic
classes can be handled, and that it is possible to serve with dif-
ferent rates the different classes, but it is not possible to have
strict priorities among traffic classes, because it is always nec-
essary to respond to queues growing to infinite occupancy, if
100 % throughput is wanted.

We show in this section simulation results that confirm these
statements. We consider a 8 x 8 IQS in isolation loaded by
a multiclass traffic pattern similar to the one presented in Sec-
tion III-B. Inputs 0 < ¢ < 6 send high-priority traffic with
rate 7z to output ¢. Inputs 0 < ¢ < 6 send low-priority traf-
fic with rate x to output 7, and input 7 sends low-priority traffic
with rate 2 to outputs 0 < ¢ < 6. Rate z is varied from 0 to
% in order to have different port loads. VOQs can store up to
200 cells. We only consider MWM policies, with four types of
F(X) functions: equal weight to the two priorities (correspond-
ing to a single traffic class), weight ratios 10 and 100 between
high and low priority, and strict priority (corresponding to an
infinite weight ratio). Fig. 3 shows average queue occupancies
observed by simulation for high and low priority traffic versus
the total offered load. Losses (not reported in the figure) were
observed only for the strict priority case, starting from an av-
erage offered load equal to approximately %. When the weight
ratio is 100, low priority cells face large delays (but no losses),
since the queue has to grow large enough to be taken into proper
account by the F'(X)-max-scalar policy. The increased queue
occupancies can be well observed for offered loads between %
and 1. Note that a good differentiation between the two traffic
classes is obtained by assigning different weights without pay-

ing the cost of throughput limitations.

IV. NETWORKS OF SWITCHES
A. Notation

We consider in this section a network of K input-queueing
cell-based switches. Switch k, 0 < k < K, has Py input ports
and Py output ports, all at the same cell rate. Each switch han-
dles C classes of traffic, and performs a MCVOQ at inputs. Thus
there are C’Pk2 different VOQs at switch k.

The network of switches can be thus modelled as a system @
containing N = Y, C' P virtual queues. We restrict our study
to the case P, = P Vk, so that N = CP?K. Let S(n) be
the function that returns the switch on which VOQ n is located;
let I(n) be the function that returns the index of the input card
at switch S(n) on which the VOQ is located; let O(n) be the
function that returns the index of the output card at switch S(n)
to which VOQ cells are directed; let finally C'(n) be the function
that returns the index of the traffic class associated with queue
n. The queue at input I(n) of switch S(n) storing cells of class
C(n) directed to output O(n) is called ¢(™.

We adapt as follows the concept of || Z||max1. to the case of a
network of switches handling multiclass traffic.

Definition 11: Given a vector Z € RN, Z = {z(™ n =

CP’k+CPi+Cj+1,0<k<K,i,j=0,1,...,P—1,1=
0,1,...,C — 1}, the norm || Z|| 0 is defined as:
1Zlo = max >k

1t

—0,.. 1 )
i=0,....,P—1 neS—1(k)NO—1(3)

>

neS~H(k)NI~1(4)
At each time slot, a set of non contending cells departs from
the VOQ of each switch. More formally, we say that:
Definition 12: At each time slot, the departure vector D €
{0, 1}¥ satisfies:

B

[[D]|ro <1

The N x N matrix R, = [r%k’l)] is the routing matrix of
the network, whose element r%k’l) represents the fraction of cus-
tomers departing from VOQ £ in time interval (n,n + 1] that
enter VOQ /.

Definition 13: The traffic pattern loading a network of IQSs

is admissible if and only if
lEll10 = IA( = R)™Y{l10 <1

where R = E[R,,] was defined in Sect. II-A.
Note that an admissible traffic pattern can be transferred without
losses in a network of output buffered switches.

B. Main Results for a Network of Switches

In [19] it has been shown that a particular network of IQ
switches exhibits an unstable behavior under admissible traffic
patterns, even when the switches implement a policy that would
guarantee the stability of each switch in isolation under the same
load. In this section we try to formalize and generalize such re-
sult by brovidiing a general definition of the stability region of
a network of I1Q switches obtained through the fluid models the-

ory.
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Let us introduce our first result.

Theorem 4: An open network of multiclass switches imple-
menting the F'(X)-max-scalar policy is rate stable under each
admissible traffic pattern such that arrival sequences at VOQs
satisfy the strong law of large numbers, if:

o G(X)=F(X)[(I - R)~Y7 defines a conservative field;
o F(X) satisfies conditions (6) and (7);
o F(aX) = aF(X) forall scalars a.

Proof: Let us write the fluid equations:

X(t)=At—D(t)(I — R)

with the constraints for a max-scalar service policy:

=t (t)Ta A[X ()]
D ta(t) =1

e (t) = 0if 3o’ = F(X()IL, > F(X(t)IL

Note that the two expressions above that define the F'(X)-max-
scalar policy are equivalent to:

D(t) = argmax F(X(t)II,T

Being the network of switches open, and being F(X)[(I —
R)™']T a conservative field, ;R converges to the finite
copositive matrix (I — R)~!. We define as Lyapunov function
of the system:
cx) = [ FOOL = BTy (v)

I'x
where I' x is a regular line whose endpoints are 0 and X .

Since (I — R)™! — I = Y o2, R*is weakly copositive 7, it
results £(X) > [ F(Y)dT%(Y) >0 VX # 0. Let us write
the time derlvatlve of E( (t):

LX) = VLX )X (O = FX )T - R)™" X7 (¢)

Substituting in the relation above the expression of X t)y=A-
D(t)(I — R), we obtain:

LX) = FX@®)II—-R)™"A-D)(I-R)]"
Then:
LX(t) = FX@)I-R) A" - F(X(t)D"(t)
= F(X@®)I-R)'TAT -
T
—F(X(t)) l wa(t)HaH[X(t)]] =

= FX@)II-R)™TAT -

T
—F(X(t)) <Zwa<t)ﬂa> =
= FX(0)[(I - B~ TAT -
T
_F(X(1) (argnﬁgxnaF(m))T) (13

"Matrix W € RTN x Rt i

said weakly copositive if, for each X &
RN, XW XT is non-negative.

By defintion of the F'(X )-max-scalar policy, for each A such
that A( — R) ! belongs to the convex hull of II,,, expression
(13) is negative. Thus for each traffic pattern such that ||[A(] —
R)7!|10 < 1 the network of switches is rate stable. [ ]

A similar theorem, not reported here for space limitations, can
be proven, using Lyapunov functions, for admissible i.i.d. arrival
processes without requiring the condition «F(X) = F(aX).

The problem of the existence of a scheduling policy for inter-
connected IQ switches that makes the network rate stable under
any admissible traffic pattern is then related to the existence of a
function F'(X) at each switch such that (6) and (7) are satisfied,
and in addition F/(X)[(I — R)™!]7 defines a conservative field.

Note that F(X) = XM (I — R)T, where M is a copositive
diagonal matrix, satisfies both (6) and (7), and

FX)I-R™MN'=XMI-R'I-R™N'=XxM
hence F(X)[(I — R)~!]7 defines a conservative field. The pol-
icy F(X) = XM(I — R)T can be implemented in a distributed
fashion by running a “local” MWM algorithm at each switch.
This requires to associate with local virtual queues weights of
the form E i—0 V@ MG pd) e, it requires the knowledge
of the lengths of VOQs at neighboring switches (switches that
can be directly reached from the considered switch). Thus some
form of interaction (through signalling) is required among the
switches of the network.

Note also that this optimal policy cannot be exactly imple-
mented in a network of switches due to the delay between
switches. It can however be approximately implemented by ac-
quiring at each switch an approximate knowledge of the queues
state at neighboring switches. Note that only the infomation
about the lenght of few queues must be periodically exchanged
among each pair of neighboring nodes.

In general, when F(X)[(I — R)~!]¥ does not form a conser-
vative field, Theorem 4 provides no insight on the stability re-
gion of the network of switches. The methodology developed in
the proof of the theorem, can be however extended to find condi-
tions on the stability region of policies that do not define a con-
servative field. Indeed, restricting our analysis to F'(X) = X M
policies, whenever M[(I — R)™!]T is not symmetric, and thus
does not define a conservative field, it is always possible to find
a matrix B, such that M[(I — R)7!]T + B results symmetric;
by defining as Lyapunov function of the system:

LX) = %X{M[(I ~ R’ 4 B}XT

it results:

) = X(O{M[(I - R)'" + B}X(t)" =
I—R) "+ B}A - D(t)(I - R)]"
I—R)™T +BJAT -
~X(tMD®)T — X(t)B(I — R)TD®)T =
= X(O{M[(I-R)"|" + B}AT —
—X(t)MOE - X(t)B(I — R)TIL =
= XM {[[I-R) ™'+ M 'BAT-
- M™'B(I - R)"TI}} — X (t) MII},
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where IIr is the switching matrix selected according to the
F(X)-max-scalar policy. Thus the policy is rate stable for each
A when the term between braces belongs to the convex hull de-
fined by departure vectors, i.e. when:

I —-R) N +M BN — M 1B(I-R™L|0 <1

Note that, since Iy depends on X (t), and in general can be
any switching matrix, the above inequality must be satisfied for
any permutation matrix. Note, finally, that the satisfaction of
the equation above represents a sufficient (but not necessary)
condition for stability.

We now introduce another result.

Theorem 5: An open network of multiclass IQS implement-
ing the F'(X)-max-scalar policy, with F(X) = XW (I - R)™!,
being W a diagonal copositive matrix, is rate stable under each
admissible traffic pattern such that the sequences of arrivals at
VOQs satisfy the strong law of large numbers.

Proof: Let us consider the Lyapunov function:

L(X) = %X(I —-R)7'NI-R)"WxT

It is immediate to see that £(X) > 0 VX # 0, and £(0) = 0.
The derivative of £(X (t)) is:

LX) =XO)I -R)NI-R)'WXT(t) =
=[A-D®)I - RII - R~ -R)TWXT(1)
=AI-R) (I -R)TWXT(t) -

DI - R)TTWXT(1)

Where the last expression is negative for each admissible vector
A, ie, Asuchthat |[[A(I — R)7Y|10 <1
]
Also in this case, the implementation of the F'(X )-max-scalar
policy can be performed in a distributed fashion; however, in this
case, the implementation requires an exchange of information
among all the switches that are crossed by the same flow.

C. Simulation Results

We consider the network of eight IQSs depicted in Fig. 4, in
which continuous lines represent links bewteen switches, and
dashed lines represent information flows and their routing in the
network. Note that each pair of IQSs (all pairs are alike) is tra-
versed by a locally originated flow, a locally terminating flow,
and an in-transit flow. The cell arrival process at the source
of each flow is Bernoulli, and the arrival rate for each flow is
0.33 times the link data rate. In-transit and terminating flows
are given weight 10 times larger than locally originating flows.

Fig. 5 shows that queue lengths take a divergent oscillating
behavior when a local MWM scheduling is adopted, while they
remain finite when the scheduling accounts for the state of adja-
cent switches, as stated in Theorem 4 (note the different vertical
scales).

V. CONCLUSIONS

We considered in this paper input-queued packet switches un-
der multiclass traffic. Two are our most important results:

Fig. 4. The network of IQSs considered in our simulation.
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Fig. 5. Queue lenghts versus time (in thousands of slots) for the three flows at
1QS1, when a local MWM scheduling policy (upper plot), and a “distributed”
MWM according to the requirements of Theorem 4 (lower plot), are used.

o we defined a large class of scheduling algorithms, called
F(X)-max-scalar, that guarantee stability to a switch in isola-
tion under admissible multiclass traffic patterns;

« we extended the above result to networks of interconnected
switches, showing that state information must be exchanged
among adjacent switches to guarantee stability.

These important and rather general results were obtained analyt-
ically, using both the Lyapunov function methodology and the
fluid models approach, and were validated with simple simu-
lation experiments. Given the ever-increasing thirst for channel
bandwidth and for switching capacity, our results can find an im-
mediate application in the design of high-speed packet network-
ing infrastructures. They may end-up highlighting unexpected
behaviors when priority-based scheduling disciplines are imple-
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mented, as it is the case for example in the DiffServ approach to
QoS defined by the IETF.
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